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Devwudfw1 Jhqhudo htxloleulxp dqdo|vlv lv gl!fxow zkhq dvvhw pdunhwv

duh lqfrpsohwh1 Zh pdnh wkh vlpsoli|lqj dvvxpswlrq wkdw xqfhuwdlqw| lv vpdoo

dqg xvh elixufdwlrq phwkrgv wr frpsxwh Wd|oru vhulhv dssur{lpdwlrqv iru dvvhw

ghpdqg dqg dvvhw pdunhw htxloleulxp1 D frpsxwhu pxvw eh xvhg wr ghulyh wkhvh

dssur{lpdwlrqv vlqfh wkh| lqyroyh odujh dprxqwv ri dojheudlf pdqlsxodwlrq1 Wr

looxvwudwh wklv phwkrg/ zh dsso| lw wr dqdo|}lqj wkh doorfdwlyh/ sulfh/ dqg zhoiduh

h�hfwv ri lqwurgxflqj d qhz ghulydwlyh vhfxulw|1

41 Lqwurgxfwlrq

Suhflvh dqdo|vlv ri htxloleulxp lq dvvhw pdunhwv lv gl!fxow vlqfh ihz fdvhv fdq eh

vroyhg h{dfwo| iru htxloleulxp sulfhv dqg yroxph1 Pdq| dqdo|vhv dvvxph wkdw pdunhwv

duh frpsohwh/ lpso|lqj wkdw htxloleulxp lv h!flhqw dqg htxlydohqw wr vrph vrfldo

sodqqhu*v sureohp1 Wkdw dssurdfk lv olplwhg vlqfh lw ljqruhv wudqvdfwlrq frvwv/ wd{hv/

dqg lqfrpsohwhqhvv lq dvvhw pdunhwv1 Wklv sdshu ghyhorsv elixufdwlrq phwkrgv wr

dssur{lpdwh dvvhw pdunhw htxloleulxp zlwkrxw dvvxplqj frpsohwh dvvhw pdunhwv1 Zh

ehjlq iurp d wulyldo ghwhuplqlvwlf fdvh zkhuh doo dvvhwv kdyh wkh vdph vdih uhwxuq dqg

xvh orfdo dssur{lpdwlrq phwkrgv wr frpsxwh dvvhw pdunhw htxloleulxp zkhq dvvhwv

kdyh vpdoo ulvn1 Zh frpsxwh Wd|oru vhulhv h{suhvvlqj htxloleulxp dvvhw sulfhv dqg

kroglqjv dv d ixqfwlrq ri suhihuhqfh sdudphwhuv vxfk dv devroxwh ulvn dyhuvlrq/ dqg

�
Zh dfnqrzohgjh wkh xvhixo frpphqwv ri Urehuw Dqghuvrq/ Slhur Jrwwdugl/ Prughfdl Nxu}/ dqg

vhplqdu sduwlflsdqwv dw Orxydlq gh Qhxyh/ Qruwkzhvwhuq Xqlyhuvlw|/ Fdowhfk/ Vwdqirug Lqvwlwxwh ri

Wkhruhwlfdo Hfrqrplfv/ dqg wkh Xqlyhuvlw| ri Fklfdjr1
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dvvhw uhwxuq vwdwlvwlfv vxfk dv phdq/ yduldqfh/ dqg vnhzqhvv1 Wkh irupxodv frpsohwho|

fkdudfwhul}h htxloleulxp iru vpdoo ulvnv1

Lpsohphqwlqj wklv dssurdfk lv vwudljkwiruzdug/ exw lqyroyhv dq hqruprxv dprxqw

ri dojheudlf pdqlsxodwlrq idu eh|rqg wkh fdsdflw| ri kxpdq kdqgv1 Iruwxqdwho|/ ghvn0

wrs frpsxwhuv xvlqj v|perolf vriwzduh fdq h{hfxwh wkh qhfhvvdu| dojheudlf pdqlsxod0

wlrq dqg frpsxwh wkh vhulhv h{sdqvlrqv lq uhdvrqdeoh wlph1 Zh xvh Pdwkhpdwlfd/ exw

wkh frpsxwdwlrq frxog eh h{hfxwhg e| rwkhu v|perolf odqjxdjhv vxfk dv Pdfv|pd

dqg Pdsoh1 Wkh dv|pswrwlf h{sdqvlrqv whoo xv derxw wkh txdolwdwlyh surshuwlhv ri

htxloleulxp dqg fdq eh xvhg wr frpsxwh d qxphulfdo dssur{lpdwlrq wr htxloleulxp ri

sduwlfxodu sureohpv zlwk d vshfl�hg qrq}hur ulvn1 Wkhuhiruh/ wkh elixufdwlrq dssurdfk

lv frpsxwdwlrqdo lq wzr zd|v= wkh irupxodv duh txdolwdwlyh dv|pswrwlf dssur{lpdwlrqv

ghulyhg e| frpsxwhu dojheud/ dqg fdq eh xvhg wr surgxfh qxphulfdo dssur{lpdwlrqv

wr vshfl�f sureohpv1 Wklv sdshu irfxvhv rq wkh txdolwdwlyh dv|pswrwlf uhvxowv dqg

ohdyhv wkh qxphulfdo dssolfdwlrqv iru ixwxuh vwxg|1

Wkh uhvxow lv hvvhqwldoo| d phdq0yduldqfh0vnhzqhvv0hwf1 wkhru| ri dvvhw ghpdqg

dqg htxloleulxp sulflqj/ vlplodu wr Vdpxhovrq*v ^55` dqdo|vlv ri dvvhw ghpdqg1 Wklv

dssurdfk lv dovr pruh lqwxlwlyh wkdq wkh vwdqgdug frqwlqjhqw vwdwh dssurdfk wr htxl0

oleulxp1 Wkh lqfrpsohwh pdunhwv sdudgljp irfxvhv rq wkh gl�huhqfh ehwzhhq wkh

qxpehu ri frqwlqjhqw vwdwhv dqg wkh qxpehu ri dvvhwv1 Iru h{dpsoh/ zhoiduh uhvxowv

lq Kduw ^44`/ Fdvv dqg Flwdqqd ^6`/ dqg Hoxo ^:` ghshqg rq krz pdq| dvvhwv duh plvv0

lqj dqg wkh qxpehu ri djhqwv1 Lw lv gl!fxow wr lqwhusuhw vxfk lqglfhv ri lqfrpsohwhqhvv

vlqfh zh fdq frxqw qhlwkhu wkh qxpehu ri frqwlqjhqw vwdwhv qru wkh qxpehu ri gl�huhqw

nlqgv ri djhqwv lq d uhdo hfrqrp|1 Ixuwkhupruh/ rqh h{shfwv wkdw wkh lpsdfw ri dvvhw

lqfrpsohwhqhvv rq hfrqrplf shuirupdqfh lv uhodwhg pruh wr wkh vwdwlvwlfdo fkdudfwhu

ri ulvnlqhvv dqg wkh glyhuvlw| ri lqyhvwru remhfwlyhv wkdq wr wkh qxpehu ri vwdwhv dqg

wkh qxpehu ri djhqwv1 Iru h{dpsoh/ wkh qxpehu ri gl�huhqw djhqwv lv d srru phdvxuh

ri djhqw glyhuvlw| vlqfh dq hfrqrp| zlwk 433 w|shv ri lqyhvwruv zlwk gl�huhqw ulvn

dyhuvlrqv forvh wr wkh phdq ulvn dyhuvlrq lv ohvv glyhuvh wkdq dq hfrqrp| zlwk 43

w|shv ri lqyhvwruv zlwk vxevwdqwldoo| gl�huhqw ulvn dyhuvlrqv1 Vlploduo|/ wkh qxpehu

ri frqwlqjhqw vwdwhv lv dw ehvw d srru lqglfdwru ri wkh pdjqlwxgh dqg fkdudfwhu ri

ulvnlqhvv1 Wklv sdshu*v dqdo|vlv surgxfhv dv|pswrwlf irupxodv ghshqglqj vroho| rq

wkh prphqwv ri dvvhw uhwxuqv dqg wkh gl�huhqfhv lq xwlolw| lqglfhv/ vkrzlqj wkdw wkh|/
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qrw wkh qxpehu ri vwdwhv/ jryhuq wkh dv|pswrwlf surshuwlhv ri htxloleulxp1 Vlqfh pr0

phqwv duh pruh hdvlo| revhuyhg lq uhdo pdunhwv wkdq wkh qxpehu ri frqwlqjhqw vwdwhv

wkh uhvxow lv d pruh sudfwlfdo dqg lqwxlwlyh dssurdfk wr htxloleulxp dqdo|vlv ri dvvhw

pdunhwv1

Rxu dssurdfk lv lqwxlwlyh dqg vlplodu lq vslulw wr vwdqgdug olqhdul}dwlrq dqg frp0

sdudwlyh vwdwlf phwkrgv iurp pdwkhpdwlfdo hfrqrplfv1 Li idfw/ wkh dqdo|vlv uhvhpeohv

Mrqhv ^45` fodvvlf dqdo|vlv ri lqwhuqdwlrqdo wudgh1 Olqhdul}dwlrq phwkrgv edvhg rq wkh

Lpsolflw Ixqfwlrq Wkhruhp +LIW, duh lpsruwdqw frpsxwdwlrqdo wrrov wkdw doorz xv wr

dssur{lpdwh qrqolqhdu uhodwlrqvklsv zlwk wudfwdeoh/ dv|pswrwlfdoo| ydolg dssur{lpd0

wlrqv1 Zh ehjlq zlwk wkh qr0ulvn fdvh zkhuh zh nqrz wkh htxloleulxp1 Zh wkhq xvh

wkdw lqirupdwlrq wr frpsxwh htxloleuld iru qhdue| fdvhv ri ulvn| hfrqrplhv1 Krzhyhu/

wkh LIW grhv qrw dsso| khuh ehfdxvh wkh fulwlfdo Mdfreldq lv vlqjxodu1 Lq sduwlfxodu/

zkhq ulvn glvdsshduv doo dvvhwv pxvw ehfrph shuihfw vxevwlwxwhv dqg wkh sruwirolrv

ri lqglylgxdov duh lqghwhuplqdwh zkhq ulvn lv }hur1 Zh fdqqrw xvh wkh LIW li zh gr

qrw nqrz wkh htxloleulxp sruwirolr lq wkh fdvh ri }hur ulvn1 Lqvwhdg/ zh pxvw dsso|

wrrov iurp elixufdwlrq wkhru| wr vroyh rxu sureohp1 Wkhvh wrrov duh qdwxudo vlqfh

wkh| duh hvvhqwldoo| jhqhudol}dwlrqv ri O*Krvslwdo*v uxoh1 Ixuwkhupruh/ ehfdxvh ri wkh

vlqjxodulw| dw }hur ulvn/ zh zloo qhhg wr frpsxwh kljkhu0rughu dssur{lpdwlrqv/ qrw

mxvw wkh idploldu �uvw0rughu whupv iurp olqhdu dssur{lpdwlrq phwkrgv1

Wkh sxusrvh ri wklv sdshu lv wr suhvhqw wkh nh| pdwkhpdwlfdo lghdv dqg looxvwudwh

wkhp zlwk edvlf hfrqrplf dssolfdwlrqv1 Zh �uvw dsso| elixufdwlrq phwkrgv wr gh0

ulyh dssur{lpdwlrqv ri dvvhw ghpdqg/ uh�qlqj wkh vlplodu Vdpxhovrq ^55` phwkrg1

Zh wkhq xvh wkhvh dssur{lpdwlrqv ri dvvhw ghpdqg wr frpsxwh dssur{lpdwlrqv ri

dvvhw pdunhw htxloleulxp1 Zh frpsxwh dv|pswrwlfdoo| ydolg h{suhvvlrqv iru htxlole0

ulxp zlwk gl�huhqw dvvhw frpelqdwlrqv/ dqg xvh wkhp wr vkrz krz fkdqjhv lq dvvhw

dydlodelolw| d�hfwv htxloleulxp1

Wkh elixufdwlrq dssurdfk lv sduwlfxoduo| lqwhuhvwlqj vlqfh lw kdqgohv wkh frpsohwh

dqg lqfrpsohwh dvvhw pdunhw fdvhv lq wkh vdph zd|1 Wklv frqwudvwv vkduso| zlwk wkh

frqyhqwlrqdo dssurdfk zkhuh wkh lqfrpsohwh dvvhw pdunhw fdvh lv idu pruh frpsoh{

wkdq wkh frpsohwh pdunhw fdvh +vhh Pdjloo dqg Txlq}ll ^54` iru d pruh frpsohwh

glvfxvvlrq,1 Zh fdq gr wklv ehfdxvh zh irfxv rq vpdoo ulvnv1 Vlqfh rxu dqdo|vlv

pdnhv qr dvvxpswlrqv derxw wkh vsdq ri dvvhwv/ lw lv dovr d phwkrg iru frpsxwlqj
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htxloleulxp lq vrph hfrqrplhv zlwk lqfrpsohwh dvvhw pdunhwv1 Wklv lv jhqhudoo| d

gl!fxow sureohp ehfdxvh wkh h{fhvv ghpdqg ixqfwlrq lv qrw frqwlqxrxv1 Eurzq hw do1

^5` dqg Vfkphgghuv ^56` kdyh irupxodwhg dojrulwkpv iru frpsxwlqj htxloleuld zkhq

dvvhw pdunhwv duh lqfrpsohwh1 Wkhlu phwkrgv dlp wr frpsxwh htxloleulxp iru dq|

vxfk prgho1 Rxu phwkrg lv rqo| ydolg orfdoo| exw lv pxfk idvwhu vlqfh lw uholhv rq

uhodwlyho| vlpsoh dqg gluhfw irupxodv1

Wkh dssolfdwlrqv suhvhqwhg lq wklv sdshu duh mxvw d vpdoo vdpsolqj ri wkh srvvl0

elolwlhv1 Jxx dqg Mxgg ^48` dssolhv wkh uhvxowv ri wklv sdshu wr frpsxwh wkh rswlpdo

ghulydwlyh dvvhw1 Ohlvhq dqg Mxgg ^4<` xvhv vlplodu phwkrgv wr sulfh rswlrqv dqg gh0

whuplqh htxloleulxp wudgh lq rswlrqv zkhq wkh| duh qrw sulfhg e| duelwudjh1 Zh vwd|

zlwk wkh vlqjoh jrrg prgho lq wklv sdshu vr wkdw zh fdq irfxv rq wkh nh| pdwkhpdw0

lfdo sureohpv1 Wkh phwkrgv gr jhqhudol}h wr wkh pxowlfrpprglw| prghov h{dplqhg

lq Kduw dqg rwkhuv/ exw vsdfh olplwdwlrqv irufh xv wr ohdyh wkdw iru ixwxuh vwxglhv1

Vhfwlrq 5 uhylhzv orfdo dssur{lpdwlrq wkhru| dqg suhylrxv vpdoo qrlvh dqdo|vhv1

Vhfwlrq 6 suhvhqwv wkh elixufdwlrq wr wkhruhpv wkdw jhqhudol}h wkh LIW1 Vhfwlrq 7

dssolhv wkh elixufdwlrq wkhruhpv wr dvvhw ghpdqg1 Vhfwlrq 8 suhvhqwv d vpdoo qrlvh

dqdo|vlv ri dq dvvhw pdunhw zlwk rqh ulvn| dvvhw dqg Vhfwlrq 9 h{dplqhv d pdunhw

zlwk rqh ixqgdphqwdo ulvn| dvvhw soxv d ghulydwlyh dvvhw1 Frpsdulvrqv ri wkhvh fdvhv

doorzv xv wr dqdo|}h wkh h�hfwv ri lqwurgxflqj d ghulydwlyh dvvhw1 Vhfwlrq : glvfxvvhv

vrph frpsxwdwlrqdo frqvlghudwlrqv1 Vhfwlrq ; rxwolqhv wkh dssurdfk wr pruh jhqhudo

prghov1 Vhfwlrq < frqfoxghv1

51 Orfdo Dssur{lpdwlrq Phwkrgv dw Qrqvlqjxodu Srlqwv

Orfdo dssur{lpdwlrq phwkrgv duh edvhg rq d ihz edvlf wkhruhpv1 Wkh| ehjlq zlwk

Wd|oru*v wkhruhp dqg wkh LIW iru U?1 Zh �uvw vwdwh wkh edvlf wkhruhpv lq wklv vhfwlrq/

dqg wkhq suhvhqw wkh elixufdwlrq wkhruhpv lq wkh qh{w vhfwlrq1

5141 Wd|oru Vhulhv Dssur{lpdwlrq1 Wkh prvw edvlf orfdo dssur{lpdwlrq lv suh0

vhqwhg lq Wd|oru*v Wkhruhp1

Wkhruhp 41 +Wd|oru*v Wkhruhp iru U?, Ohw f � U
?dqg R eh dq lqwhulru srlqw ri f�
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Vxssrvh s G f $ U lv �&n� lq dq rshq qhljkerukrrg Q ri R1 Wkhq/ iru doo % 5 Q
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Wkh Wd|oru vhulhv dssur{lpdwlrq ri sE%� edvhg dw R xvhv ghulydwlyh lqirupdwlrq

dw R wr frqvwuxfw d sro|qrpldo dssur{lpdwlrq1 Wkh wkhru| rqo| jxdudqwhhv wkdw wklv

dssur{lpdwlrq lv jrrg qhdu R1 Zkloh wkh dffxudf| ri wkh dssur{lpdwlrq ghfd|v dv %

pryhv dzd| iurp R/ wklv ghfd| lv riwhq vorz/ lpso|lqj wkdw d �qlwh Wd|oru vhulhv fdq

eh d jrrg dssur{lpdwlrq iru % lq d odujh qhljkerukrrg ri R1

5151 Wkh Phdqlqj ri �Dssur{lpdwlrq�1 Zh riwhq xvh wkh skudvh �sE%� ds0

sur{lpdwhv }E%� iru % qhdu R�/ exw wkh phdqlqj ri wklv skudvh lv vhogrp pdgh fohdu1

Rqh wulyldo vhqvh ri wkh whup lv wkdw sER� ' }ER�1 Zkloh wklv lv fhuwdlqo| d qhf0

hvvdu| frqglwlrq/ lw lv jhqhudoo| wrr zhdn wr eh d xvhixo frqfhsw1 Dssur{lpdwlrq

xvxdoo| phdqv dw ohdvw wkdw s �ER� ' }�ER� dv zhoo1 Lq wklv fdvh/ zh vd| wkdw �s lv d

�uvw0rughu +ru olqhdu, dssur{lpdwlrq wr } dw % ' R�1 Lq jhqhudo/ �s lv dq ?*wk rughu

dssur{lpdwlrq ri } dw % ' R� li dqg rqo| li

*�4
%<R

n sE%�� }E%� n

n %� R n?
' f

Wklv gh�qlwlrq vd|v wkdw wkh huuru nsE%�� }E%�n ri wkh dssur{lpdwlrq sE%� lv dv|ps0

wrwlfdoo| erxqghg deryh e| S n%� Rn? iru dq| frqvwdqw S : f1 Wkhuhiruh/ iru dq| %

qhdu R/ wkh dssur{lpdwlqj ixqfwlrq sE%� lv yhu| forvh wr }E%�1 Lq sduwlfxodu/ wkh gh0

juhh & Wd|oru vhulhv ri d �&n� ixqfwlrq lv d &*wk rughu dssur{lpdwlrq vlqfh lwv huuru

lv R En%� Rn�&n�1 Wklv pd| vhhp wulyldo exw wklv lv qrw dozd|v wkh gh�qlwlrq ri ?*wk

rughu dssur{lpdwlrq xvhg lq hfrqrplfv1 Zh vwdwh lw khuh iru wkh sxusrvh ri suhflvlrq1
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5161 Wkh Lpsolflw Ixqfwlrq Wkhruhp iru Dqdo|wlf Ixqfwlrqv1 Rxu dqdo|vlv

zloo uho| rq wkh LIW iru dqdo|wlf ixqfwlrqv1 Lw lv xvhixo wr uhylhz vrph edvlf idfwv derxw

dqdo|wlf ixqfwlrqv wkdw zloo khos xv xqghuvwdqg rxu uhvxowv1 Wkh iroorzlqj gh�qlwlrq

iru dqdo|wlf ixqfwlrqv lv wkh prvw khosixo ri wkh pdq| htxlydohqw gh�qlwlrqv1

Gh�qlwlrq 51 D ixqfwlrq sE%� G U $ U lv dqdo|wlf dw %f li dqg rqo| li wkhuh lv vrph

qrqhpsw| rshq vhw l � U vxfk wkdw %f 5 l dqg iru doo % 5 l/ sE%� '
S

w

�'f
@�%

� dqgS
w

�'f
@� m%m

� 	 4 iru doo % 5 l1

Edvlfdoo|/ dqdo|wlf ixqfwlrqv duh �" dqg orfdoo| htxdo wr wkh srzhu vhulhv fuhdwhg

e| Wd|oru vhulhv h{sdqvlrqv1 Wkh nh| zrug khuh lv �orfdo�1 Iru h{dpsoh/ wkh srzhu

vhulhv h{sdqvlrq ri *L} % durxqg %f ' � fdqqrw eh joredoo| ydolg vlqfh *L} % lv qrw

gh�qhg dw % ' f1 Wr pdnh wklv suhflvh/ zh qhhg wkh frqfhsw ri udglxv ri frqyhujhqfh1

Wkh qh{w wkhruhp vwdwhv wkh nh| uhvxow wkdw wkh grpdlq ri frqyhujhqfh iru d srzhu

vhulhv lv d glvn1

Wkhruhp 61 Ohw � '
q
%m
Sw

�'f @�%
�
r
	 41 Wkhq wkh forvxuh ri �/ �/ lv d glvn/ dqg

wkh udglxv ri � lv fdoohg wkh udglxv ri frqyhujhqfh ri
Sw

�'f @�%
�1

Wkh irfxv rq dqdo|wlf ixqfwlrqv lv hvvhqwldo vlqfh vrph �" ixqfwlrqv duh qrw

dqdo|wlf1 Wkh ehvw h{dpsoh ri wklv lv e3�*%
2

1 Wkh ixqfwlrq e3�*%
2

lv gh�qhg hyhu|zkhuh/

hyhq dw % ' f1 Ixuwkhupruh/ lw lv �" hyhu|zkhuh/ hyhq dw % ' f zkhuh hdfk ghulydwlyh

htxdov }hur1 Wklv lpsolhv wkdw wkh Wd|oru vhulhv h{sdqvlrq edvhg dw %f ' f lv wkh }hur

ixqfwlrq1 Krzhyhu/ e3�*%
2

htxdov }hur mxvw dw % ' f/ qrw lq dq| qhljkerukrrg ri % ' f1

Wkhuhiruh/ e3�*%
2

grhv qrw htxdo lwv Wd|oru vhulhv h{sdqvlrq lq dq| rshq qhljkerukrrg

ri % ' f dqg lv qrw dqdo|wlf dw % ' f1 Lq jhqhudo/ d �" ixqfwlrq lv dqdo|wlf dw %f li

dqg rqo| li lw htxdov lwv srzhu vhulhv lq vrph qrqghjhqhudwh qhljkerukrrg ri %f1

Zh kdyh glvfxvvhg mxvw wkh xqlyduldwh fdvh1 Dqdo|wlf ixqfwlrqv rq -? duh vlpl0

oduo| gh�qhg> vhh/ iru h{dpsoh/ ]hlgohu ^59`1 Wkh qh{w lpsruwdqw wrro lv wkh Lpsolflw

Ixqfwlrq Wkhruhp +LIW, iru dqdo|wlf ixqfwlrqv1

Wkhruhp 71 +Lpsolflw Ixqfwlrq Wkhruhp, OhwME%c +� G U ?�U
6 $ U

6 eh dqdo|wlf

dw E%fc +f� dqg dvvxph ME%fc +f� ' f� Li M+E%fc +f� lv qrqvlqjxodu/ wkhq wkhuh lv d

xqltxh ixqfwlrq � G U? $ U
6 vxfk wkdw �E%� lv dqdo|wlf dw %f dqg ME%c �E%�� ' f iru
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E%c +� lq dq rshq qhljkerukrrg ri E%fc +f�1 Ixuwkhupruh/ wkh ghulydwlyhv ri � dw %f

fdq eh frpsxwhg e| lpsolflw gl�huhqwldwlrq ri wkh lghqwlw| ME%c �E%�� ' f�

Wkh LIW vwdwhv wkdw � fdq eh xqltxho| gh�qhg iru % qhdu %f e| ME%c �E%�� ' f

li M+E%fc +f� lv qrw vlqjxodu dqg doorzv xv wr lpsolflwo| frpsxwh wkh ghulydwlyhv ri �1

Iru h{dpsoh/ wkh judglhqw ri � dw %f lv

Y�

Y%
E%f� ' �M+E%fc +f�

3�M%E%fc +f�

dqg surylghv xv zlwk wkh �uvw�rughu whupv ri wkh srzhu vhulhv uhsuhvhqwdwlrq iru �E%�

edvhg dw %f1 Zkhq zh frpelqh Wd|oru*v wkhruhp dqg wkh LIW/ zh kdyh d zd| wr

frpsxwh d orfdoo| ydolg sro|qrpldo4 dssur{lpdwlrq ri d ixqfwlrq �E%� iru % qhdu %f

lpsolflwo| gh�qhg e| ME%c �E%�� ' f1 Wkhuh lv dq LIW iru �" ixqfwlrqv/ exw lw grhv

qrw jlyh xv d srvlwlyh udglxv ri frqyhujhqfh iru wkh lpsolhg srzhu vhulhv1 Wkhuhiruh/

zh pxvw surfhhg zlwk dq dqdo|wlf ixqfwlrq shuvshfwlyh1

Wkh irfxv rq dqdo|wlf ixqfwlrqv lv qrw uhvwulfwlyh vlqfh prvw ixqfwlrqv hfrqrplvwv

xvh duh orfdoo| dqdo|wlf dw srlqwv ri hfrqrplf uhohydqfh1 Iru h{dpsoh/ *L} S lv d

frpprq xwlolw| ixqfwlrq dqg lv dqdo|wlf dw hdfk srvlwlyh ydoxh ri S1 Vlploduo| iru

Free0Grxjodv surgxfwlrq ixqfwlrqv &k��3k1 Krzhyhu/ wkhvh ixqfwlrqv duh rqo| orfdoo|

dqdo|wlf/ lpso|lqj wkdw gl�huhqw srzhu vhulhv uhsuhvhqwdwlrqv duh ydolg ryhu gl�huhqw

�qlwh lqwhuydov1 Iru h{dpsoh/ vxssrvh zh frqvwuxfw d srzhu vhulhv iru �ES� ' *L} S

edvhg dw Sf ' �1 Vlqfh *L} S lv xqgh�qhg dw S ' f/ wkh udglxv ri frqyhujhqfh iru wkdw

srzhu vhulhv lv dw prvw 4/ zklfk lq wxuq lpsolhv wkdw wkdw srzhu vhulhv lv qrw ydolg iru

dq| S : 21 Krzhyhu/ wkh srzhu vhulhv edvhg dw Sf ' 2 lv ydolg iru S 5 Efc e�1 Zkhq zh

xvh wkh LIW iru dqdo|wlf ixqfwlrqv/ zh qhhg wr eh dzduh ri wkh udgll ri frqyhujhqfh

ri wkh srzhu vhulhv zh lpsolflwo| xvh dqg eh vxuh wkdw wkh| duh frqvlvwhqw zlwk rxu

dssolfdwlrq ri wkh LIW1

Wkh srzhu vhulhv frqvwuxfwhg lq wkh LIW iru dqdo|wlf ixqfwlrqv zloo kdyh d srvlwlyh

udglxv ri frqyhujhqfh/ exw zh nqrz dq|wklqj derxw lwv pdjqlwxgh lq jhqhudo1 Wklv

lv d gudzedfn lq vrph frqwh{wv1 Wklv lvvxh lv qrw lpsruwdqw lq wklv sdshu vlqfh zh

4Wkh ghulydwlyh lqirupdwlrq frxog dovr eh xvhg wr frpsxwh d Sdgì dssur{lpdqw/ ru rwkhu qrqolqhdu

dssur{lpdwlrq vfkhphv1 Mxgg dqg Jxx +4<<6, dqg Mxgg +4<<;, h{dplqh erwk dssurdfkhv1 Lq wklv

sdshu/ zh zloo vwd| zlwk wkh frqyhqwlrqdo Wd|oru h{sdqvlrqv1
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h{dplqh rqo| wkh dv|pswrwlf surshuwlhv ri prghov1 Zh zloo uhwxuq odwhu wr wkh lvvxh

ri wkh udqjh ri ydolglw| iru rxu irupxodv1

5171 Suhylrxv Vpdoo Qrlvh Dqdo|vhv1 Wkh vpdoo qrlvh dssurdfk lv qrw qhz wr

wkh hfrqrplfv olwhudwxuh/ exw wkh dssurdfk zh wdnh gl�huv lq vxevwdqfh dqg irupdolvp

iurp suhylrxv h�ruwv1 Rqh olqh ri suhylrxv zrun lv wdnhq e| Iohplqj ^;`/ zklfk zdv

hoderudwhg rq e| Mxgg dqg Jxx ^47`1 Iohplqj vkrzhg krz wr jr iurp wkh vroxwlrq ri

d ghwhuplqlvwlf frqwuro sureohp wr rqh zlwk vpdoo qrlvh dgghg wr wkh odz ri prwlrq1

Vshfl�fdoo|/ frqvlghu wkh sureohp

4@ .

�] A

f

e34|ZE%c ��_|

�
+4,

_% ' sE�c %�_|n "jE�c %�_5

Iohplqj dssur{lpdwhg wkh sureohp lq +4, iru vpdoo " e| �qglqj wkh frqwuro odz

� ' LE%c |� ri wkh " ' f sureohp dqg wkhq dsso| wkh LIW wr Ehoopdq*v htxdwlrq1

D nh| ghwdlo zdv wkdw wkh frqwuro odz qhhghg wr eh xqltxh lq wkh " ' f fdvh1 Mxgg

dqg Jxx lpsohphqw wklv dssurdfk iru lq�qlwh krul}rq sureohpv/ dqg vkrz wkdw wkh

Iohplqj surfhgxuh surgxfhv jrrg dssur{lpdwlrqv1

Wkh sureohp glvfxvvhg lq Iohplqj/ dqg Mxgg dqg Jxx zdv hdv| vlqfh lw frxog eh

kdqgohg e| wkh vwdqgdug LIW1 D ohvv wulyldo sureohp zdv h{dplqhg lq Vdpxhovrq ^55`1

Kh h{dplqhg wkh sureohp ri dvvhw ghpdqg zkhq ulvnlqhvv zdv vpdoo1 Zh zloo uhwxuq

wr wkdw sureohp ehorz1

D wklug h{dpsoh ri wkh vpdoo qrlvh dqdo|vlv lv Pdjloo*v ^53` dqdo|vlv ri zkdw lv qrz

fdoohg uhdo exvlqhvv f|fohv1 Pdjloo vkrzhg krz wr frpsxwh olqhdu dssur{lpdwlrqv wr

+4,/ xvh wkhvh dssur{lpdwlrqv wr frpsxwh vshfwud ri wkh uhvxowlqj olqhdu prgho/ dqg

sursrvhg wkdw wkh vshfwud ri wkhvh prghov eh frpsduhg wr hpslulfdo gdwd rq vshfwud1

N|godqg dqg Suhvfrww ^4;` irfxvvhg rq wkh vshfldo fdvh ri Pdjloo*v phwkrg zkhuh wkh

odz ri prwlrq sE�c %� lv olqhdu lq E�c %�/ dqg sduwldoo| lpsohphqwhg Pdjloo*v vshfwudo

frpsdulvrq lghdv e| frpsdulqj yduldqfhv dqg fryduldqfhv ri wkhvh olqhdu dssur{lpd0

wlrqv ri ghwhuplqlvwlf prghov wr wkh exvlqhvv f|foh gdwd1 Wklv vshfldo fdvh ri Pdjloo*v

dssurdfk wr vwrfkdvwlf g|qdplf jhqhudo htxloleulxp kdv ehhq lpsruwdqw lq wkh Uhdo

Exvlqhvv F|foh olwhudwxuh1 Jdvsdu dqg Mxgg ^43` vkrzv krz wr frpsxwh kljkhu0rughu

h{sdqvlrqv durxqg ghwhuplqlvwlf vwhdg| vwdwhv1 Dovr/ wkh phwkrgv lq Pdjloo/ dqg N|g0
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odqg dqg Suhvfrww zhuh �fhuwdlqw| htxlydohqw dssur{lpdwlrqv�/ wkdw lv/ wkh| frpsxwh

d olqhdu dssur{lpdwlrq wr wkh ghwhuplqlvwlf sureohp/ " ' f/ dqg dsso| lw wr sureohpv

zkhuh " 9' f/ zkhuhdv Jdvsdu dqg Mxgg ^43` frpsxwhv dssur{lpdwlrqv zklfk lqfoxghv

wkh h�hfw ri "1 Vlploduo|/ zh zloo frpsxwh kljk0rughu h{sdqvlrqv zkhuh " lv doorzhg

wr ydu|1

D irxuwk h{dpsoh wkdw sduwlfxoduo| looxvwudwhv wkh lpsruwdqfh ri xvlqj elixufdwlrq

wkhru| lv Whvdu ^58`1 Whvdu xvhg d olqhdu0txdgudwlf dssurdfk wr hydoxdwh wkh zhoiduh

lpsdfw rq frxqwulhv iurp rshqlqj xs wudgh lq dvvhwv1 Vrph ri khu qxphulfdo h{dpsohv

vkrzhg wkdw prylqj wr frpsohwh pdunhwv zrxog uhvxow lq d Sduhwr lqihulru doorfdwlrq/

d �qglqj wkdw frqwudglfwv wkh �uvw zhoiduh wkhruhp ri jhqhudo htxloleulxp1 Nlp dqg

Nlp ^49` kdyh vkrzq wkdw wklv dssurdfk zloo riwhq surgxfh lqfruuhfw uhvxowv1 Wkhvh

h{dpsohv looxvwudwh wkh qhhg iru xvlqj phwkrgv iurp wkh pdwkhpdwlfdo olwhudwxuh

lqvwhdg ri uho|lqj rq dg krf dssur{lpdwlrq surfhgxuhv edvhg orrvho| rq �hfrqrplf

lqwxlwlrq1�

Wklv sdshu looxvwudwhv wkh fulwlfdo pdwkhpdwlfdo vwuxfwxuh ri dvvhw pdunhw sureohpv

zlwk vpdoo ulvnv/ dqg ghyhorsv wkh uhohydqw pdwkhpdwlfdo wrrov1 Zkloh wkh prgho

dqdo|}hg ehorz lv vlpsoh/ wkh edvlf dssurdfk lv jhqhudoo| dssolfdeoh1

61 Elixufdwlrq Phwkrgv

Rxu dvvhw pdunhw dqdo|vlv uhtxluhv xv wr dssur{lpdwh dq lpsolflwo| gh�qhg ixqfwlrq

dw d srlqw zkhuh wkh frqglwlrqv ri wkh LIW gr qrw krog1 Iruwxqdwho|/ zh zloo eh deoh

wr h{sorlw dgglwlrqdo vwuxfwxuh dqg duulyh dw d vroxwlrq xvlqj elixufdwlrq phwkrgv1

Zh �uvw suhvhqw wkh jhqhudo wkhruhpv dqg wkhq dsso| wkhp wr vrph dvvhw sureohpv1

6141 Elixufdwlrq lq U
�1 Vxssrvh wkdw ME%c "� lv �2 dqg %E"� lv lpsolflwo| gh�qhg

e| ME%E"�c "� ' f1 Rqh zd| wr ylhz wkh htxdwlrq ME%c "� ' f lv wkdw iru hdfk " lw

gh�qhv d froohfwlrq ri % wkdw vroyhv ME%c "� ' f1 Wkh qxpehu ri vxfk % pd| fkdqjh

dv zh fkdqjh "1 Zh qh{w gh�qh wkh frqfhsw ri d elixufdwlrq srlqw1

Gh�qlwlrq 81 E%fc "f� lv d elixufdwlrq srlqw ri M l� wkh qxpehu ri vroxwlrqv % wr

ME%c "� ' f fkdqjhv dv " sdvvhv wkurxjk "f/ dqg wkhuh duh wzr glvwlqfw sdudphwulf

sdwkv/ Ef�Er�c .�Er��c � ' �c 2/ vxfk wkdwMEf�Er�c .�Er�� ' f/ dqg *�4r<fEf�Er�c .�Er�� '

E%fc "f�/ � ' �c 2�
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D wulyldo h{dpsoh ri d elixufdwlrq lv ME%c "� ' "E%� "� dw E%c "� ' Efc f�1 Li " 9' f/

wkh xqltxh vroxwlrq wr M ' f lv %E"� ' "/ exw dw " ' f dq| % vroyhv M ' f1 Wkhuh

lv d elixufdwlrq srlqw dw E%c "� ' Efc f�/ dqg wkh wzr eudqfkhv ri vroxwlrqv wr M ' f

duh f�Er� ' .�Er� ' r dqg f�Er� ' rc .�Er� ' f1 Zh fdqqrw dsso| wkh LIW wr

ME%E"�c "� ' f dw Efc f� gluhfwo| vlqfh wkh Mdfreldq ri M% lv vlqjxodu dw Efc f�1 Vxssrvh

wkdw zh duh lqwhuhvwhg lq wkh eudqfk %E"� ' "/ dqg qrw wkh wulyldo eudqfk zkhuh " ' f

dqg % lv dueulwudu|1 Wklv lv qdwxudo vlqfh zh zdqw wr nqrz krz % fkdqjhv dv " fkdqjhv/

qrw mxvw wkh vlwxdwlrq dw " ' f1 Elixufdwlrq wkhruhpv khos xv dffrpsolvk wklv1 Wkh

fdvh iru % 5 U lv vxppdul}hg lq wkh Wkhruhp 91

Wkhruhp 91 +Elixufdwlrq Wkhruhp iru U, Vxssrvh M G U � U $ U/ M lv dqdo|wlf

iru E%c "� lq d qhljkerukrrg ri E%fc f�/ dqg ME%c f� ' f iru doo % 5 U1 Ixuwkhupruh/

vxssrvh wkdw

M%E%fc f� ' f ' M"E%fc f�c M%"E%fc f� 9' f�

Wkhq E%fc f� lv d elixufdwlrq srlqw dqg wkhuh lv dq rshq qhljkerukrrg Q ri E%fc f�

dqg d ixqfwlrq �E"�c �E"� 9' f iru " 9' f/ vxfk wkdw � lv dqdo|wlf dqg ME�E"�c "� ' f iru

E�E"�c "� 5 Q 1

Surri1 Wkh vwudwhj| wr suryh wklv wkhruhp iroorzv wkh wulfn ri �vroylqj d

vlqjxodulw| wkurxjk glylvlrq e| "� +vhh ]hlgohu/ 4<<;/ Fkdswhu ;,1 Gh�qh

8 E%c "� '

+
ME%c"�

"
c " 9' f

YME%cf�
Y"

c " ' f
� +5,

Vlqfh M lv dqdo|wlf dqg ME%c f� ' f iru doo %c ME%c "� ' "8 E%c "� dqg 8 lv dqdo|wlf

lq E%c "�1 Vlqfh f ' M"E%fcf�c 8 E%fcf� ' f� Gluhfw frpsxwdwlrq vkrzv 8%E%c "� n

"8%"E%c "� ' M%"E%c "�/ zklfk lpsolhv 8%E%fc f� ' M%"E%fc f� 9' f1 Vlqfh 8%E%fc f� 9' fc

zh fdq dsso| wkh LIW wr 8 dw E%fc f�1 Wkhuhiruh/ wkhuh lv dq rshq qhljkerukrrg Q ri

E%fc f� dqg dq dqdo|wlf ixqfwlrq �E"�c �E"� 9' f iru " 9' f/ vxfk wkdw 8 E�E"�c "� ' f iru

E�E"�c "� 5 Q / zklfk lq wxuq lpsolhv ME�E"�c "� ' f iru E�E"�c "� 5 Q 1

Lq jhqhudo/ Wkhruhp 9 whoov xv zh fdq frpsxwh ghulydwlyhv wkurxjk lpsolflw gl�hu0

hqwldwlrq1 Lq sduwlfxodu/ ��Ef� dqg ���Ef� duh gh�qhg e|

��Ef� ' �d8%E%fcf�o
3�8"E%fcf� ' �

�

2
dM%"E%fcf�o

3�M""E%fcf�

�M%"E%fc f��
��

Ef� ' �d��
�

Ef�M%%"E%fc f��
�

Ef� n �M%""E%fc f��
�Ef� nM"""E%fc f�o
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zklfk lpsolhv d xqltxh ydoxh iru ��Ef� dqg ���Ef� dv orqj dv M%"E%fc f� 9' f1 Qrwlfh

wkh vhtxhqwldoo| olqhdu fkdudfwhu ri wkh sureohp1 Rqh rqo| qhhgv olqhdu rshudwlrqv

wr frpsxwh ��Ef�/ dqg rqfh zh kdyh frpsxwhg ��Ef� wkh sureohp ri frpsxwlqj ���Ef�

lv dovr d olqhdu sureohp1 Wkh h{lvwhqfh ri ��Ef�/ �
��

Ef�/ dqg doo kljkhu ghulydwlyhv ri

� uholhv vroho| rq wkh vroydelolw| frqglwlrq M%"E%fcf� 9' f dqg wkh h{lvwhqfh ri wkh

kljkhu0rughu ghulydwlyhv ri M dw wkh elixufdwlrq srlqw1

Wkhruhp 9 uhvroyhv wkh sureohp zkhq ME%c "� ' "E% � "� ' f1 Lq wklv fdvh/

ME%c f� ' f iru doo %/ M%Efc f� ' f ' M"Efc f�/ exw M%"E%fc f� ' � 9' f1 Lpsolflw

gl�huhqwldwlrq vkrzv wkdw ��Ef� ' �/ dqg wkdw hyhu| rwkhu ghulydwlyh ri � dw % ' f lv

}hur1 Wkh h{dpsoh ri M ' "E%� "� vhhpv txlwh wulyldo/ exw rxu sureohpv zloo kdyh d

vlplodu irup dqg Wkhruhp 9 jlyhv xv frqglwlrqv xqghu zklfk wkh jhqhudo sureohp lv

uhdoo| qr pruh frpsoh{ wkdq wklv vlpsoh h{dpsoh1

Lpsolflw gl�huhqwldwlrq ri ME%E"�c "� ' f zloo surgxfh d srzhu vhulhv h{sdqvlrq

iru %E"� durxqg " ' f/ exw zh nqrz qrwklqj derxw wkh udglxv ri frqyhujhqfh ri wkdw

srzhu vhulhv1 Iru h{dpsoh/ ME%c "� ' "
�
%� E"n ���*2

�
' f kdv wkh reylrxv joredo

vroxwlrq %E"� ' E"n���*2 exw wkh srzhu vhulhv iru E"n���*2 durxqg " ' f lv ydolg rqo|

zkhq �� 	 " 	 � ehfdxvh wkhuh lv d vlqjxodulw| dw " ' ��15 Dovr/ lq sudfwlfh/ zh zloo

rqo| eh deoh wr xvh �qlwh0rughu Wd|oru vhulhv dssur{lpdwlrqv/ zklfk duh mxvw wkh lqlwldo

vhjphqwv ri wkh ixoo srzhu vhulhv1 Lq jhqhudo/ dq| vxfk Wd|oru vhulhv dssur{lpdwlrq

zloo gr zhoo iru " forvh wr }hur/ exw wkh txdolw| ri wkh dssur{lpdwlrq zloo ghjudgh dv

" pryhv dzd| iurp }hur1

Zh dvvxphg M%"E%fc f� 9' f lq Wkhruhp 91 Wkh glylvlrq0e|0}hur wulfn fdq eh

dssolhg wr sureohpv zlwk kljkhu0rughu ghjhqhudflhv1 Li M%"E%fcf� ' f wkhq 8%E%fcf� '

f/ dqg zh fdqqrw dsso| wkh LIW wr 8 lq wkh surri1 Exw li 8"E%fcf� ' f dqg 8%"E%fcf� 9'

f zh fdq dsso| wkh elixufdwlrq wkhruhp wr 8�

6151 Elixufdwlrq lq U
? G Wkh ]hur Mdfreldq Fdvh1 Wkh iruhjrlqj irfxvvhg

rq rqh0glphqvlrqdo ixqfwlrqv �1 Zh fdq dovr dsso| wkhvh lghdv iru ixqfwlrqv ryhu

U
?1 Wkh vdph wulfn xvhg lq Wkhruhp 9 zrunv iru Wkhruhp :> wkhuhiruh/ lwv surri lv

5Wkh gl!fxow| lq wklv fdvh frxog eh �{hg e| d qrqolqhdu fkdqjh ri yduldeohv1 Dssursuldwh dqg

fohyhu qrqolqhdu fkdqjh ri yduldeohv fdq khos zlwk wklv sureohp/ exw zh gr qrw sxuvxh wkdw vwudwhj|

lq wklv sdshu1
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rplwwhg1

Wkhruhp :1 +Elixufdwlrq Wkhruhp iru U
?, Vxssrvh M G U? � U $ U

? lv dqdo|wlf

qhdu E%fc f�/ dqg ME%c f� ' f iru doo % 5 U
?1 Ixuwkhupruh/ vxssrvh wkdw

M%E%fc f� ' f?f? +6,

M"E%fc f� ' f? +7,

_i|EM%"E%fc f�� 9' f +8,

Wkhq wkhuh lv dq rshq qhljkerukrrg Q ri E%fc f� dqg dq dqdo|wlf ixqfwlrq �E"� G U $

U
? vxfk wkdw �E"� 9' f iru " 9' f/ dqg ME�E"�c "� ' f iru E�E"�c "� 5 Q 1

Vlqfh Wkhruhp : vkrzv wkdw � lv dqdo|wlf/ lw fdq eh dssur{lpdwhg e| d pxowlyduldwh

Wd|oru vhulhv1 Lq sduwlfxodu/ wkh �uvw0rughu ghulydwlyhv duh gh�qhg e|

��Ef� ' �
�

2
M3�

%"
E%fc f� M""E%fc f� +9,

Wkhruhp : dvvxphv M%E%fc f� lv d }hur pdwul{1 Wkhuh duh jhqhudol}dwlrqv wkdw rqo|

dvvxph wkdw M%E%fc f� lv vlqjxodu1 Zh gr qrw suhvhqw dq| h{whqvlrqv khuh vlqfh wkh|

duh vxevwdqwldoo| pruh frpsoh{ wr suhvhqw dqg duh qrw qhhghg ehorz1 Vhh ]hlgohu ru

Fkrz dqg Kdoh iru pruh frpsohwh wuhdwphqwv ri elixufdwlrq sureohpv1

71 Sruwirolr Ghpdqg zlwk Vpdoo Ulvnv

Wkh nh| dvvxpswlrq zh h{sorlw lv wkdw ulvnv duh vpdoo1 Wklv lv prwlydwhg qrw e| dq|

fodlp wkdw dfwxdo ulvnv duh vpdoo/ exw lv uhdvrqdeoh iru wkuhh uhdvrqv1 Iluvw/ wklv dv0

vxpswlrq doorzv xv wr vroyh wkh sureohp zlwkrxw pdnlqj dq| sdudphwulf dvvxpswlrqv

iru hlwkhu wdvwhv ru uhwxuqv1 Zh ghulyh fulwlfdo irupxodv iru doorfdwlrqv dqg zhoiduh

lq d sdudphwhu0iuhh idvklrq1 Wkh uhvxowv whoo xv zklfk prphqwv ri dvvhw uhwxuqv duh

lpsruwdqw dqg zklfk surshuwlhv ri wkh xwlolw| ixqfwlrq duh lpsruwdqw iru wkh fdvh ri

vpdoo ulvnv1 Vhfrqg/ wkh uhvxowv iru vpdoo ulvnv pd| eh vxjjhvwlyh ri jhqhudo uhvxowv1

Iru h{dpsoh/ wkh dv|pswrwlf uhvxowv frxog surylgh frxqwhuh{dpsohv wr frqmhfwxuhv

vlqfh wkh dv|pswrwlf uhvxowv duh dv|pswrwlfdoo| h{solflw vroxwlrqv1 Ixuwkhupruh/ dq|

jhqhudo surshuw| ri wkh prgho zloo eh wuxh iru wkh fdvh ri vpdoo ulvnv dqg zloo eh

uhyhdohg dv jhqhudo surshuwlhv ri rxu dv|pswrwlf vroxwlrqv1 Lq wklv sdshu/ zh sxuvxh
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wkh lpsolfdwlrqv ri wkh vpdoo ulvn dvvxpswlrq/ ohdylqj lw iru odwhu zrun wr vhh krz

urexvw wkrvh uhvxowv1

Wklug/ wkh shulrg ri wlph lq rxu prgho lv qrw phdqw wr eh dq hqwluh olih/ exw

udwkhu wkh shulrg ri wlph ehwzhhq wudghv1 Jlyhq prghuq pdunhwv dqg wkh suhvhqfh ri

pdq| kljk0yroxph/ orz0wudqvdfwlrq frvw wudghuv/ lw lv uhdvrqdeoh wr dvvxph wkdw rqo|

d prghudwh dprxqw ri ulvn lv eruqh ehwzhhq wudglqj shulrgv1 D g|qdplf prgho lv

qhfhvvdu| wr h{dplqh wkh ydolglw| ri wklv srlqw/ exw zh eholhyh wkdw rxu vwdwlf dqdo|vlv

zloo jlyh xvhixo lqvljkwv dqg ohdyh g|qdplf jhqhudol}dwlrqv iru ixwxuh zrun1

7141 Ghpdqg zlwk Wzr Dvvhwv1 Zh ehjlq e| dsso|lqj wkh elixufdwlrq dssur{0

lpdwlrq phwkrgv wr dvvhw pdunhw ghpdqg1 Vxssrvh wkdw dq lqyhvwru kdv ` lq zhdowk

wr lqyhvw lq wzr dvvhwv1 Wkh vdih dvvhw/ fdoohg d erqg/ |lhogv rqh groodu shu groodu

lqyhvwhg/ dqg wkh ulvn| dvvhw/ fdoohg vwrfnv ru htxlw|/ |lhogv ~ grooduv shu groodu lq0

yhvwhg1 Wkhuh lv qr vdylqjv0frqvxpswlrq ghflvlrq lq wklv prgho1 Wkhuhiruh/ wklv lv

htxlydohqw wr pdnlqj erqgv lq wkh vhfrqg shulrg wkh qxphudluh1 Li dq lqyhvwruv kdv

w vkduhv ri vwrfn/ �qdo zhdowk lv t ' E` � w� n w~� Zh dvvxph wkdw kh fkrrvhv w wr

pd{lpl}h .i�Et �j iru vrph frqfdyh xwlolw| ixqfwlrq �E��1

Hfrqrplvwv kdyh vwxglhg wklv sureohp e| dssur{lpdwlqj � zlwk d txdgudwlf ixqf0

wlrq dqg wkhq vroylqj wkh �dssur{lpdwh� txdgudwlf rswlpl}dwlrq sureohp1 Wkh elixu0

fdwlrq dssurdfk doorzv xv wr h{dplqh wklv surfhgxuh uljrurxvo| dqg h{whqg lw1 Zh

�uvw fuhdwh d frqwlqxxp ri sruwirolr sureohpv e| dvvxplqj

~ ' � n "5 n "2Z +:,

zkhuh 5 lv d �{hg udqgrp yduldeoh1 Zh dvvxph . i5j ' f vlqfh zh zdqw +:, wr

ghfrpsrvh ~ lqwr lwv phdq/ � n "2Z/ dqg lwv ulvn| frpsrqhqw/ "51 Zh dovr dvvxph

j2

5
' �> wklv pdnhv " wkh vwdqgdug ghyldwlrq ri ~ dqg "2 lwv yduldqfh lq wkh " sureohp1

Erwk ri wkhvh dvvxpswlrqv duh mxvw qrupdol}dwlrqv/ lpso|lqj qr orvv ri jhqhudolw|1 Dw

" ' f/ ~ lv ghjhqhudwh dqg htxdo wr �/ wkh sd|r� ri wkh erqg1 Wkh vfdodu Z uhsuhvhqwv

wkh ulvn suhplxp1 Pruh suhflvho|/ j2

5
' � lpsolhv wkdw Z lv wkh wkh sulfh ri ulvn/ wkdw

lv/ wkh ulvn suhplxp shu xqlw yduldqfh1 Lq wklv ghpdqg sureohp zh pdnh wkh qdwxudo

dvvxpswlrq wkdw Z : f exw wkdw lv qrw qhfhvvdu| iru wkh dqdo|vlv1

Htxdwlrq +:, vfdohv lwv whupv lq d pdqqhu frqvlvwhqw zlwk hfrqrplf wkhru|1 Zh

zdqw +:, wr uhsuhvhqw d frqwlqxxp ri sureohpv frqqhfwlqj d ghjhqhudwh ghwhuplqlvwlf
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sureohp wr sureohpv zlwk qrqwulyldo ulvn1 Qrwh wkdw +:, pxowlsolhv 5 e| " dqg Z

e| "21 Vlqfh wkh yduldqfh ri "5 lv "2 j2

5
/ wklv prghov wkh lqwxlwlrq wkdw ulvn suhpld

duh sursruwlrqdo wr wkh yduldqfh1 Wkh frqwlqxxp ri sureohpv sdudphwhul}hg lq +:,

doo kdyh wkh vdph sulfh ri ulvn Z1 Wkh sduwlfxodu sdudphwhul}dwlrq lq +:, pd| vhhp

wr suhmxgjh wkh uhvxowv1 Wkdw zloo qrw eh d sureohp vlqfh wkh dssolfdwlrq ri wkh

elixufdwlrq wkhruhpv zloo ydolgdwh wkh dvvxpswlrqv lpsolflwo| pdgh lq +:,16

Wkh lqyhvwru fkrrvhv w wr pd{lpl}h .i�E` n wE"5 n "2Z��j1 Wkh �uvw0rughu

frqglwlrq iru wkh lqyhvwru*v sureohp lv

".i�
�

E` n wE"5 n "2Z�� E5 n "Z�j ' f� +;,

Wkh frqglwlrq +;, vwdwhv wkdw wkh ixwxuh pdujlqdo xwlolw| ri frqvxpswlrq pxvw eh

ruwkrjrqdo wr wkh h{fhvv uhwxuq ri htxlw|1 Ohw > eh wkh suredelolw| phdvxuh iru 5 dqg

E@c K� wkh +srvvleo| lq�qlwh, vxssruw1 Wkh fkrlfh ri w dv d ixqfwlrq ri " lv lpsolflwo|

gh�qhg e|

f ' MEwE"�c "� �

]
K

@

��E` n wE"�E"5 n "2Z�� E5 n "Z� _>� +<,

Zh zdqw wr dqdo|}h wkh vroxwlrqv ri +<, iru vpdoo "1 Krzhyhu/ f ' MEwc f� iru doo

w/ ehfdxvh dw " ' f wkh dvvhwv duh shuihfw vxevwlwxwhv1 wEf� lv pxowlydoxhg vlqfh dq|

fkrlfh ri w vdwlv�hv wkh �uvw0rughu frqglwlrq +<, zkhq " ' f� Ixuwkhupruh/ f ' MEwc f�

iru doo w lpsolhv f ' MwEwc f� iru doo w/ ylrodwlqj wkh qrqvlqjxodulw| frqglwlrq lq wkh

LIW1 Wkhuhiruh/ zh fdqqrw xvh wkh LIW wr frpsxwh d Wd|oru vhulhv iru wE"� dw " ' f1

Wkh vlwxdwlrq lv glvsod|hg lq Iljxuh 41 Dv " fkdqjhv/ wkh htxloleulxp ghpdqg iru

htxlw|/ w/ iroorzv d sdwk olnh ��� ru olnh (.C8 1 Vlqfh wkh dvvhw ghpdqg sureohp lv

d frqfdyh rswlpl}dwlrq sureohp wkhuh lv d xqltxh sdwk ri vroxwlrqv wr wkh �uvw0rughu

frqglwlrqv zkhqhyhu " 9' f1 Dw " ' f/ krzhyhu/ wkh hqwluh " ' f krul}rqwdo d{lv lv dovr d

vroxwlrq wr wkh htxlw| ghpdqg sureohp1 Wkh sdwk ��� furvvhv wkh w d{lv yhuwlfdoo|

dqg uhsuhvhqwv d slwfkirun elixufdwlrq/ zkhuhdv wkh sdwk (.C8 furvvhv wkh w d{lv

6Sdjhv 84;084< lq Mxgg +4<<;, vkrz wkdw dowhuqdwlyh sdudphwhul}dwlrqv ri wkh irup ] @ 4. �}.

�
�
� iru � 9@ 5 ohdg wr vlqjxodulwlhv zklfk suhyhqw wkh dssolfdwlrq ri lpsolflw ixqfwlrq ru elixufdwlrq

wkhruhpv1
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Iljxuh 4= Elixufdwlrq srvvlelolwlhv iru dvvhw ghpdqg sureohp

reoltxho| dqg uhsuhvhqwv d wudqvfulwlfdo elixufdwlrq1 Wkh remhfwlyh lv wr �uvw �qg wkh

elixufdwlrq srlqw/ � ru ./ zkhuh wkh eudqfk ri htxlw| ghpdqg vroxwlrqv furvvhv wkh

wulyldo eudqfk ri vroxwlrqv wr wkh �uvw0rughu frqglwlrqv/ dqg wkhq frpsxwh d Wd|oru

vhulhv wkdw dssur{lpdwhv wE"� dorqj wkh qrqwulyldo eudqfk1

Frpsxwlqj wf1 Zh surfhhg lqwxlwlyho| wr ghulyh d vroxwlrq zklfk zh ydolgdwh

zlwk wkh Elixufdwlrq Wkhruhp1 Vlqfh zh zdqw wr vroyh iru w dv d ixqfwlrq ri " qhdu 3/

zh �uvw qhhg wr frpsxwh wf � *�4"<f wE"�1 Lpsolflw gl�huhqwldwlrq ri +<, zlwk uhvshfw

wr " lpsolhv

f ' MwEwE"�c "�w
�E"� nM"EwE"�c "�� +43,

Gl�huhqwldwlqj MEwc "� zlwk uhvshfw wr w dqg " lpsolhv

M"Ewc "� '

]
K

@

���Et � Ew5 n 2w"Z� E5 n "Z� n ��Et �Z _>

MwEwc "� '

]
K

@

���Et � E5 n "Z�2" _>

Dw " ' fc MwEwc f� ' f iru doo w1 Wkh ghulydwlyh w�Ef� fdq eh zhoo0gh�qhg lq +43, rqo|

li M"Ewc f� ' f1 Wkhuhiruh/ zh orrn iru wf gh�qhg e| f ' M"Ewfc f�1 Dw " ' f/ wklv

uhgxfhv wr +xvlqj wkh idfw wkdw
U

K

@
52 _> ' j2

5
' �, f ' ���E` � wf n ��E` �Z/ zklfk

lpsolhv

wf ' �
��E` �

���E` �
Z +44,
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Wklv lv wkh vlpsoh sruwirolr uxoh lqglfdwlqj wkdw w lv wkh surgxfw ri ulvn wrohudqfh dqg

wkh ulvn suhplxp shu xqlw yduldqfh1 Li wf lv zhoo0gh�qhg/ wkhq wklv pxvw eh lwv ydoxh1

Wkhruhp ; vwdwhv wkh fulwlfdo uhvxow1

Wkhruhp ;1 Ohw +44, gh�qh wf1 Li MEwc "� lv dqdo|wlf dw Ewfc f�/ wkhq wkhuh lv dq

dqdo|wlf ixqfwlrq wE"� wkdw vdwlv�hv +<, vxfk wkdw wEf� ' wf dqg wE"� 9' f iru " 9' f1

Surri1 Gluhfw dssolfdwlrq ri wkh Elixufdwlrq Wkhruhp1

Wkh dvvxpswlrq lq Wkhruhp ; wkdwMEwc "� lv dqdo|wlf dw wf lv qrw wulyldoo| vdwlv�hg1

MEwc "� lv dq lqwhjudo dqg lv dqdo|wlf li �ES� lv dqdo|wlf ryhu wkh vhw ri S dw zklfk ��ES�

lv hydoxdwhg lq wkh lqwhjudqg ri MEwc "�/ ehfdxvh wkh lqwhjudo ri d srzhu vhulhv lv d

srzhu vhulhv1 Li wkh vxssruw ri > lv frpsdfw dqg � lv dqdo|wlf dw ` wkhq MEwc "�

lv dqdo|wlf dw Ewfc f� vlqfh iru vpdoo "/ �
�ES� lv hydoxdwhg rqo| dw ydoxhv ri S forvh wr

` 1 Krzhyhu/ li > kdv lq�qlwh vxssruw wkhuh pd| eh sureohpv ehfdxvh ��ES� lq wkh

lqwhjudqg ri +<, lv hydoxdwhg ryhu dq lq�qlwh udqjh zkhqhyhu "c w 9' f1 Li wkh udglxv

ri frqyhujhqfh iru wkh srzhu vhulhv uhsuhvhqwdwlrq ri ��ES� edvhg dw ` lv �qlwh/ wkhq

lw zloo qrw eh ydolg dw vrph srlqwv lq wkh vxssruw ri >/ uhqghulqj wkh srzhu vhulhv

dssurdfk lqydolg1 Wklv zloo eh wkh fdvh/ iru h{dpsoh/ li �ES� ' *L} S dqg > lv wkh

phdvxuh iru d orj Qrupdo udqgrp yduldeoh1 Wkh udglxv ri frqyhujhqfh ri srzhu vhulhv

dssur{lpdwlrqv ri �ES� dw S ' ` lv d fulwlfdo hohphqw/ dv zhoo dv wkh dqdo|wlflw| ri

wkh ghqvlw| ixqfwlrq ri >1 Wkh qh{w fruroodu| suhvhqwv d vx!flhqw frqglwlrq iru xvlqj

wkh elixufdwlrq dssurdfk rq dq rshq qhljkerukrrg Q �

Fruroodu| <1 Gh�qh wf dv lq +44,1 Li �ES� lv dqdo|wlf dw S ' ` dqg wkh vxssruw ri

> lv frpsdfw/ wkhq wkhuh lv d ixqfwlrq wE"� dqdo|wlf dqg vdwlv�hv +<, rq E�"fc "f� iru

vrph "f : f zlwk wEf� ' wf dqg wE"� 9' f iru " 9' f lq E�"fc "f�1

Lq doo irupxodv ehorz/ zh zloo dvvxph wkdw wkh fulwlfdo ixqfwlrqv duh orfdoo| dqdo|wlf1

Frpsxwlqj w�Ef�1 Htxdwlrq +44, lv qrw dq dssur{lpdwlrq wr wkh sruwirolr fkrlfh

dw dq| sduwlfxodu yduldqfh1 Lqvwhdg/ wf lv wkh olplwlqj sruwirolr vkduh dv wkh yduldqfh

ydqlvkhv1 Zh jhqhudoo| qhhg wr frpsxwh vhyhudo whupv ri wkh Wd|oru vhulhv h{sdqvlrq

iru wE"�

wE"� ' wf n w
�

Ef�"n w
��

Ef�
"2

2
n w

���

Ef�
"�

S
n ���� +45,



Dv|pswrwlf Phwkrgv iru Dvvhw Pdunhw Htxloleulxp Dqdo|vlv 4:

Lq sduwlfxodu/ wkh olqhdu dssur{lpdwlrq lv

wE"�
�
' wEf� n " w�Ef�� +46,

Wr fdofxodwh w
�

Ef�/ gl�huhqwldwh +43, zlwk uhvshfw wr " wr �qg f ' Mww w
�w� n 2Mw" w

� n

Mww
��nM""1 Dw Ewfc f�/ M"" ' �

���

E` �w2
f
.i5�j/ Mww ' f/ dqg Mw" ' �

��

E` �1 Wkhuhiruh/

w�Ef� ' �
�

2
M3�

w"
M"" ' �

�

2

����E` �

���E` �
.i5�j w2

f
� +47,

Djdlq/ zh fdq xvh Fruroodu| < wr hvwdeolvk wkh h{lvwhqfh ri wkh ghulydwlyhv ri M iru

vrph udqgrp yduldeohv1

Htxdwlrq +47, whoov xv krz wkh vkduh ri zhdowk lqyhvwhg lq htxlw| fkdqjhv dv wkh

ulvnlqhvv lqfuhdvhv1 Lw kljkoljkwv wkh lpsruwdqfh ri wkh wklug ghulydwlyh ri xwlolw| dqg

wkh vnhzqhvv ri uhwxuqv1 Li wkh glvwulexwlrq ri ~ lv v|pphwulf/ wkhq .i5�j ' f/ dqg

wkh frqvwdqw wf lv wkh olqhdu dssur{lpdwlrq ri wE"� dw " ' f1 Wklv lv dovr wuxh li

����E` � ' f/ vxfk dv lq wkh txdgudwlf xwlolw| fdvh1 Wkh fdvh ri w�Ef� ' f fruuhvsrqgv

wr d slwfkirun elixufdwlrq srlqw olnh � lq Iljxuh 41 Krzhyhu/ li wkh xwlolw| ixqfwlrq lv

qrw txdgudwlf dqg wkh ulvn| uhwxuq lv qrw v|pphwulfdoo| glvwulexwhg/ wkhq w�Ef� 9' f/

dqg wkh olqhdu dssur{lpdwlrq lv d qrqwulyldo ixqfwlrq ri xwlolw| fxuydwxuh dqg kljkhu

prphqwv ri wkh glvwulexwlrq1 Wklv lqglfdwhv wkdw wkh elixufdwlrq srlqw lv wudqvfulwlfdo

olnh . lq Iljxuh 41

Glylglqj erwk vlghv ri +47, e| wf lpsolhv

w�Ef�

wf
'

�

2

�
�

E-�

���E-�

����E-�

���E-�
Z .i5�j +48,

Htxdwlrq +48, h{suhvvhv wkh uhodwlyh fkdqjh lq htxlw| ghpdqg dv " lqfuhdvhv lq whupv ri

vnhzqhvv/ .i5�j/ wkh ulvn suhplxp/ Z/ dqg xwlolw| ghulydwlyhv1 Rxu irupxodv zrxog eh

xqlqwxlwlyh dqg fxpehuvrph li zh h{suhvvhg wkhp lq whupv ri �ES� dqg lwv ghulydwlyhv1

Iruwxqdwho|/ wkhuh duh vrph xvhixo xwlolw| sdudphwhuv zh fdq xvh1 Gh�qh wkh ixqfwlrqv

�ES� � �
��ES�

���ES�

4ES� �
� 2

2

����ES�

��ES�
'

�

2

��ES�

���ES�

����ES�

���ES�
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Wkh ixqfwlrq �ES� lv wkh frqyhqwlrqdo ulvn wrohudqfh1 Wkh elixufdwlrq srlqw wf htxdov

�E` � Z/ wkh surgxfw ri ulvn wrohudqfh dw wkh ghwhuplqlvwlf frqvxpswlrq/ �E` �/ dqg

wkh sulfh ri ulvn/ Z1

Wkh gh�qlwlrq ri 4ES� lpsolhv wkdw +48, fdq eh h{suhvvhg dv

w�Ef�

wf
' 4E` � Z .i5�j +49,

Wklv prwlydwhv rxu gh�qlwlrq ri vnhz wrohudqfh17

Gh�qlwlrq 431 Vnhz wrohudqfh dw S lv

4ES� '
�

2

�
�

ES�

���ES�

�
���

ES�

���ES�

Vnhz wrohudqfh kdv dpeljxrxv vljq vlqfh wkh vljq ri ���� lv dpeljxrxv1 Li wkhuh lv

pruh xsvlgh srwhqwldo wkdq grzqvlgh ulvn/ wkhq vnhzqhvv lv srvlwlyh1 Li ���� : f/ dq

lqfuhdvh lq vnhzqhvv zloo fdxvh dvvhw ghpdqg wr lqfuhdvh dv ulvnlqhvv lqfuhdvhv1 Zh

vxvshfw wkdw lqyhvwruv suhihu srvlwlyho| vnhzhg uhwxuqv/ kroglqj phdq dqg yduldqfh

frqvwdqw1 Iru h{dpsoh/ ���� : f iru wkh FUUD dqg FDUD idplolhv ri xwlolw| ixqfwlrqv1

Zh qhyhu dvvxph wklv/ exw wklv fdvh surylghv xv zlwk vrph lqwxlwlrq iru wkh uhvxowv1

Wkhuh duh pdq| zd|v wr pdqlsxodwh wkh h{suhvvlrq lq +47,1 Zh fkrvh rxu gh�qlwlrq

ri vnhz wrohudqfh ehfdxvh ri wkh h{suhvvlrq lq +49, dqg wkh lqwxlwlyh uroh lw sod|v lq

fulwlfdo h{suhvvlrqv ehorz1

Wkh olqhdu dssur{lpdwlrq +46, pd| qrw eh vx!flhqw1 Wr frpsxwh w��Ef�/ gl�huhq0

wldwh +43, zlwk uhvshfw wr " dw " ' f wr �qg

�Mw"w
��Ef� ' �E�Mw""w

�Ef� n �Mww"Ew
�Ef��2 nM"""� +4:,

Htxdwlrq +4:, lv olqhdu lq w��Ef�1 Vlqfh Mw" 9' f dw Ewfc f�/ w
��Ef� h{lvwv dqg lv xqltxho|

gh�qhg e| +4:,1 Wr h{suhvv w��Ef�/ zh gh�qh nxuwrvlv wrohudqfh1

Gh�qlwlrq 441 Nxuwrvlv wrohudqfh dw S lv

VES� ' �
�

�

�
����

ES�

���ES�

�
�

ES�

���ES�

�
�

ES�

���ES�

7Vnhz wrohudqfh lv reylrxvo| uhodwhg wr suxghqfh/ dv gh�qhg lq Nlpedoo +4<<3,/ exw zh gr qrw

sxuvxh wkrvh frqqhfwlrqv khuh1
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Vroylqj +4:, dw " ' f vkrzv wkdw

w��Ef�

wf
' Z2

�
ES4E` �� 2� n e4E` �2.i5�j2 n VE` �.i5ej

�
+4;,

Htxdwlrq +4;, vd|v wkdw wkh lpsdfw ri nxuwrvlv rq htxlw| ghpdqg lv sursruwlrqdo wr

wkh vtxduh ri wkh sulfh ri ulvn dqg wkh nxuwrvlv wrohudqfh1

Zh frxog frqwlqxh wklv lqgh�qlwho| li � lv orfdoo| dqdo|wlf/ dq dvvxpswlrq vdwlv�hg

e| vwdqgdug xwlolw| ixqfwlrqv1 Ri frxuvh/ wkh whupv ehfrph lqfuhdvlqjo| frpsoh{1

Zh hqg khuh vlqfh lw looxvwudwhv wkh pdlq lghdv dqg wkhvh uhvxowv duh wkh rqo| rqhv

qhhghg iru wkh dssolfdwlrqv ehorz1 Wkh jhqhudo surfhgxuh lv fohdu1 Frpsxwlqj wkh

kljkhu0rughu whupv lv vwudljkwiruzdug vlqfh dq| sduwlfxodu ghulydwlyh lv wkh vroxwlrq

wr olqhdu htxdwlrqv vlplodu wr +4:, rqfh zh kdyh frpsxwhg orzhu0rughu ghulydwlyhv1

Vdpxhovrq*v Phwkrg1 Vdpxhovrq ^55` dovr h{dplqhg wkh sureohp ri dvvhw gh0

pdqg zlwk vpdoo ulvnv1 Zh qrz looxvwudwh wkh uhodwlrqvklsv ehwzhhq rxu elixufdwlrq

dssurdfk dqg Vdpxhovrq*v phwkrg1 Vdpxhovrq*v phwkrg uhsodfhg �Et � zlwk d sro|0

qrpldo dssur{lpdwlrq edvhg dw wkh ghwhuplqlvwlf frqvxpswlrq/ dv lq

�E` n wE"5 n "2Z��
�
' �E` � n "w5��E` �

n
"2

2

�
2wZ2��E` � n w252���E` �

�
n
"�

S

�
S5Z2w2���E` � n w�5�����E` �

�
n ���

Zkhq zh xvh wkh txdgudwlf dssur{lpdwlrq lq wkh �uvw0rughu frqglwlrq +;, zh duulyh

dw wkh htxdwlrq f ' EZ��E` � n w���E` �� "2 n �E"��/ zklfk/ wr �E"�c lpsolhv wE"�
�
'

�E��E` �*���E` ��Z/ rxu elixufdwlrq srlqw1

Krzhyhu/ wkh Vdpxhovrq phwkrg gl�huv iurp rxuv iru kljkhu0rughu dssur{lpd0

wlrqv1 Vdpxhovrq*v vhfrqg0rughu dssur{lpdwlrq lv frpsxwhg e| xvlqj wkh wklug0rughu

dssur{lpdwlrq ri �Et � lq wkh �uvw0rughu frqglwlrq +;,/ lpso|lqj

f
�
' EZ��E` � n w���E` �� "2 n "�

�

2
w2.i5�j����E` � +4<,

zklfk lv d txdgudwlf htxdwlrq zlwk vroxwlrq

wE"�
�
'

����E` � n
s
���E` �2 � 2Z.i5�j"����E` ���E` �

.i5�j����E` �"
+53,
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Rqh frxog duulyh dw rxu �uvw0rughu ghulydwlyh lq htxdwlrq +47, e| gl�huhqwldwlqj +53,

zlwk uhvshfw wr " dw " ' f1 Wkh wzr phwkrgv duh frqvlvwhqw dqg ri vlplodu frpsoh{lw|

iru wkh �uvw0rughu dssur{lpdwlrq lq d wzr0dvvhw sureohp1 Krzhyhu/ wkh dv|pswrwlf

dssurdfk zh sxuvxh khuh ehfrphv uhodwlyho| pruh h!flhqw dv zh pryh wr kljkhu0rughu

dssur{lpdwlrqv dqg wr pruh dvvhwv1 Vdpxhovrq*v dssurdfk jhqhudoo| uhtxluhv vroylqj

qrqolqhdu htxdwlrqv/ dv zdv wkh fdvh lq htxdwlrq +4<,� Wkh htxdwlrqv ehfrph pruh

gl!fxow wr vroyh/ dqg duh lpsrvvleoh wr vroyh h{dfwo| eh|rqg wkh irxuwk rughu vlqfh

wkhuh lv qr forvhg0irup vroxwlrq iru sro|qrpldov ri ghjuhh �yh dqg kljkhu1 Rxu elixu0

fdwlrq phwkrg xvhv olqhdu rshudwlrqv wr frpsxwh dv|pswrwlfdoo| ydolg dssur{lpdwlrqv

ri wkh ixqfwlrq wE"�1 Wkhuhiruh/ zh fdq hdvlo| ghulyh hdfk whup dqg jr wr dq duelwudu|

rughu dv orqj dv wkh qhfhvvdu| prphqwv dqg ghulydwlyhv h{lvw1

Wkh pdlq uhdvrq iru sxuvxlqj wkh dv|pswrwlf dssurdfk lv lwv delolw| wr ghulyh

hfrqrplfdoo| lqwhuhvwlqj uhvxowv1 Htxdwlrq +53, vkrzv wkdw olqhdu0txdgudwlf dssur{0

lpdwlrqv zrxog qrw eh dv jrrg dv kljkhu0rughu dssur{lpdwlrqv vlqfh htxdwlrq +53,

lqyroyhv wkh vnhzqhvv ri ~ dqg wkh wklug ghulydwlyh ri xwlolw|1 Krzhyhu/ Vdpxhovrq

frqmhfwxuhg wkdw OT dssur{lpdwlrqv duh suredeo| dghtxdwh lq dfwxdo hfrqrplf sure0

ohpv1 Wklv sdshu jlyhv h{dpsohv zkhuh wkh olqhdu0txdgudwlf dssur{lpdwlrq zrxog

eh xquholdeoh/ dqg kljkhu0rughu dssur{lpdwlrqv duh qhfhvvdu| wr dqvzhu fulwlfdo txhv0

wlrqv1

7151 Ghpdqg zlwk Wkuhh Dvvhwv1 Zh dssolhg wkh U� yhuvlrq ri wkh Elixufdwlrq

Wkhruhp wr wkh wzr0dvvhw fdvh1 Zh qh{w dqdo|}h wkh wkuhh0dvvhw fdvh wr vkrz wkh

jhqhudolw| ri wkh phwkrg dqg looxvwudwh wkh nh| pxowlyduldwh ghwdlov1 Frqvlghu djdlq

rxu lqyhvwru prgho exw zlwk wkuhh dvvhwv1 Wkh erqg |lhogv rqh groodu shu groodu

lqyhvwhg dqg ulvn| dvvhw � |lhogv ~� grooduv shu groodu lqyhvwhg/ iru � ' �c 2� Ohw

w� ghqrwh wkh sursruwlrq ri zhdowk lqyhvwhg lq ulvn| dvvhw �� Ilqdo zhdowk lv t '

E` � w� � w2�n w�~� n w2~2� Wkh lqyhvwru fkrrvhv w� wr pd{lpl}h . i�Et �j1 Wr

dsso| wkh Elixufdwlrq Wkhruhp/ zh dvvxph wkdw ~� ' � n "5� n "2Z�� Zlwkrxw orvv

ri jhqhudolw|/ zh dvvxph wkdw . i5�j ' f1 Ohw j2

� ' . i52� j eh wkh yduldqfh ri ulvn|

dvvhw �*v uhwxuq dqg j�2 ' . i5�52j wkh fryduldqfh1 Zh dvvxph wkdw wkh dvvhwv duh

qrw shuihfwo| fruuhodwhg> khqfh/ j2

�j
2

� 9' Ej���
2 �

Wkh �uvw0rughu frqglwlrq iru ulvn| dvvhw � lv ".
�
�

�

Et �E"Z� n 5��
�
' f1 Wkh dv0
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vhw ghpdqg ixqfwlrqv w�E"� duh gh�qhg lpsolflwo| e| MEw�c w2c "� G U� $ U
2 zkhuh

M �Ew�c w2c "� � .
�
�

�

Et �E"Z� n 5��
�
/ � ' �c 2� Wr lqyrnh Wkhruhp :/ zh �uvw qrwh wkdw

MwEw�c w2c f� ' f2f2 iru doo Ew�c w2�1 Zh frpsxwh d fdqglgdwh elixufdwlrq srlqw e|

vroylqj M"Ew�c w2c f� ' f� Gluhfw frpsxwdwlrq vkrzv

M"Ew�c w2c f� ' �
�

E` �

%
Z�

Z2

&
n �

��

E` �P

%
w�

w2

&

zkhuh P lv wkh yduldqfh0fryduldqfh pdwul{ ri wkh ulvn| uhwxuqv E5�c 52�1 Wkh vroxwlrq

ri wkh elixufdwlrq htxdwlrq M"Ew�c w2c f� ' f lv%
w�Ef�

w2Ef�

&
' �

�
�

E` �

���E` �
P3�

%
Z�

Z2

&

Zh qhhg wr yhuli| wkh qrqvlqjxodulw| ri Mw" dw Ew�Ef�c w2Ef�c f�� Gluhfw frpsxwdwlrq

vkrzv wkdw Mw"Ew�Ef�c w2Ef�c f� ' �
��

E` �P iru doo w�c w2� Wkh ghwhuplqdqw ri Mw" dw

Ew�Ef�c w2Ef�c f� lv �
��

E` �Ej2

�
j2

2
� Ej�2�

2�c zklfk lv qrq}hur dv orqj dv dvvhwv 4 dqg 5

duh qrw shuihfwo| fruuhodwhg1

Wkhvh fdofxodwlrqv vkrz wkdw doo wkh frqglwlrqv lq Wkhruhp : krog iru rxu prgho1

Khqfh/ wkh elixufdwlrq wkhruhp iru U2 hqvxuhv wkh h{lvwhqfh ri dqdo|wlf ixqfwlrqv w�E"�

dqg w2E"� zklfk vdwlvi| MEw�E"�c w2E"�c "� ' f lq vrph qhljkerukrrg ri " ' f� Wklv

surfhgxuh fdq eh dssolhg iru dq duelwudu| qxpehu ri dvvhwv1 Zh fdq dovr surgxfh

kljkhu0rughu h{sdqvlrqv dv orqj dv wkh qhfhvvdu| prphqwv dqg ghulydwlyhv h{lvw1 Zh

qh{w xvh wkhvh lghdv wr frpsxwh dvvhw pdunhw htxloleulxp1

81 Dvvhw Pdunhw Htxloleulxp zlwk Rqh Ulvn| Dvvhw

Zh qrz wdnh rxu sruwirolr fkrlfh dqdo|vlv dqg wxuq lw lqwr dq htxloleulxp dqdo|vlv81

Zh dvvxph d wzr0shulrg prgho/ shulrg 3 dqg shulrg 4/ zlwk qr frqvxpswlrq lq shulrg

31 Djhqwv wudgh dvvhwv lq shulrg 3 dqg frqvxph wkh dvvhw sd|r�v lq shulrg 41 Rqh

erqg |lhogv 4 xqlw ri frqvxpswlrq lq shulrg 4> wkh erqg vhuyhv dv rxu qxphudluh lq

shulrg 31 Hdfk vkduh ri htxlw| kdv sulfh R lq shulrg 3 dqg kdv d udqgrp shulrg 4 ydoxh

8Fkldssrul hw do1 +4<<5, xvhg vlplodu phwkrgv wr suryh wkh h{lvwhqfh ri vxqvsrw htxloleuld qhdu

ghwhuplqlvwlf vwhdg| vwdwhv lq ryhuodsslqj jhqhudwlrqv prghov1 Zh jr wkurxjk wkh ghwdlov ri rxu

dssolfdwlrq vlqfh wkh| duh vxevwdqwldoo| gl�huhqw wkdq wkh dssolfdwlrq lq Fkldssrul hw do1
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ri �n "5 xqlwv ri frqvxpswlrq zkhuh 5 lv d udqgrp yduldeoh zlwk �qlwh prphqwv1 Zh

dvvxph .i5j ' f dqg .i52j ' �1 Iru hdfk ydoxh ri " zh kdyh dq dvvhw pdunhw zlwk

wzr dvvhwv> zh fdoo wkdw hfrqrp| wkh "0hfrqrp|1

Zh dvvxph wzr w|shv ri wudghuv1 W|sh � wudghuv kdyh lqlwldo hqgrzphqwv ri �e
�

xqlwv ri wkh erqg dqg we� vkduhv ri htxlw|1 Wkh xwlolw| ri d w|sh � wudghu lv �� Et��/

d frqfdyh ixqfwlrq/ zkhuh t� lv wkh �qdo zhdowk dqg frqvxpswlrq ri w|sh � wudghuv1

Wkh vxsso| ri htxlw| lv �{hg dw wkh hqgrzphqw we
�
n we

2
1 Zlwkrxw orvv ri jhqhudolw|/

zh dvvxph we
�
n we

2
' �> wklv lpsolhv wkdw 5 ghqrwhv djjuhjdwh ulvn lq wkh djjuhjdwh

hqgrzphqw1 Ohw w� eh wkh vkduhv ri htxlw| dqg �� wkh ydoxh ri erqgv khog e| wudghu

� diwhu wudglqj lq shulrg 31 Wkh �qdo zhdowk iru wudghu � lv t� ' w�E� n "5� n ���

Hdfk wudghu ri w|sh � fkrrvhv w� wr pd{lpl}h klv h{shfwhg xwlolw| .i��Et��j/ vxemhfw

wr wkh exgjhw frqvwudlqw �� n w�R ' �e
� n we�R1 Klv �uvw0rughu frqglwlrq iru w� lv

.i�
�

�Et��E� n "5 � R�j ' f1 Pdunhw fohdulqj lpsolhv w� n w2 ' we
�
n we

2
' �1 Gh�qh

w ' w�> wkhq w2 ' �� w1 Iru hdfk "0hfrqrp|/ zh zdqw wr �qg wkh htxloleulxp ydoxhv

ri w dqg R> ohw wE"� dqg RE"� eh wkh htxloleulxp ydoxhv ri w dqg R lq wkh "0hfrqrp|1

Wkh htxloleulxp ydoxhv ri wE"� dqg RE"� pxvw vdwlvi| wkh htxloleulxp sdlu ri htxdwlrqv

M �EwE"�c RE"�c "� ' .i�
�

�Et��E� n "5 � RE"��j ' fc � ' �c 2 +54,

zklfk duh lpsolhg e| wkh djhqwv* �uvw0rughu frqglwlrqv1

Htxdwlrq +54, lpsolflwo| gh�qhv Ew E"� c R E"��1 Krzhyhu/ wkh LIW fdqqrw eh dssolhg

wr dqdo|}h +54, durxqg " ' f1 Vlqfh wkh dvvhwv duh shuihfw vxevwlwxwhv dw " ' f/ wkh|

pxvw wudgh dw wkh vdph sulfh> khqfh/ REf� ' �� Krzhyhu/ wEf� lv lqghwhuplqdwh ehfdxvh

MEwc Rc f� ' f/ iru doo w� Wkh lqghwhuplqdf| ri w lpsolhv wkdw MwEwc �c f� ' f/ uxolqj

rxw dssolfdwlrq ri wkh LIW1

Zh zdqw wr dsso| wkh Elixufdwlrq Wkhruhp/ exw zh fdqqrw dsso| lw wr MEwc Rc f�

ehfdxvhMwEwc �c f� 9' f1 Lqwxlwlyho|/ wkh Elixufdwlrq Wkhruhp suhvhqwhg deryh uhtxluhv

wkdw erwk w dqg R duh lqghwhuplqdwh dw " ' f1 Pruhryhu/ zh nqrz R�Ef� li lw h{lvwv1

Lpsolflw gl�huhqwldwlrq ri MEwE"�c RE"�c "� zlwk uhvshfw wr " lpsolhv

M�
wEwc Rc "�w

�

E"� nM �
REwc Rc "�R

�

E"� nM�
"Ewc Rc "� ' f�

Iru hdfk �/ M�
wEwc REf�c f� ' f iru doo w vlqfh REf� ' �1 Wkhuhiruh/ li RE"� lv gl�huhqwldeoh
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dw " ' f/ wkhq

f ' M�

REwc Rc f�R
�

Ef� nM�
"Ewc Rc f� '

�
. i5j � R

�

Ef�
�
�

�

�ES��

iru � ' �c 2c zkhuh S� ' �e
� n we� lv frqvxpswlrq lq wkh qr0ulvn fdvh1 Vlqfh �

�

�ES�� lv

qhyhu }hur/ R
�

Ef� ' . i5j ' f pxvw krog li wE"� dqg RE"� duh gl�huhqwldeoh dw " ' f�

Wkhuhiruh/ zh kdyh lqghwhuplqdf| ri wEf� exw wkhuh lv rqo| d vlqjoh srvvleoh ydoxh

iru erwk REf� dqg R
�

Ef�� Wklv suhyhqwv xv iurp xvlqj Wkhruhp : gluhfwo| vlqfh wkh

Mdfreldq pdwul{ M �
EwcR� lv qrw d }hur pdwul{1

Wklv sureohp lv vroyhg e| uhirupxodwlqj wkh sureohp lq whupv ri wkh sulfh ri ulvn/

qrw wkh sulfh ri wkh htxlw|1 Pruh suhflvho|/ zh dvvxph wkh htxlw| sulfh sdudphwhul}d0

wlrq

RE"� ' �� "2ZE"� +55,

zkhuh ZE"� lv wkh ulvn suhplxp lq wkh "0hfrqrp|1 Vlqfh j2
5 ' �/ "2 lv wkh yduldqfh ri

ulvn dqg ZE"� lv wkh ulvn suhplxp shu xqlw yduldqfh1 Vlqfh zh h{shfw wkh ulvn suhplxp

wr ghsuhvv wkh sulfh ri htxlw|/ zh xvh wkh irup lq +55,1

Zh kdyh dvvxphg wkh sdudphwhul}dwlrq lq +55, exw zh kdyh qrw suryhg dq|wklqj

|hw1 Zh qrz qhhg wr vkrz wkdw wklv sdudphwhul}dwlrq lv frqvlvwhqw zlwk Wkhruhp :1

Wr fkhfn wkh vx!flhqw frqglwlrqv lq Wkhruhp :/ zh uhirupxodwh htxloleulxp dv wkh

v|vwhp ri htxdwlrqv

f ' K�Ewc Zc "� � .
q
�

�

�Et�� E5 � "Z�
r
' f� +56,

zkhuh K�Ewc Zc "� ' "3�M �Ewc �� "2Zc "�/ � ' �c 21 Lw lv fohdu wkdw Ewc Zc "� vdwlvi| +56,

li dqg rqo| li wkh| dovr vdwlvi| +54,1

Wkh sdudphwhul}dwlrq lq +55, dqg wkh htxloleulxp fkdudfwhul}dwlrq lq +56, qrz

doorz xv wr dsso| wkh Elixufdwlrq Wkhruhp1 Wkh ixqfwlrqv K�Ewc Zc "� kdyh wkh gh0

jhqhudf| dvvxphg lq Wkhruhp : vlqfh K�

wEwc Zc f� ' K�
ZEwc Zc "� ' f iru doo Ewc Z�1

Lqwxlwlyho|/ dw " ' f/ dq| sruwirolr vdwlv�hv wkh �uvw0rughu frqglwlrqv vlqfh doo dvvhwv

duh shuihfw vxevwlwlwxwhv dqg dq| sulfh ri ulvn/ Z/ lv frqvlvwhqw zlwk htxloleulxp vlqfh

wkh wrwdo dprxqw ri ulvn lv }hur1 Wkh Mdfreldq pdwul{

KEwcZ�c" '

%
K�

w"EwEf�c ZEf�c f� K�
Z"EwEf�c ZEf�c f�

K2
w"EwEf�c ZEf�c f� K2

Z"EwEf�c ZEf�c f�

&
'

%
�

��

� ��
�

�

�
��

2 �
�

2

&



Dv|pswrwlf Phwkrgv iru Dvvhw Pdunhw Htxloleulxp Dqdo|vlv 57

kdv ghwhuplqdqw �
��

�
�

�

2
n�

�

�
�

��

2
	 f1 Wkhuhiruh/ doo wkh vx!flhqw frqglwlrqv ri Wkhruhp :

krog/ dqg wkh Elixufdwlrq Wkhruhp surylghv d orfdo surri ri h{lvwhqfh dqg xqltxhqhvv

ri vroxwlrqv EwE"�c ZE"�� wr +56,1 Wkhruhp 45 vxppdul}hv wkh uhvxow1

Wkhruhp 451 Li ��ES� lv orfdoo| dqdo|wlf iru S qhdu �e

�
n we

�
/ � ' �c 2/ dqg KEwc Zc "�

lv orfdoo| dqdo|wlf qhdu d vroxwlrq Ewfc Zf� wr K"Ewc Zc f� ' f/ wkhq wkhuh lv vrph

"f : f vxfk wkdw iru doo " 5 E�"fc "f� wkhuh lv d xqltxh dqdo|wlf htxloleulxp vhohfwlrq

EwE"�c ZE"�� vxfk wkdw KEwE"�c ZE"�c "� ' f1

Wkh edvlf dssurdfk wr xvlqj wkh Elixufdwlrq Wkhruhp lv wr jxhvv vrph sdudphwhul0

}dwlrq iru wkh xqnqrzq ixqfwlrqv dqg wkhq xvh wkh Elixufdwlrq Wkhruhp wr fkhfn wkdw

lw lv fruuhfw dqg fdq surgxfh d orfdoo| dqdo|wlf dssur{lpdwlrq1 Vrph ri wkh fkrlfhv

zh pdgh/ sduwlfxoduo| wkh frqvwuxfwlrq ri +55, dqg +56,/ pd| dsshdu duelwudu|/ exw

wkhlu xvh lv ydolgdwhg e| wkh Elixufdwlrq Wkhruhp1 Rxu irupxodwlrq lv hfrqrplfdoo|

lqwxlwlyh1 Iru h{dpsoh/ +55, mxvw vd|v wkdw ulvn suhpld duh sursruwlrqdo wr yduldqfh1

Wkhuhiruh/ dssolfdwlrq ri wkhvh lghdv wr pruh frpsoh{ sureohpv lv qrw gl!fxow dv

orqj dv zh uhphpehu wkh lqwxlwlrq ehklqg rxu frqvwuxfwlrq1 Wkhuh duh pruh frpsoh{

yhuvlrqv ri wkh Elixufdwlrq wkhruhp zklfk zrxog ohdg pruh gluhfwo| wr +55, dqg +56,>

vhh ]hlgohu ^59`1 Zh suhihu wkh dssurdfk xvhg khuh vlqfh lw lv vwudljkwiruzdug rqfh

rqh xvhv hfrqrplf lqwxlwlrq wr duulyh dw +55, dqg +56,1

Iljxuh 5 glvsod|v wkh jhrphwu| ri wkh elixufdwlrq lq +56,1 Zkhq " ' f/ wkh hqwluh

w � Z sodqh frqvwlwxwhv dq htxloleulxp1 Krzhyhu/ iru qrq}hur " zh kdyh d orfdoo|

xqltxh htxloleulxp1 Lq Iljxuh 5 wkh fxuyh ��� uhsuhvhqwv wkh htxloleulxp pdqlirog1

Zh fdq qrz surfhhg wr frpsxwh dv|pswrwlf h{suhvvlrqv iru EwE"�c ZE"��1 Gl0

uhfw frpsxwdwlrq vkrzv wkdw wkh elixufdwlrq srlqw Ewf/ Zf� iru +56, lv gh�qhg e|

K�

"
Ewfc Zfc "� ' fc � ' �c 2/ dqg vdwlv�hv wkh olqhdu htxdwlrqv=

��
�

�
ES��Zf n �

��

�
ES��wf ' f +57,

�
�

2
ES2�Zf n �

��

2
ES2�wf ' �

��

2
ES2�

zkhuh S� ' �e

�
n we

�
1 Wkh olqhdu htxdwlrqv lq +57, lpso| wkh xqltxh fdqglgdwh elixufd0

wlrq srlqw

wf '
� �

�� n �2
c Zf '

�

�� n �2
+58,
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Iljxuh 5= Elixufdwlrq ri Htxloleulxp Fruuhvsrqgdqfh

zkhuh � � lv hydoxdwhg dw S� ' �e

�
n we

�
/ frqvxpswlrq lq wkh ghwhuplqlvwlf olplw� Wkhvh

irupxodv iru wf dqg Zf duh lqwxlwlyh> wkh � � whupv duh wkh lqglylgxdo ulvn wrohudqfhv

dw " ' f/ dqg wkh ghqrplqdwru lv wkhlu vxp/ zklfk lv wkh vrfldo ulvn wrohudqfh1 Wkh

uhvxowv duh erwk yhu| lqwxlwlyh1 Wkh htxloleulxp ulvn suhplxp lv wkh lqyhuvh ri wrwdo

ulvn wrohudqfh1 Dovr/ wkh iudfwlrq ri htxlw| khog e| lqyhvwru � htxdov klv frqwulexwlrq

wr vrfldo ulvn wrohudqfh1 Wkhvh vroxwlrqv uhvhpeoh wkh lqwxlwlyh uhvxowv iurp phdq0

yduldqfh prghov1

Wkh vroxwlrq lq +58, mxvw whoov xv zkdw wkh olplw sruwirolr lv dv yduldqfh jrhv wr

}hur1 Zh zdqw wr nqrz zkdw wkh htxloleulxp sruwirolr lv iru qrq}hur yduldqfh1 Wklv

uhtxluhv frpsxwlqj wkh ghulydwlyhv w
�

Ef� dqg Z
�

Ef�� Ixuwkhu lpsolflw gl�huhqwldwlrqv

ri K� |lhog Ew
�

Ef�c Z
�

Ef�� dqg dq| rwkhu kljkhu0rughu ghulydwlyh1

Wkhruhp 461 Wkh �uvw0rughu ghulydwlyhv ri wkh htxloleulxp fruuhvsrqghqfh EwE"�c ZE"��

dw " ' f duh

w�Ef� '
��

� � n � 2

�2
� � n � 2

4
�
� 4

2

� � n � 2
.
�
5�
�

+59,

Z�Ef� ' �

�
� �

�� n �2
4
�
n

�2
� � n � 2

4
2

�
. i5�j

E�� n � 2�
2

+5:,

Wkhuhiruh/ w|sh 4 lqyhvwruv lqfuhdvh wkhlu kroglqjv ri htxlw| dv " lqfuhdvhv li E4
�
�

42�. i5�j : f/ dqg wkh ulvn suhplxp shu xqlw yduldqfh ghfuhdvhv dv " lqfuhdvhv li

. i5�j : f1
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Surri1 Dsso| +9,1

Wkhruhp 46 jlyhv xv rxu �uvw0rughu dssur{lpdwlrq wr wE"� ' wfn "w�Ef�1 Zh qhhg

wr eh fohdu zkdw wklv whoov xv1 Iru h{dpsoh/ li w�Ef� : f wkhq zh nqrz wkdw iru doo " : f

vx!flhqwo| forvh wr wf/ wE"� h{fhhgv wf/ dqg wkdw wE"� jurzv dw udwh w�Ef�1 Zh nqrz

wklv ehfdxvh wE"� lv orfdoo| dqdo|wlf/ lpso|lqj wkdw rxu Wd|oru vhulhv dssur{lpdwlrqv

duh ydolg iru " vx!flhqwo| forvh wr " ' f1 Wklv frxog eh uhyhuvhg iru odujh " zlwk wE"�

ohvv wkdq wf1 Exw/ iru vx!flhqwo| vpdoo "/ htxdwlrqv +59, dqg +5:, whoo xv suhflvho|

krz wE"� dqg Z E"� ehkdyh1

Wkhruhp 46 lv hfrqrplfdoo| lqwxlwlyh1 Htxdwlrq +59, vkrzv wkdw wkh htxlw| krog0

lqjv ri d w|sh 4 lqyhvwru duh juhdwhu wkdq wf li " lv vpdoo dqg srvlwlyh/ li vnhzqhvv/

. i5�j/ lv srvlwlyh/ dqg li klv vnhz wrohudqfh h{fhhgv wkh vnhz wrohudqfh ri w|sh 5

lqyhvwruv/ zkhuh zh hydoxdwh vnhz wrohudqfh dw wkh " ' f doorfdwlrqv1 Htxdwlrq +5:,

vkrzv wkdw wkh ulvn suhplxp zloo ghfuhdvh dv " lqfuhdvhv +dqg wkh sulfh ri htxlw|

uhodwlyh wr erqgv zloo lqfuhdvh, li vnhzqhvv lv srvlwlyh1 Wkh pdjqlwxgh ri wkh fkdqjh

ghshqgv rq d zhljkwhg vxp ri wkh vnhz wrohudqfhv/ zkhuh wkh zhljkwv duh wkh olplw

sruwirolr kroglqjv1 Qrwlfh wkdw zh jhw wkhvh uhvxowv iru dq| xwlolw| ixqfwlrq/ qrw mxvw

iru FUUD xwlolw| ixqfwlrqv ru rwkhu idplolhv wkdw kdyh ���� : f1 Wkh uhvxowv lq Wkh0

ruhp 46 uhvhpeoh wkh vw|oh ri dqdo|vlv lq Mrqhv ^45`1 Mrqhv h{dplqhv wkh lpsdfw ri

fkdqjhv lq hqgrzphqwv rq htxloleulxp/ zkhuhdv zh duh h{dplqlqj wkh fkdqjh lq dvvhw

pdunhw htxloleulxp dv zh pryh dzd| iurp wkh ghwhuplqlvwlf fdvh1 Wkh sureohpv duh

hfrqrplfdoo| gl�huhqw exw wkh pdwkhpdwlfdo lghd lv wkh vdph= xvh lpsolflw ixqfwlrq

wkhruhpv ru wkhlu jhqhudol}dwlrqv wr dqdo|}h wkh lpsdfw ri vpdoo fkdqjhv lq sdudphwhuv

rq htxloleulxp1

Wkh ghulydwlyhv w
�

Ef� ru Z
�

Ef� frxog eh }hur1 Wklv grhv qrw phdq wkdw wE"� ru ZE"�

lv frqvwdqw iru vpdoo "1 Lw mxvw phdqv wkdw wkh orfdo ehkdylru lv jryhuqhg e| kljkhu0

rughu whupv lq wkh h{sdqvlrq1 Iru h{dpsoh/ li . i5�j ' f/ wkhq w
�

Ef� ' Z
�

Ef� ' f

dqg wkh orfdo ehkdylru ri wEf� dqg ZEf� lv jryhuqhg e| w��Ef� dqg Z��Ef�/ zklfk ghshqg

rq wkh nxuwrvlv . i5ej dqg irxuwk0rughu surshuwlhv ri �ES�1 Zh gr qrw sxuvxh wkhvh

kljkhu0rughu lvvxhv lq wklv sdshu vlqfh Wkhruhp 46 lv dghtxdwh iru wkh dqdo|vlv ehorz1
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91 Dvvhw Pdunhw Htxloleulxp zlwk d Ghulydwlyh Dvvhw

Wkh suhylrxv vhfwlrq h{dplqhg d pdunhw zlwk rqo| d erqg dqg d vwrfn1 Lq wklv

vhfwlrq/ zh frpsduh pdunhwv zlwk gl�huhqw dvvhw vsdqv1 Lq sduwlfxodu/ zh lqwurgxfh d

qhz ghulydwlyh dvvhw lqwr wkh pdunhw dqg frpsxwh dv|pswrwlfdoo| ydolg h{suhvvlrqv iru

htxloleulxp1 Wkh uhvxowv doorz xv wr vlqjoh rxw lpsruwdqw idfwruv iru wkhvh h{suhvvlrqv1

Zh dvvxph wkdw wkh ghulydwlyh sd|v "+ dqg kdv sulfh ^E"� lq wkh "0hfrqrp|1 Zh

dovr dvvxph wkdw + ' sE5�/ zklfk pdnhv + d ghulydwlyh vhfxulw|/ vxfk dv dq rswlrq1 Zh

irufh wkh sd|r� ri wkh ghulydwlyh wr eh }hur zkhq " ' f> khqfh/ ^Ef� ' f� Wklv lpsolhv

qr orvv ri jhqhudolw| vlqfh dq| sruwlrq ri wkh dvvhw*v uhwxuq zklfk lv ghwhuplqlvwlf

jlyhq " zloo eh htxlydohqw wr wkh erqg/ dgglqj qrwklqj wr wkh dvvhw vsdq1 Zh dvvxph

wkdw wkh qhw vxsso| ri wkh ghulydwlyh lv }hur vlqfh zh zdqw wr prgho wkh lqwurgxfwlrq

ri d ghulydwlyh vhfxulw|1 Iru lqvwdqfh/ + ' 4@ dfc E5�7�o uhsuhvhqwv d fdoo rswlrq/ dqg

"+ lv wkh fdoo rswlrq 4@ dfc "5� "7o zlwk vwulnh sulfh "71 Wklv pd| lqlwldoo| vhhp rgg/

exw lw lv d vwdqgdug rswlrq li " ' �1 Dovr/ li 8 E5� lv wkh fgi ri 5 wkhq wkh suredelolw|

ri h{huflvh/ 8 E7�/ lv xqd�hfwhg e| "1

Zh ghfrpsrvh + lqwr frpsrqhqwv wkdw duh vsdqqhg e| wkh vwrfn dqg erqg/ dqg

d frpsrqhqw ruwkrjrqdo wr wkh vwrfn dqg erqg1 Zh dvvxph

+ ' + n k5 n D +5;,

zkhuh + lv wkh phdq ri +/ k lv wkh fryduldqfh zlwk 5/ wkh ulvn| frpsrqhqw ri htxlw|/ dqg

d qrq}hur udqgrp yduldeoh D/ wkh lqqrydwlrq lq +1 Wkhuhiruh/ f ' . iDj ' . i5Dj1

Wklv irupxodwlrq lpsolflwo| dvvxphv wkdw pdunhwv duh lqlwldoo| lqfrpsohwh vlqfh zh

dvvxph wkdw D lv qrw vsdqqhg e| 4 dqg 51 Iru h{dpsoh/ li 5 lv d udqgrp yduldeoh zlwk

rqo| wzr srvvleoh ydoxhv/ wkhq wkh vwrfn dqg erqg vsdq wkh pdunhw dqg wkhuh lv qr

+ ' sE5� vxfk wkdw D lq +5;, lv qrw lghqwlfdoo| htxdo wr }hur91

Zh frpsxwh wkh htxloleulxp kroglqjv dqg sulfhv ri erwk dvvhwv1 Ohw w� dqg ��

eh wkh htxlw| dqg erqg kroglqjv/ dqg ohw �
�
eh wkh xqlwv ri + khog e| wudghu � diwhu

wudglqj1 Wkh �qdo zhdowk iru wudghu � lv t� ' w�E� n "5� n �� n �
�
"+/ dqg klv exgjhw

frqvwudlqw lv w�R n �� n �
�
^ ' �e

�
n we

�
R1 Zkhq zh xvh wkh exgjhw frqvwudlqw wr

9
Zh frxog dgg vhfxulwlhv zklfk jhqhudwh udqgrp vkrfnv/ vxfk dv sxuh jdpeolqj1 Vlqfh lqyhvwruv

duh ulvn dyhuvh/ wkhuh lv qr ghpdqg iru vxfk dvvhwv1 Wkhuhiruh/ zh ljqruh dvvhwv zlwk sxuh qrlvh

sd|r�v1
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holplqdwh ��/ wkh �uvw0rughu frqglwlrqv iru w� dqg �
�
duh

.i�
�

�
Et��E� n "5 � RE"��j ' fc � ' �c 2 +5<,

.i�
�

�
Et��E"+ � ^E"��j ' fc � ' �c 2

Htxloleulxp lv gh�qhg e| frpelqlqj wkh �uvw0rughu frqglwlrqv ri w|sh 4 dqg w|sh 5

djhqwv zlwk wkh pdunhw fohdulqj frqglwlrqv> zh vkdoo frpsxwh wkh htxloleulxp ydoxhv

iru w�/ ��
/ R/ dqg ^ dv ixqfwlrqv ri " lq vrph qhljkerukrrg ri " ' f� Ohw w dqg �

ghqrwh w� dqg �
�
> khqfh w2 ' �� w dqg �

2
' ��1 Vlplodu wr wkh dqdo|vlv ri suhylrxv

vhfwlrq/ wEf� dqg �Ef� duh lqghwhuplqdwh exw REf� ' � dqg ^Ef� ' f�

Zh qhhg wr ghwhuplqh dq dssursuldwh sdudphwhul}dwlrq iru wklv sureohp/ mxvw dv

zh glg lq wkh fdvh ri htxloleulxp zlwk rqh dvvhw1 Zh lpsolflwo| gl�huhqwldwh wkh irxu

�uvw0rughu frqglwlrqv lq +5<, zlwk uhvshfw wr "c dqg �qg wkdw gl�huhqwldelolw| ri ^ dqg

R dw " ' f uhtxluhv d. i+j�^�Ef�o�
�

�
EE�e

� nwe� �� ' f dqg d. i5j�R�Ef�o�
�

�EE�
e
� nwe� �� ' f�

Wkhuhiruh/ li ^ dqg Z duh zhoo ehkdyhg/ ^�Ef� ' + dqg R�Ef� ' . i5j ' f� Zh zdqw wr

vroyh iru wc �c Rcdqg ^ dv ixqfwlrqv ri "c dw ohdvw lq vrph qhljkerukrrg ri " ' fc dqg

zh qhhg REf� ' �/ R�Ef� ' . i5j ' f dqg ^Ef� ' fc ^�Ef� ' +� Zh fkrrvh wkh iroorzlqj

sdudphwhul}dwlrq=

RE"� ' �� "2ZE"�c ^E"� ' "+ � "2�E"� +63,

Zh qh{w fkhfn li wkh sdudphwhul}dwlrq lq +63, lv frqvlvwhqw zlwk Wkhruhp :1 Wkh

elixufdwlrq srlqw E�fc wfc Zfc �f� lv frpsxwhg e| vroylqj wkh v|vwhp ri olqhdu htxdwlrqv

5
99997

�
��

�
j2

+ �
��

�
j+5 f ��

�

�

�
��

�
j+5 �

��

�
j2

5 ��
�

�
f

�
��

2
j+5 �

��

�
j2

5 �
�

2
f

�
��

2
j2

+ �
��

2
j+5 f �

�

2

6
::::8

5
99997

�
f

wf

Zf

�f

6
::::8 '

5
99997

f

f

�
��

2
j2

5

�
��

2
j+5

6
::::8

zklfk kdv wkh xqltxh vroxwlrq

wf '
� �

�� n �2
c �f ' fc Zf '

�

�� n � 2
c �f '

j+5

�� n �2
� +64,

Wkh h{lvwhqfh ri vroxwlrqv iru �E"�/ wE"�/ ZE"�/ dqg �E"� qhdu wkh elixufdwlrq srlqw lv

hvwdeolvkhg e| dsso|lqj Wkhruhp : dw wkh fdqglgdwh elixufdwlrq srlqw +64,1 Ixuwkhu0

pruh/ wkh �uvw0rughu ghulydwlyhv Ew�Ef�c ��Ef�c Z�Ef�c ��Ef��/ wkh vhfrqg0rughu ghulyd0

wlyhv Ew
��

Ef�/ ���EEf�c Z
��

Ef�c �
��

Ef��/ dqg rwkhu ghulydwlyhv fdq eh rewdlqhg e| vroylqj
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olqhdu v|vwhpv ri htxdwlrqv dv orqj dv wkh xwlolw| ixqfwlrq � lv dqdo|wlf dw wkh ghwhu0

plqlvwlf frqvxpswlrq1 Vlqfh wkh vroxwlrqv duh fxpehuvrph/ zh rplw wkhp h{fhsw iru

wkh �uvw0rughu ghulydwlyhv1

Wkh uhvxowv iroorz vwdqgdug lqwxlwlrq1 Wkh htxloleulxp sulfh ri wkh ghulydwlyh

vhfxulw| lv dv|pswrwlfdoo| htxdo wr

^E"� ' ". i+j � "2
j+5

� � n � 2
n�E"��c +65,

zklfk whoov xv wkdw wkh ghulydwlyh + fduulhv d srvlwlyh ulvn suhplxp +prghoohg khuh dv d

glvfrxqw lq wkh sulfh, rqo| li j+5 : f/ wkdw lv/ + lv srvlwlyho| fruuhodwhg zlwk djjuhjdwh

ulvn 51 Wkh olplw sulfh dqg kroglqjv ri htxlw| duh xqd�hfwhg e| wkh suhvhqfh ri wkh

ghulydwlyh/ dqg wudglqj yroxph iru wkh ghulydwlyh lv }hur lq wkh olplw1

Zh vhh djdlq wkdw d nh| vwhs lv �qglqj dq dssursuldwh sdudphwhul}dwlrq ri dvvhw

sulfhv1 Wkhuh lv qr suhflvh/ jhqhudoo| dssolfdeoh irupxod ghvfulelqj krz zh duulyhg

dw wkh sdudphwhul}dwlrq lq +63, zklfk doorzhg xv wr dsso| wkh Elixufdwlrq Wkhruhp/

exw wkh vwhsv zh kdyh iroorzhg lq wkh rqh0 dqg wzr0dvvhw sureohpv duh fohdu1 Zh �uvw

frpsxwh ghulydwlyhv ri wkh htxloleulxp htxdwlrqv dqg h{dplqh wkhp wr vhh li vrph

whupv lq wkh Wd|oru vhulhv ri wkh xqnqrzq ixqfwlrqv duh �{hg1 Iru h{dpsoh/ zh irxqg

wkdw ^�Ef� ' + dqg R�Ef� ' fpxvw eh wuxh li wkhuh lv wr eh d frkhuhqw Wd|oru h{sdqvlrq1

Li frqyhqwlrqdo LIW phwkrgv lqglfdwh wkh ydoxh ri orz0rughu whupv lq dq h{sdqvlrq/

zh wkhq irfxv rq wkh qh{w kljkhu0rughu whup1 Vlqfh ^�Ef� ' + dqg R�Ef� ' f/ zh wkhq

h{dplqhg wkh sdudphwhul}dwlrq lq +63, zkhuh ZE"� dqg �E"� ehfdph wkh xqnqrzq

whupv zklfk frxog qrw eh ghwhuplqhg e| dsso|lqj wkh orjlf ri wkh frqyhqwlrqdo LIW1

Zh frqwlqxhg wklv iru hdfk xqnqrzq ixqfwlrq xqwlo zh uhdfk d srlqw zkhuh wkh whupv

lq lwv h{sdqvlrq frxog qrw eh �{hg e| wkh LIW1 Dw wkdw srlqw zh fdq dsso| wkh

Elixufdwlrq Wkhruhp1

9141 Wudglqj Sdwwhuqv iru wkh Ghulydwlyh Dvvhw1 Zh qh{w ghwhuplqh wkh wudg0

lqj sdwwhuqv ri +1 Vlqfh �Ef� ' fc wkh ydoxh ri ��Ef� ghwhuplqhv wkh wudglqj sdwwhuqv

iru qrq}hur "� Gluhfw frpsxwdwlrq surgxfhv Wkhruhp 471

Wkhruhp 471 W|sh 4 lqyhvwruv ex| wkh ghulydwlyh + li dqg rqo| li E4
�
� 4

2
��J�EDc 52� :
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f1 Lq jhqhudo/

��Ef� '
���2 E4� � 42�

E�� n �2�
�

�J�EDc 52�

. iD2j
+66,

Uhfdoo wkdw ��Ef� : f phdqv wkdw wudghu 4 ex|v dqg wudghu 5 vhoov wkh ghulydwlyh

dvvhw +1 Li w|sh 4 lqyhvwruv kdyh pruh vnhz wrohudqfh dqg + surylghv wkh pdunhw zlwk

d qhz ulvn wkdw lv srvlwlyho| fruuhodwhg zlwk wkh wdlov ri htxlw| uhwxuqv/ wkhq w|sh 4

lqyhvwruv ex| + dqg w|sh 5 lqyhvwruv vhoo lw1 Li �J�EDc 52� : f/ wkh qhz dvvhw + dggv d

w|sh ri ulvnlqhvv wkdw dsshdov wr lqglylgxdov zlwk uhodwlyho| kljk vnhz wrohudqfh/ dqg

w|sh 4+5, djhqwv zloo ex| + li 4
�
: 4

2
+4

�
	 4

2
,1

Li �J�EDc 52� ' f wkhq zh zrxog qhhg wr h{dplqh ���Ef� wr ghwhuplqh zkr ex|v

wkh ghulydwlyh1 Zh gr qrw sxuvxh wkdw khuh vlqfh qr �qdqfldo lqvwlwxwlrq kdv dq

lqwhuhvw lq lqwurgxflqj d ghulydwlyh zlwk qr �uvw0rughu yroxph1 Zh frqwlqxh wr irfxv

rq ghulydwlyhv zkhuh �J�EDc 52� 9' f1

9151 Fkdqjh lq Htxlw| Kroglqjv1 Wkh ghulydwlyh dvvhw + pd| fkdqjh lqyhvwruv*

kroglqjv ri htxlw|1 Ohw wKE"� dqg w@E"� ghqrwh wkh htxloleulxp kroglqj ri htxlw| e|

w|sh 4 lqyhvwruv zlwkrxw dqg zlwk wkh ghulydwlyh vhfxulw|1: Dw " ' f/ wKE"� dqg w@E"�

zloo eh wkh vdph vlqfh doo dvvhwv zloo eh htxlydohqw1 Wr frpsduh wkh htxloleuld dfurvv

wkhvh pdunhw vwuxfwxuhv/ zh frpsxwh wkh vhulhv h{sdqvlrq ri erwk wKE"� dqg w@E"�/ dqg

wkhq xvh wkh gl�huhqfh lq wkhlu vhulhv h{sdqvlrqv wr h{suhvv wkh gl�huhqfh ehwzhhq wkh

wzr pdunhw htxloleuld1 Zh fdq gr wklv iru dq| lqgh{ ri pdunhw htxloleulxp1 Gluhfw

frpsxwdwlrq vkrzv Wkhruhp 481

Wkhruhp 481 Ohw wKE"� +w@E"�, ghqrwh wkh htxloleulxp htxlw| ghpdqg ri w|sh 4 lq0

yhvwruv zlwkrxw +zlwk, wkh ghulydwlyh +1 Wkhq

w@E"�� wKE"� ' �
� �� 2 E4� � 4

2
�

E� � n � 2�
�

k
�J�EDc 52�

. iD2j
"n�E"2� +67,

Li D dqg 5 duh xqfruuhodwhg/ +67, uhgxfhv wr }hur/ lpso|lqj wkdw wkh lqwurgxfwlrq

ri + kdv rqo| �E"�� h�hfwv rq wkh ghpdqg iru wkh htxlw|1 Li k ' �J�EDc 5� : f wkhq

wkh fkdqjh lq w|sh 4 lqyhvwruv* kroglqj ri htxlw| lv qhjdwlyho| uhodwhg wr wkhlu ghpdqg

iru + vlqfh +66, dqg +67, lpso| wkdw w@
5
E"�� wK

5
E"� ' � k ��Ef� n�E"2�1

:Orrvho| vshdnlqj/ �e lv htxloleulxp htxlw| kroglqj �ehiruh� lqwurgxfwlrq ri | dqg �d lv kroglqj

�diwhu� lqwurgxfwlrq1
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9161 Sulfh H�hfwv ri wkh Ghulydwlyh Dvvhw1 Rxu frpsxwdwlrqv vkrz wkdw wkh

htxloleulxp sulfh iru htxlw| uhpdlqv xqfkdqjhg xs wr �E"�� lq lwv Wd|oru h{sdqvlrq1

Wkh irxuwk0rughu whup uhyhdov wkh grplqdqw h�hfw ri wkh ghulydwlyh + rq wkh sulfh ri

htxlw|1

Wkhruhp 491 Ohw � @E"� +� KE"�, ghqrwh wkh htxloleulxp sulfh ri htxlw| zlwk +zlwk0

rxw, wkh ghulydwlyh +1 Wkh sulfh gl�huhqfh lv

� @E"�� � KE"� ' 2
���2 E4� � 4

2
�2

E�� n �2�
D

. iD52j
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. iD2j
"e n�E"D� : f

Lq sduwlfxodu/ wkh htxlw| ulvhv lq ydoxh dqg ulvhv pruh dv wkh ghulydwlyh lv pruh fru0

uhodwhg wr wkh wdlov ri htxlw| uhwxuqv/ dqg dv lqyhvwruv gl�hu pruh lq wkhlu vnhzqhvv

wrohudqfh1

Wkhruhp 49 vkrzv wkh hohphqwv wkdw d�hfw wkh lpsdfw ri wkh ghulydwlyh rq vwrfn

sulfh1 Wkh sulfh fkdqjh lv dozd|v srvlwlyh/ exw ghshqgv rq wklug0rughu surshuwlhv ri

wkh xwlolw| ixqfwlrq1 Wkh ghulydwlyh dvvhw + frpsohphqwv htxlw| dqg doorzv lqyhvwruv

wr doorfdwh wdlo ulvn lqghshqghqw ri rwkhu ulvnv1 Wklv pdnhv htxlw| pruh dwwudfwlyh1

Dovr/ wkh pdjqlwxgh lv sursruwlrqdo wr wkh fryduldqfh ri wkh ghulydwlyh*v lqqrydwlrq

D zlwk wkh h{wuhphv ri htxlw| uhwxuqv1 Li D lv xqfruuhodwhg zlwk wkrvh h{wuhphv wkhq

wkhuh lv qr sulfh fkdqjh wr wkh rughu "e1 Wkhuh pd| eh d sulfh h�hfw exw lw zrxog eh

dq rughu ri pdjqlwxgh vpdoohu dv|pswrwlfdoo|1

9171 Zhoiduh H�hfwv ri wkh Ghulydwlyh Dvvhw1 Zh qh{w ghulyh wkh h�hfw ri

d ghulydwlyh rq wkh zhoiduh ri hdfk wudghu1 Wkhru| whoov xv wkdw lq rqh0jrrg prghov

vxfk dv rxuv/ lqglylgxdo lqyhvwruv pd| jdlq ru orvh xwlolw| iurp dgglqj dq dvvhw/ exw

vrphrqh pxvw jdlq1 Rxu vroxwlrqv zloo dgg vrph suhflvlrq wr wkrvh vwdwhphqwv1

Zlwk wkh ghulydwlyhv frpsxwhg e| wkh elixufdwlrq phwkrg/ zh fdq vwxg| wkh zho0

iduh h�hfw ri wkh ghulydwlyh +1 Suhflvho|/ zh vkdoo h{sdqg wkh xwlolw| ixqfwlrqv lq

whupv ri " dqg h{dplqh wkh grplqdwhg whup1 Ohw L K

�
E"� dqg L@

�
E"� ghqrwh wudghu

�*v rswlpdo xwlolw| ohyhov zlwkrxw dqg zlwk +1 Wkh xwlolw| h�hfw fdq eh h{suhvvhg e|

dL@

�
E"�� L K

�
E"�o*�

�

�
E�e

�
n we

�
�/ d phdvxuh ri wkh zhoiduh fkdqjh lq whupv ri d frqvxps0

wlrq htxlydohqw1 Wkh iroorzlqj wkhruhp vxppdul}hv wkh uhvxow ri rxu shuwxuedwlrq

dqdo|vlv1
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Wkhruhp 4:1 Ohw L@

�
E"� dqg L K

�
E"� ghqrwh wkh htxloleulxp h{shfwhg xwlolw| ri w|sh

4 lqyhvwruv zlwk dqg zlwkrxw wkh ghulydwlyh +1 Wkhq
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Wkh vhfrqg wudghu*v zhoiduh fkdqjh lv v|pphwulfdoo| h{suhvvhg1

Djdlq/ wkh uhvxow fruuhvsrqgv wr edvlf wkhru|1 Wkh nh| whup lv e Ewe
�
*� � � we

2
*� 2�n

�3�
�
/ zklfk pd| eh srvlwlyh ru qhjdwlyh1 Wkh whup we

�
*�� � we

2
*�2 lv sursruwlrqdo wr

wkh dprxqw ri htxlw| w|sh rqh lqyhvwruv vhoo wr w|sh wzr lqyhvwruv lq wkh olplw dv "

jrhv wr }hur1 Li wkhuh lv qr htxlw| wudgh dv|pswrwlfdoo| wkhq wkh grplqdqw lpsdfw rq

xwlolw| lv wkh lpsuryhg rssruwxqlw| iru ulvn0vkdulqj surylghg e| wkh lqwurgxfwlrq ri

+1 Wkh ulvn0vkdulqj jdlq lv sursruwlrqdo wr �3�/ zklfk lv devroxwh ulvn dyhuvlrq/ iru

w|sh � lqyhvwruv1 Li we
�
*�� � we

2
*�2 9' f/ wkh lqyhvwru w|sh wkdw vhoov vkduhv dovr jdlqv

iurp wkh htxlw| sulfh lqfuhdvh fdxvhg e| wkh lqwurgxfwlrq ri wkh ghulydwlyh dvvhw1 Vr/

rqh w|sh jdlqv iurp wkh sulfh lqfuhdvh dqg wkh rwkhu orvhv/ exw erwk jdlq iurp qhz

ulvn0vkdulqj rssruwxqlwlhv1 Rqh ri wkh lqyhvwruv pd| orvh/ exw qrw erwk1

Wkh uhvxowv lq Wkhruhpv 47/ 48/ 49/ dqg 4: ghprqvwudwh wkh lpsruwdqfh ri kljkhu0

rughu h{sdqvlrqv1 Olqhdu0txdgudwlf h{sdqvlrqv zrxog frpsohwho| plvv doo ri wkh h�hfwv

vwxglhg lq wkhvh wkhruhpv vlqfh 4 ' f iru olqhdu0txdgudwlf xwlolw| ixqfwlrqv1 Dssur{0

lpdwlrq phwkrgv wkdw rqo| xvh wkh �uvw wzr ghulydwlyhv ri xwlolw| ixqfwlrqv zrxog

lqfruuhfwo| suhglfw wkdw dgglqj + zrxog kdyh qr h�hfw rq htxloleulxp1 Wkh dgydq0

wdjh ri wkh dssurdfk xvhg khuh lv wkdw rqh qhhg qrw pdnh d fkrlfh derxw krz pdq|

ghulydwlyhv wr xvh vlqfh wkdw ghflvlrq lv dxwrpdwlfdoo| pdgh e| wkh srzhu vhulhv jhq0

hudwhg e| wkh elixufdwlrq +dqg wkh LIW, dssurdfk1 Wkh phfkdqlfdo frpsxwdwlrq ri

wkh srzhu vhulhv h{sdqvlrqv ri htxloleulxp sulfhv dqg txdqwlwlhv whoov xv zklfk srzhu

ri " frqwdlqv wkh dv|pswrwlfdoo| grplqdqw h�hfwv/ dqg zklfk ghulydwlyhv ri xwlolw| dqg

zklfk prphqwv ri uhwxuqv vkrxog eh xvhg1

:1 Frpsxwdwlrqdo Frqvlghudwlrqv

Wkh dqdo|vlv deryh irfxvhg rq dsso|lqj wkh elixufdwlrq phwkrg wr d vlpsoh dvvhw

pdunhw prgho1 Wkh uhvxowv zhuh rewdlqhg rqo| diwhu pxfk frpsxwdwlrqdo h�ruw1 Wkh0

ruhp 4: lv d jrrg h{dpsoh ri zk| wkh frpsxwhu lv qhfhvvdu|1 Vlqfh wkh h�hfw ri wkh
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ghulydwlyh dvvhw + rq xwlolw| zdv }hur dw rughuv "2 dqg "�/ zh kdg wr frpsxwh wkh

irxuwk0rughu Wd|oru vhulhv h{sdqvlrq ri xwlolw|1 Dovr/ htxloleulxp xwlolw| lv d ixqfwlrq

ri doo irxu yduldeohv ghwhuplqhg lq htxloleulxp/ wkh wzr suhpld dqg wkh wzr sruwirolr

yduldeohv1 Wkhvh irxu htxloleulxp yduldeohv duh orfdoo| dqdo|wlf ixqfwlrqv ri "1 Wkhuh0

iruh/ Wkhruhp 4: uhtxluhg d irxuwk0rughu h{sdqvlrq ri d irxu0glphqvlrqdo ixqfwlrq

zkhuh hdfk dujxphqw lv d irxuwk0rughu Wd|oru vhulhv lq "1 Wklv uhvxowhg lq wkrxvdqgv

ri lqwhuphgldwh whupv1 Wkh �qdo uhvxow lq Wkhruhp 4: lv frpsdfw vlqfh doprvw doo ri

wkh lqwhuphgldwh whupv glvdsshdu zkhq wkh| duh hydoxdwhg dw " ' f1 Krzhyhu/ wkh

lqwhuphgldwh whupv pxvw eh nhsw xqwlo wkdw odvw vwhs1 Wkh frpsxwdwlrqv lq wklv sdshu

wrrn rqo| d ihz plqxwhv xvlqj Pdwkhpdwlfd rq d 733 PK} pdfklqh/ exw zrxog eh

lpsrvvleoh iru xv wr gr zlwkrxw d frpsxwhu1

Wklv sdshu xvhg wkh frpsxwhu wr ghulyh dojheudlf irupxodv dqg wkhruhwlfdo dv|ps0

wrwlf uhvxowv1 Wkh frpsxwdwlrqdo exughq zdv sduwlfxoduo| khdy| vlqfh zh zhuh lqwhu0

hvwhg lq jhqhudo irupxodv h{suhvvlqj wkh uhvxowv lq whupv ri hodvwlflwlhv/ vkduhv/ dqg

sulfhv1 Wkh frpsxwdwlrqdo frvwv zloo ulvh udslgo| dv zh pryh wr odujhu sureohpv zlwk

pruh w|shv ri lqyhvwruv dqg2ru pruh dvvhwv1 Krzhyhu/ dv zh jdlqhg h{shulhqfh zlwk

wkh vlpsoh prgho zh glvfryhuhg sdwwhuqv zklfk zh fdq lqfrusrudwh lqwr wkh frgh wr

vxevwdqwldoo| lpsuryh shuirupdqfh dqg pdnh srvvleoh h{dplqdwlrq ri pruh frpsoh{

prghov1 Iru h{dpsoh/ wkh gh�qlwlrqv ri ulvn wrohudqfh dqg vnhz wrohudqfh/ dqg wkh

ghfrpsrvlwlrq lq +5;, vxevwdqwldoo| uhgxfhg wkh frpsoh{lw| dqg ohqjwk ri wkh irupx0

odv1 Zlwk Pdwkhpdwlfd dqg wkhvh vlpsol�fdwlrqv/ zh fdq qrz kdqgoh odujhu sureohpv/

vxfk dv sureohpv zlwk irxu lqyhvwru w|shv dqg irxu dvvhwv1

Wkh Wd|oru vhulhv h{sdqvlrqv iru htxloleulxp sulfh fruuhvsrqghqfhv RE"� dqg sruw0

irolr doorfdwlrqv wE"� frxog dovr eh xvhg wr duulyh dw qxphulfdo dssur{lpdwlrqv iru

vshfl�f xwlolw| ixqfwlrqv dqg dvvhw uhwxuq glvwulexwlrqv1 Wkh elixufdwlrq phwkrg wkhq

uhgxfhv wr frpsxwlqj wkh qxphulfdo ydoxhv ri doo ghulydwlyhv ri wkh htxdwlrqv gh�qlqj

htxloleulxp xs wr wkh irxuwk rughu dw " ' f/ dqg wkhq h{hfxwlqj qxphulfdo olqhdu

rshudwlrqv lqvwhdg ri v|perolf rshudwlrqv1 Vlqfh qxphulfdo rshudwlrqv duh idvwhu dqg

pruh frpsdfw wkdq v|perolf rshudwlrqv/ frpsxwlqj h{sdqvlrqv iru vshfl�f h{dpsohv

zrxog eh idu idvwhu1 Wkh frpsxwhu frxog kdqgoh pxfk odujhu sureohpv li zh vshfli|

doo xwlolw| ixqfwlrqv dqg uhwxuqv1

Zh zrxog olnh wr nqrz krz zhoo wkhvh irupxodv gr iru qrqwulyldo "1 Lq jhqhudo/ d
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srzhu vhulhv frqvwuxfwhg e| wkh LIW iru dqdo|wlf ixqfwlrqv zloo kdyh d srvlwlyh udglxv

ri frqyhujhqfh/ exw zh nqrz qrwklqj derxw lwv pdjqlwxgh lq jhqhudo1 Krzhyhu/

wkhuh lv d vlpsoh gldjqrvwlf zklfk fdq khos1 Vxssrvh wkdw �E%� lv lpsolflwo| gh�qhg

e| ME%c �E%�� ' f dqg wkdw zh frqvwuxfw wkh ghjuhh & Wd|oru vhulhv dssur{lpdwlrq

�WE%� edvhg dw % ' %f1 Li �WE%� lv d jrrg dssur{lpdwlrq wr �E%� wkhq ME%c �WE%��

vkrxog eh qhduo| }hur1 Rqfh zh kdyh frpsxwhg �WE%�/ zh fdq hydoxdwh lwv txdolw|

e| frpsxwlqj ME%c �WE%�� iru ydulrxv ydoxhv ri %1 Wkh ehkdylru ri ME%c �WE%�� dv

% pryhv dzd| iurp %f zloo lqglfdwh zkhuh wkh dssur{lpdwlrq fdq eh wuxvwhg1 Mxgg

dqg Jxx ^47` dssolhg wklv dssurdfk wr vlplodu dssur{lpdwlrqv ri vwrfkdvwlf jurzwk

prghov1 Zh kdyh frqvwuxfwhg h{dpsohv ri wkh dvvhw prghov vwxglhg lq wklv sdshu

iru zklfk rxu Wd|oru vhulhv dssur{lpdwlrqv iru RE"� dqg wE"� lpso| yhu| vpdoo Hxohu

htxdwlrq huuruv1 Urxjko|/ zh irxqg wkdw wkh phwkrg grhv zhoo li wkh glvwxuedqfh 5

kdv frpsdfw vxssruw/ exw grhv srruo| li 5 lv orj Qrupdo/ d �qglqj frqvlvwhqw zlwk

wkh idfw wkdw pdnlqj 5 d orj Qrupdo udqgrp yduldeoh pdnhv lw xqolnho| wkdw MEwc "�

lv dqdo|wlf1

Pruh jhqhudoo|/ zh frxog frpsduh wkh uhvxowv ri rxu dssurdfk iru odujh " zlwk

wkh qxphulfdo dssurdfk lq Vfkphgghuv ^56`1 Li rxu irupxodv zrun/ wkhq wkh| zrxog

surgxfh uhvxowv idvwhu wkdq Vfkphgghuv ^56`/ exw rxu irupxodv zloo qrw zrun iru wkh

odujh " fdvhv zkhuh Vfkphgghuv* dojrulwk zrxog zrun1 Wkhuh frxog eh d sduwqhuvkls

ehwzhhq wkh wzr dssurdfkhv zlwk rxu Wd|oru0vw|oh h{sdqvlrqv xvhg wr surgxfh dq

lqlwldo jxhvv iru Vfkphgghuv* dojrulwkp1 Ixuwkhu glvfxvvlrq dqg vhulrxv h{dplqdwlrq

ri wkhvh qxphulfdo lvvxhv pxvw eh ohiw iru dqrwkhu sdshu1

Zh xvhg Pdwkhpdwlfd wr frpsxwh rxu uhvxowv1 Vsdfh olplwdwlrqv suhyhqw xv iurp

suhvhqwlqj dqg h{sodlqlqj wkh frgh khuh1 Wkh uhdghu fdq rewdlq wkh frgh e| vhqglqj h0

pdlo wr mxggCkrryhu1vwdqirug1hgx/ ru e| jrlqj wr wkh zhesdjh kwws=22exfn|1vwdqirug1hgx2

ru wkh Hfrqrplf Wkhru| zhesdjh iru wklv sdshu1

;1 Jhqhudol}dwlrqv

Wklv sdshu kdv h{dplqhg d ihz vlpsoh sureohpv/ exw zh eholhyh wkdw wkh vdph wrrov

fdq eh xvhg wr h{dplqh d odujh fodvv ri prghov1 Zh eulh | glvfxvv wkrvh fodlpv khuh1

Wklv sdshu dvvxphg d vlqjoh jrrg/ wzr w|shv ri djhqwv/ dqg rqo| rqh vrxufh ri

ulvn1 Vsdfh olplwdwlrqv suhyhqw xv iurp suhvhqwlqj dq dqdo|vlv iru pruh jhqhudo fdvhv/
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exw zh fdq rxwolqh wkh jhqhudo dssurdfk1 Dgglqj pruh w|shv ri djhqwv dqg pruh

dvvhwv exw vwd|lqj zlwk rqh jrrg lv d gluhfw jhqhudol}dwlrq ri wkh phwkrgv deryh1 Wkh

htxloleulxp lq rxu h{dpsohv zhuh h{suhvvhg dv �uvw0rughu frqglwlrqv iru hdfk djhqw

zlwk uhvshfw wr hdfk dvvhw1 Dgglqj djhqwv dqg dvvhwv mxvw lpsolhv d orqjhu olvw ri �uvw0

rughu frqglwlrqv exw wkh nh| hohphqwv duh xqfkdqjhg= wkh ghwhuplqlvwlf frqvxpswlrq

ohyhov duh �{hg dw wkh hqgrzphqw/ wkh sulfh ri ulvn/ Zc dqg sruwirolr doorfdwlrqv/ w/

duh lqghwhuplqdwh lq wkh ghwhuplqlvwlf prgho/ dqg zh fdq sdudphwhul}h w vr wkdw wkh

Elixufdwlrq wkhruhp dssolhv wr d v|vwhp ri htxdwlrqv MEZc wc "� ' f zklfk lqfoxgh

lqglylgxdo �uvw0rughu frqglwlrqv dqg pdunhw0fohdulqj frqglwlrqv1

Wkh jhqhudol}dwlrq wr vhyhudo jrrgv lv pruh frpsoh{1 Ohw R eh wkh sulfh yhfwru

iru jrrgv/ Z wkh yhfwru ri sulfhv ri ulvn iru wkh dvvhwv/ dqg w wkh doorfdwlrq ri dvvhwv

dfurvv djhqwv1 Lq JHL prghov zlwk vhyhudo jrrgv/ htxloleulxp fdq eh h{suhvvhg dv wkh

vroxwlrq wr d v|vwhp ri htxdwlrqv MERc Zc wc "� ' f zkhuh wkh frpsrqhqwv ri M duh

wkh djhqwv* �uvw0rughu frqglwlrqv ryhu dvvhw dqg frqvxpswlrq fkrlfhv soxv ihdvlelolw|

frqglwlrqv1 Wkh h{fhvv ghpdqg iru dvvhwv pd| qrw h{lvw dw vrph sulfhv ehfdxvh ri

duelwudjh> wkhuhiruh/ M pd| qrw eh frqwlqxrxv1 Krzhyhu/ wkhru| whoov xv wkdw htxl0

oleulxp zloo jhqhulfdoo| h{lvw1 Li zh ohw " sdudphwhul}h xqfhuwdlqw| wkhq d v|vwhp

MERc Zc wc "� ' f zrxog uhsuhvhqw htxloleulxp lq wkh "0hfrqrp| dqg lpsolflwo| gh�qh

htxloleulxp pdsv RE"�/ ZE"�/ dqg wE"�1 Dw " ' f/ wkh hfrqrp| uhgxfhv wr d ghwhu0

plqlvwlf Duurz0Gheuhx jhqhudo htxloleulxp1 Wkhuh zloo eh wudgh lq wkh jrrgv lq wkh

ghwhuplqlvwlf olplw hfrqrp|/ dqg jrrgv* sulfhv REf� zloo eh ghwhuplqhg e| htxloleulxp

frqglwlrqv1 Dvvhw sulfhv lq wkh ghwhuplqlvwlf olplw/ ^Ef�/ zloo dovr eh ghwhuplqhg e|

REf�1 Wkh jrrgv sulfhv dqg dvvhw sulfhv zrxog jhqhulfdoo| eh orfdoo| ghwhuplqdwh e|

wkh vwdqgdug jhqhudo htxloleulxp wkhru|1 Krzhyhu/ wkh sruwirolr ghflvlrqv wEf� zloo

eh lqghwhuplqdwh lq wkh " ' f hfrqrp| vlqfh doo dvvhwv zrxog eh shuihfw vxevwlwxwhv1

Li dvvhw sulfhv lq jhqhudo fdq eh uhsuhvhqwhg dv ^ ' ^f � "2ZE"�/ mxvw dv lq htxdwlrq

+55, iru wkh wzr0dvvhw fdvh/ wkhq wkh olplw sulfhv iru ulvn/ ZEf�/ phdvxuhg lq whupv ri

h{fhvv uhwxuq shu xqlw yduldqfh/ zloo eh lqghwhuplqdwh vlqfh wkh ohyho ri ulvn lv }hur1

Wkh jhrphwulfdo vwuxfwxuh ri wkh JHL sureohp lv looxvwudwhg lq Iljxuh 61 Ohw wkh

d{lv odehohg{ ghqrwh wkh sulfh vlpsoh{ iru jrrgv/ dqg wkh d{lv odehohg EZc w� uhsuhvhqw

wkh sulfhv ri ulvn dqg sruwirolr doorfdwlrqv ri wkh ulvn| dvvhwv1 Dv lq Iljxuhv 4 dqg

5/ wkh " d{lv lq Iljxuh 6 uhsuhvhqwv wkh ohyho ri ulvn1 Vxssrvh wkdw wkh duf ���
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Iljxuh 6= Elixufdwlrq gldjudpv iru jhqhudo htxloleulxp sureohpv

ghvfulehv htxloleulxp ydoxhv iru R/ Z/ dqg w dv " fkdqjhv1 Zkhq " ' f/ wkh sureohp

uhgxfhv wr dq Duurz0Gheuhx prgho dqg htxloleulxp �{hv jrrgv* sulfhv R dw vrph srlqw/

vd| B/ lq {/ exw wkh sulfh ri ulvn Z dqg sruwirolr kroglqjv zrxog eh lqghwhuplqdwh1

Wkhuhiruh/ dq| srlqw dorqj wkh olqh
#$
B� zrxog eh dq htxloleulxp1 Lq rughu wr dqdo|}h

wkh duf ��� zh qhhg wr �qg �1 Zh dqdo|}h wkh Mdfreldq MERcZcw� wr �qg vrph

vxlwdeoh sdudphwhul}dwlrq iru RE"�/ ZE"�/ dqg wE"� vxfk wkdw wkh Elixufdwlrq Wkhruhp

dssolhv dqg surgxfhv �1 Wkh sdudphwhul}dwlrq ^E"� ' ^f � "2ZE"� fruuhvsrqgv wr

wkh urexvw uhvxow wkdw ulvn suhpld duh uhodwhg wr wkh yduldqfh ri ulvn/ lqglfdwlqj wkdw

wkh Elixufdwlrq Wkhruhp vkrxog frqwlqxh wr dsso|1 Wkhuh pd| eh fdvhv zkhuh wkh

elixufdwlrq phwkrg xvhg deryh grhv qrw dsso|/ exw zh frqmhfwxuh wkdw wklv dssurdfk

zloo riwhq vxffhhg vlqfh/ jhqhulfdoo|/ htxloleulxp grhv h{lvw iru hqgrzphqw hfrqrplhv

zlwk lqfrpsohwh dvvhw pdunhwv1

Wkh pxowlfrpprglw| fdvh zrxog surgxfh pruh frpsoh{ uhvxowv1 Iru h{dpsoh/

wkhuh frxog eh d vhfrqg htxloleulxp duf/ vxfk dv ����� � zklfk fruuhvsrqgv wr d vhf0

rqg vhw ri htxloleulxp sulfhv dw B� iru jrrgv lq wkh ghwhuplqlvwlf hfrqrp|1 Wkdw grhv

qrw suhvhqw dq| hvvhqwldo gl!fxow| dv orqj dv wkh orfdo surshuwlhv ri wkh v|vwhp ri htxl0

oleulxp htxdwlrqv MERc Zc wc "� ' f vdwlv�hv wkh elixufdwlrq wkhruhp1 Rwkhu frpsoh{

srvvlelolwlhv pd| dulvh/ vxfk dv pxowlsoh htxloleulxp dufv sdvvlqj wkurxjk d elixufd0

wlrq srlqw �1 Wkh elixufdwlrq phwkrgv suhvhqwhg lq wklv sdshu fdqqrw kdqgoh vxfk d
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fdvh/ exw/ iruwxqdwho|/ wkhuh duh pruh srzhuixo wrrov iurp elixufdwlrq dqg vlqjxodulw|

wkhru| zklfk frxog kdqgoh vrph ri wkhvh sureohpv1 Suhvxpdeo|/ wkh ydulhw| ri zho0

iduh uhvxowv lq Kduw/ Hoxo/ dqg Fdvv dqg Flwdqqd/ zrxog dovr dulvh dv|pswrwlfdoo| lq

pxowljrrg hfrqrplhv1 Wkh nh| srlqw lv wkdw wkh vlwxdwlrq lq Iljxuh 6 lv frqfhswxdoo|

vlplodu wr wkh vwuxfwxuh lq Iljxuhv 4 dqg 5/ dqg edvlf wrrov iurp elixufdwlrq wkhru|

vkrxog eh deoh wr kdqgoh pdq| pxowlfrpprglw| prghov1

<1 Frqfoxvlrq

Zh kdyh xvhg elixufdwlrq dssur{lpdwlrq phwkrgv wr h{dplqh vlpsoh dvvhw pdunhw

sureohpv zlwk vpdoo qrlvh1 Wkh dqdo|vlv surgxfhv d phdq0yduldqfh0vnhzqhvv0hwf1

wkhru| ri dvvhw ghpdqg dqg dvvhw pdunhw htxloleulxp/ dqg irxqg vhyhudo lqwhuhvwlqj

uhvxowv1 Zh irxqg wkdw wkh dgglwlrq ri ghulydwlyh dvvhw zloo lqfuhdvh wkh sulfh ri wkh

xqghuo|lqj htxlw| vwrfn1 Dovr/ wkh ghpdqg iru d ghulydwlyh dvvhw ghshqgv rq vnhzqhvv

surshuwlhv ri dvvhw uhwxuqv dqg wkh uhodwlyh vnhz wrohudqfh ri lqyhvwruv1 Wkhvh uhvxowv

lqglfdwh wkdw vnhzqhvv dqg vnhz wrohudqfh zloo eh lpsruwdqw ghwhuplqdqwv ri dvvhw

lqqrydwlrq lq pruh jhqhudo frqwh{wv dqg lqglfdwh wkdw uhvxowv iurp olqhdu0txdgudwlf

ru phdq0yduldqfh prghov duh ri olplwhg uhohydqfh1 Wkh dssurdfk dovr vkrzv wkdw/ lq

vpdoo qrlvh hfrqrplhv/ htxloleulxp ghshqgv rq wkh xwlolw| surshuwlhv ri wudghuv dqg

wkh prphqwv ri uhwxuqv/ qrw rq wkh qxpehu ri frqwlqjhqw vwdwhv1 Wkh dv|pswrwlf

dssurdfk surylghv pruh lqwxlwlyh uhvxowv wkdq wkh xvxdo vwdwh0frqwlqjhqw dssurdfk1

Wkh pdwkhpdwlfdo wrrov duh txlwh jhqhudo dqg fdq eh dssolhg wr idu pruh frpsoh{

sureohpv1 ]hlgohu vkrzv wkdw wkh fulwlfdo elixufdwlrq wkhruhpv krog lq Edqdfk vsdfhv1

Iru h{dpsoh/ sduwldo gl�huhqwldo htxdwlrqv wkdw fkdudfwhul}h dvvhw sulfhv lq frqwlqxrxv

wlph fdq dovr eh dssur{lpdwhg e| h{dplqlqj elixufdwlrqv ri ghwhuplqlvwlf fdvhv1 Wkh

vwhsv lq vxfk dq dssolfdwlrq ri wkh elixufdwlrq wkhruhp uhtxluh wkh vroxwlrq ri olqhdu

sduwldo gl�huhqwldo htxdwlrqv1

Wklv sdshu irfxvvhg rq txdolwdwlyh dqdo|vhv/ exw wkh h{sdqvlrqv ghulyhg khuh frxog

kdyh ydoxh dv d qxphulfdo phwkrg iru vroylqj vshfl�f fdvhv> zh ohdyh wkdw srvvlelolw|

iru dqrwkhu vwxg|1 Wklv sdshu irfxvvhg rq dssolfdwlrqv ri elixufdwlrq phwkrgv exw

pdq| ri wkh vdph srlqwv frxog eh pdgh iru dssolfdwlrqv ri wkh LIW1 Hfrqrplvwv duh

idploldu zlwk frpsdudwlyh vwdwlfv dqdo|vlv/ vxfk dv wkdw lq Mrqhv ^45`/ exw wkdw lv

jhqhudoo| olplwhg wr �uvw0rughu h{sdqvlrqv1 Kljkhu0rughu dssur{lpdwlrqv frxog riwhq
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eh xvhg wr lpsuryh txdolwdwlyh dqg txdqwlwdwlyh dqdo|vlv ri hfrqrplf prghov1

Wkh qhfhvvdu| pdwkhpdwlfv iru ghulylqj h{sdqvlrqv kdyh ehhq nqrzq iru d orqj

wlph/ exw wkh fxpehuvrph dojheud pdgh wkhp lpsudfwlfdo xqwlo qrz1 Iruwxqdwho|/

wkh vshhg ri prghuq frpsxwhuv dqg wkh dydlodelolw| ri v|perolf odqjxdjh vriwzduh

qrz pdnhv elixufdwlrq phwkrgv/ dqg vlplodu shuwxuedwlrq phwkrgv/ d sudfwlfdo zd|

wr dgguhvv lpsruwdqw hfrqrplf sureohpv1
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Uhihuhqfhv

^4` Ehqvrxvvdq/ D1= Shuwxuedwlrq phwkrgv lq rswlpdo frqwuro1 Mrkq Zloh| dqg Vrqv/

Fklfkhvwhu/ 4<;;1

^5` Eurzq/ G1 M1/ GhPdu}r/ S1 P1/ Hdyhv/ E1 F1= Frpsxwlqj htxloleuld zkhq dvvhw

pdunhwv duh lqfrpsohwh1 Hfrqrphwulfd 97/ 405: +4<<9,

^6` Fdvv/ G1/ Flwdqqd/ D1= Sduhwr lpsurylqj �qdqfldo lqqrydwlrq lq lqfrpsohwh pdu0

nhwv1 Hfrqrplf Wkhru| 44/ +4<<;,= 79:07<7

^7` Fkldssrul/ S10D1/ Jhr�dug/ S1 \1/ dqg Jxhvqhulh/ U1= Vxqvsrw  xfwxdwlrqv

durxqg d vwhdg| vwdwh= Wkh fdvh ri pxowlglphqvlrqdo/ rqh0vwhs iruzdug orrnlqj

hfrqrplf prghov1 Hfrqrphwulfd 93/ 43<:04459 +4<<5,1

^8` Fkrz/ V1�Q1/ dqg Kdoh M1 N1= Phwkrgv ri elixufdwlrq wkhru|/ Vsulqjhu�Yhuodj/

Qhz \run/ 4<;51

^9` GhPdu}r/ S1 P/ dqg Hdyhv/ E1 F1= Frpsxwlqj htxloleuld ri JHL e| uhorfdol}dwlrq

rq d Judvvpdqq pdqlirog1 Mrxuqdo ri Pdwkhpdwlfdo Hfrqrplfv/ 59/ 7:<07<:

+4<<9,1

^:` Hoxo/ U1= Zhoiduh h�hfwv ri �qdqfldo lqqrydwlrq lq lqfrpsohwh pdunhwv hfrqrplhv

zlwk vhyhudo frqvxpswlrq jrrgv/ Mrxuqdo ri Hfrqrplf Wkhru| 98/ 760:; +4<<8,1

^;` Iohplqj/ Z1= Vwrfkdvwlf frqwuro iru vpdoo qrlvh lqwhqvlwlhv1 VLDP Mrxuqdo ri

Frqwuro </ +4<:4,1

^<` Iohplqj/ Z1/ dqg Vrxjdqlghv S1 H1= Dv|pswrwlf vhulhv dqg wkh phwkrg ri ydq0

lvklqj ylvfrvlw|1 Lqgldqd Xqlyhuvlw| Pdwkhpdwlfv Mrxuqdo 68/ 758077: +4<;9,1

^43` Jdvsdu/ M1/ dqg Mxgg/ N1 O1= Vroylqj odujh0vfdoh udwlrqdo h{shfwdwlrqv prghov/

Pdfurhfrqrplf G|qdplfv 4/ 780:8 +4<<:,1

^44` Kduw/ R1= Rq wkh rswlpdolw| ri htxloleulxp zkhq wkh pdunhw vwuxfwxuh lv lqfrp0

sohwh1 Mrxuqdo ri Hfrqrplf Wkhru| 44/ 74;0776 +4<:8,1
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^45` Mrqhv/ U1 Z1= Wkh vwuxfwxuh ri vlpsoh jhqhudo htxloleulxp prghov1 Mrxuqdo ri

Srolwlfdo Hfrqrp|/ :6/ 88:08:5 +4<98,1

^46` Mxgg/ N1 O1= Dssur{lpdwlrq/ shuwxuedwlrq/ dqg surmhfwlrq phwkrgv lq hfrqrplf

dqdo|vlv/ lq Kdqgerrn ri Frpsxwdwlrqdo Hfrqrplfv/ K1 Dppdq/ G1 Nhqgulfn/

dqg M1 Uxvw/ hgv1 Qruwk Kroodqg1 4<<91

^47` Mxgg/ N1 O1/ dqg Jxx/ V10P1= Shuwxuedwlrq vroxwlrq phwkrgv iru hfrqrplf jurzwk

prghov/ lq Hfrqrplf dqg Ilqdqfldo Prgholqj zlwk Pdwkhpdwlfd/ Kdo Yduldq/ hg1/

Vsulqjhu0Yhuodj= Qhz \run/ 4<<61

^48` Mxgg/ N1 O1/ dqg Jxx/ V10P1= Dq dv|pswrwlf wkhru| ri �qdqfldo lqqrydwlrq/

plphr/ 53331

^49` Nlp/ M1/ dqg Nlp/ V1 K1= Vsxulrxv zhoiduh uhyhuvdov lq lqwhuqdwlrqdo exvlqhvv

f|foh prghov/ plphr/ 4<<<1 +kwws=22 zzz1vwdqirug1hgx2 jurxs2VLWH2 nlp1sgi,

^4:` Nlpedoo/ P1 V1= Suhfdxwlrqdu| vdylqj lq wkh vpdoo dqg lq wkh odujh1 Hfrqrphwulfd

8;/ 860:6 +4<<3,1

^4;` N|godqg/ I1 H1/ dqg Suhvfrww/ H1 F1= Wlph wr exlog dqg djjuhjdwh  xfwxdwlrqv1

Hfrqrphwulfd 83/ 4678046:3 +4<;5,1

^4<` Ohlvhq/ G1/ dqg Mxgg/ N1 O1= Sulflqj dqg khgjlqj rswlrqv lq d vwrfkdvwlf yrodwlolw|

Prgho1 plphr/ 4<<<1

^53` Pdjloo/ M1 S1 P1= D orfdo dqdo|vlv ri �0vhfwru fdslwdo dffxpxodwlrq xqghu xqfhu0

wdlqw|1 Mrxuqdo ri Hfrqrplf Wkhru|/ 48/ 544�54< +4<::,1

^54` Pdjloo/ M1 S1 P1/ dqg Txlq}ll/ P1= Wkhru| ri lqfrpsohwh pdunhwv1 Yroxph 4/

Fdpeulgjh= PLW Suhvv 4<<91

^55` Vdpxhovrq/ S1 D1= Wkh ixqgdphqwdo dssur{lpdwlrq wkhruhp ri sruwirolr dqdo|vlv

lq whupv ri phdqv/ yduldqfhv dqg kljkhu prphqwv1 Uhylhz ri Hfrqrplf Vwxglhv

6:/ 86:�875 +4<:3,1
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^56` Vfkphgghuv/ N1= Frpsxwlqj htxloleuld lq wkh jhqhudo htxloleulxp prgho zlwk

lqfrpsohwh dvvhw pdunhwv1 Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro/ 55/ 46:80

4734 +4<<;,1

^57` Vfkphgghuv/ N1= Prqrsrolvwlf vhfxulw| ghvljq lq �qdqfh hfrqrplhv1 Hfrqrplf

Wkhru|/ wklv lvvxh1

^58` Whvdu/ O1= Hydoxdwlqj wkh jdlqv iurp lqwhuqdwlrqdo ulvnvkdulqj1 Fduqhjlh0

Urfkhvwhu Frqihuhqfh Vhulhv rq Sxeolf Srolf|/ 75/ <80476 +4<<8,1

^59` ]hlgohu/ H1= Qrqolqhdu ixqfwlrqdo dqdo|vlv dqg lwv dssolfdwlrqv= Yroxph L/

Vsulqjhu0Yhuodj= Qhz \run/ 4<;91
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7KH IROORZLQJ 0DWKHPDWLFD SURJUDP FRPSXWHV DVVHW PDUNHW HTXLOLEULXP IRU WZR LQYHVWRUV� RQH VDIH DVVHW� DQG RQH RU WZR

ULVN\ DVVHWV�

7KH ILUVW FRPPDQG WXUQV RII DQQR\LQJ VSHOOLQJ TXHULHV�

2II#*HQHUDO��VSHOO�'

� �����������������

� �����������	
�

'HILQH WKH WZR ULVN\ DVVHWV
 UHWXUQV� = DQG <� LQ WHUPV RI ]HUR�PHDQ UDQGRP YDULDEOHV ] DQG \� H LV WKH VFDOLQJ

SDUDPHWHU� HTXDO WR WKH VWDQGDUG GHYLDWLRQ LQ WKH H�HFRQRP\� = LV DQ DVVHW ZLWK PHDQ UHWXUQ 5 DQG YDULDQFH H
�� DQG LV LQ

SRVLWLYH QHW VXSSO\� ,W UHSUHVHQWV HTXLW\� 7R NHHS WKH IRUPXODV VLPSOH� ZH DVVXPH WKDW WKH UHWXUQ RQ ERQGV� 5� LV �� 7KLV LV

HTXLYDOHQW WR DVVXPLQJ WKDW WKH ERQG LQ WKH VHFRQG SHULRG LV WKH QXPHUDLUH�

7KHVH IDFWV LPSO\ WKDW = FDQ EH GHFRPSRVHG LQ WKH IROORZLQJ PDQQHU�

=  � � H ]�

< LV WKH GHULYDWLYH DVVHW DQG KDV ]HUR QHW VXSSO\� ,W KDV PHDQ UHWXUQ H P<� LV SDUWLDOO\ FRUUHODWHG ZLWK = WKURXJK D H D ] WHUP�

DQG KDV DQ RUWKRJRQDO FRPSRQHQW H \� 7KHVH IDFWV LPSO\ WKDW < FDQ EH UHSUHVHQWHG DV

<  H P< � H D ] � H \�

7KH SULFH RI = +< / LV S +T/� :H SDUDPHWUL]H WKHP LQ WHUPV RI WKH VFDOLQJ SDUDPHWHU H� WKH PHDQ RI < � P<� DQG WKH

SUHPLD RI = DQG < � GHQRWHG 3 DQG <�

S  � � H
�
3 � T  H P< � H

�
< �

1RWH� 7KH QRWDWLRQ LQ WKH QRWHERRN FRUUHVSRQGV WR WKH QRWDWLRQ LQ WKH SDSHU H[FHSW IRU D PLQRU FKDQJH� ,Q 0DWKHPDWLFD� WKH

OHWWHU S LV UHVHUYHG IRU ���������� DQG VR ZH FRXOG QRW XVH LW DV WKH ULVN SUHPLXP IRU =� 7KHUHIRUH� ZH XVH 3 LQVWHDG� 7R

PDLQWDLQ WKH V\PPHWU\ ZH DOVR OHW < GHQRWH WKH SUHPLXP IRU < �

:L LV ILQDO ZHDOWK RI W\SH L LQYHVWRU� T LV W\SH � GHPDQG IRU HTXLW\� THL LV W\SH L HQGRZPHQW RI HTXLW\ DQG %HL LV W\SH L

HQGRZPHQW RI ERQGV� I LV W\SH �
V GHPDQG IRU <� � I LV W\SH � GHPDQG� ,Q HTXLOLEULXP� W\SH � LQYHVWRUV ZLOO KROG

%LI(70D\���QE �



TH��TH��T VKDUHV RI VWRFN� � LQ 0DWKHPDWLFD SUHYHQW XV IURP XVLQJ T
L

H �%
L

H� WR GHQRWH W\SH L HQGRZPHQW RI WKH ULVN\ DVVHW

�ERQG���

TH�  TH�� TH�  TH��

:�  +%H� � S TH� � S T � T I/ � T= � I <

:�  +%H� � S TH� � S +TH� � TH� � T/ � T +�I// � +TH� � TH� � T/ = � +�I/ <�

:�  ([SDQG#:�'�

:�  ([SDQG#:�'�

+� � ] H/ T � T +� � H� 3/ � +\ H � ] D H � H P</ I � I +H P< � H� </ � %H� � +� � H
� 3/ TH�

:H FRPSXWH WKH IRXU ILUVW�RUGHU FRQGLWLRQV IRU WKH WZR LQYHVWRUV DQG WKH WZR ULVN\ DVVHWV� 7KH ERQG GHPDQG LV

GHWHUPLQHG E\ VXEVWUDFWLQJ ULVN\ DVVHW GHPDQG IURP LQLWLDO ZHDOWK� :H GLYLGH HDFK ILUVW�RUGHU FRQGLWLRQ E\ H WR HOLPLQDWH RQH

GHJUHH RI GHJHQHUDF\� )2&LM LV WKH ILUVW�RUGHU FRQGLWLRQ RI W\SH L LQYHVWRU ZLWK UHVSHFW WR ULVN\ DVVHW M� ZKHUH M  � LV HTXLW\

DQG M  � UHIHUV WR WKH GHULYDWLYH�

)2&��  +�sH/ '#X�#:�'� T' ss 6LPSOLI\

)2&��  +�sH/ '#X�#:�'� I' ss 6LPSOLI\

)2&��  +�sH/ '#X�#:�'� T' ss 6LPSOLI\

)2&��  +�sH/ '#X�#:�'� I' ss 6LPSOLI\

+] � H 3/ X�
� #H +] T � H T 3 � \ I � ] D I � H I </ � %H� � +� � H

� 3/ TH�'

+\ � ] D � H </ X
�

� #H +] T � H T 3 � \ I � ] D I � H I </ � %H� � +� � H
� 3/ TH�'

�+] � H 3/ X�
� #�] H T � H� T 3 � \ H I � ] D H I � H� I < � %H� � H +] � H 3/ TH� � TH� � ] H TH�'

�+\ � ] D � H </ X�
� #�] H T � H� T 3 � \ H I � ] D H I � H� I < � %H� � H +] � H 3/ TH� � TH� � ] H TH�'

(YHQ WKRXJK ZH KDYH GLYLGHG E\ H� WKHVH ILUVW�RUGHU FRQGLWLRQV GHVFULEH WKH VLWXDWLRQ DW H ��

7KHVH IRXU ILUVW�RUGHU FRQGLWLRQV GHILQH HTXLOLEULXP� 'HILQH * WR EH WKH YHFWRU RI ILUVW�RUGHU FRQGLWLRQV�

� ���
����������������	����
������������

:H QH[W GHILQH OLVWV RI VXEVWLWXWLRQV WKDW ZLOO DOORZ XV WR FRPSXWH WKH PRPHQWV RI ] DQG \� 7KH GRXEO\ VXEVFULSWHG

WHUP PP�Q GHQWRHV WKH H[SHFWDWLRQ RI ]
P
\
Q� :H ZLOO RIWHQ QHHG WR FRPSXWH H[SHFWDWLRQV RI RXU 7D\ORU VHULHV H[SDQVLRQV�

:H FRXOG LQYRNH 0DWKHPDWLFD
V ,QWHJUDWH FRPPDQG� EXW ZH FDQ GR EHWWHU E\ VHDUFKLQJ IRU VSHFLILF WHUPV LQ RXU SRO\QRPLDOV

DQG UHSODFLQJ WKHP ZLWK WKHLU LQWHJUDOV� )RU H[DPSOH� ZKHQHYHU ZH VHH DQ LVRODWHG ] LQ DQ H[SUHVVLRQ ZH NQRZ WKDW ZKHQ WKH

LQWHJUDO MXVW LW LV UHSODFHV WKH ] WHUP E\ WKH PHDQ RI ]� ZKLFK LV GHQRWHG DV P���� 7KLV ZRUNV EHWWHU WKDQ 0DWKHPDWLFD VLQFH

ZH NQRZ WKDW RXU IXQFWLRQ LV D SRO\QRPLDO ZKHUHDV 0DWKHPDWLFD QHHGV WR VSHQG WLPH WR DVFHUWDLQ WKDW IDFW� 7KH IROORZLQJ

UHSODFHPHQW UXOHV LPSOHPHQW WKLV DSSURDFK WR LQWHJUDWLRQ�

RZQPRPHQWV  �] � P���� ]PB � PP��� \ � P���� \PB � P��P�

FURVVPRPHQWV  �]PB \QB � PP�Q� ] \QB � P��Q� ]PB \ � PP���

�] � P���� ]
PB
� PP��� \ � P���� \

PB
� P��P�

�\QB ]PB � PP�Q� \
QB
] � P��Q� \ ]

PB
� PP���

%LI(70D\���QE �



2XU GHILQLWLRQ RI < GHFRPSRVHG LW LQWR LWV PHDQ� FRYDULDQFH ZLWK =� DQG UHVLGXDO� :LWKRXW ORVV RI JHQHUDOLW\� ZH VHW

WKH PHDQ RI ] DQG \ WR ]HUR�

]HURPHDQ  �P��� � �� P��� � ���

:H FDQ DOVR PDNH ] DQG \ RUWKRJRQDO DQG VHW WKH YDULDQFH RI ] HTXDO WR ��

RUWKRJRQDO  �P��� � �� P��� � ���

:H QRZ JDWKHU DOO WKH VXEVWLWLRQV LQWR RQH OLVW�

PRPHQWV  -RLQ#RZQPRPHQWV� FURVVPRPHQWV� ]HURPHDQ� RUWKRJRQDO'

�] � P���� ]PB � PP��� \ � P���� \PB � P��P� \QB ]PB � PP�Q�

\QB ] � P��Q� \ ]PB � PP��� P��� � �� P��� � �� P��� � �� P��� � ��

7KH IROORZLQJ VXEVWLWXWLRQV DSSO\ LQ WKH FDVH ZKHUH WKHUH LV QR GHULYDWLYH VHFXULW\� 7KH\ VD\ WKDW DOO FURVV�PRPHQWV

EHWZHHQ ] DQG \ DUH ]HUR� 1RWH WKDW \ PXVW EH QRQ]HUR VLQFH ZH VHW LWV YDULDQFH WR �� +RZHYHU� LI DOO RI LWV PRPHQWV DUH

XQFRUUHODWHG ZLWK DOO PRPHQWV RI WKH HQGRZPHQW WKHQ LW LV D SXUH JDPEOH DQG ZLOO QRW EH WUDGHG LQ HTXLOLEULXP�

1R'HULY  7DEOH#PP�Q � �� �P� �� ��� �Q� �� ��' ss )ODWWHQ

�P��� � �� P��� � �� P��� � �� P��� � �� P��� � �� P��� � �� P��� � �� P��� � �� P��� � ��

P��� � �� P��� � �� P��� � �� P��� � �� P��� � �� P��� � �� P��� � �� P��� � �� P��� � ��

P��� � �� P��� � �� P��� � �� P��� � �� P��� � �� P��� � �� P��� � �� P��� � �� P��� � ��

P��� � �� P��� � �� P��� � �� P��� � �� P��� � �� P��� � �� P��� � �� P��� � �� P��� � ��

:H GHILQH D FRQYHQLHQW OLVW RI VLPSOLI\LQJ VXEVWLWXWLRQV ZKLFK 0DWKHPDWLFD GLG QRW DXWRPDWLFDOO\ H[HFXWH�

VXE�  �
�
cccc

�
+� %H� � � TH�/ � +%H� � TH�/�
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�
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�
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:H FKHFN IRU WKH QRQVLQJXODULW\ RI WKH VROYDELOLW\ PDWUL[� *H�/ ZKHUH / �T�I�3�<�� )LUVW GHILQH WKH VROYDELOLW\ PDWUL[�

*H�/  
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(YDOXDWH *H�/ DW H � DQG GLVSOD\ LW LQ PDWUL[ IRUP�
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&RPSXWH WKH GHWHUPLQDQW RI ( �*H�/��

+'HW#([S*' ss 6LPSOLI\/ ss� PRPHQWV
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� #%H� � TH�' X�

��#%H� � TH�' � X�
� #%H� � TH�' X�

��#%H� � TH�'/
�

$V ORQJ DV P��� LV QRW ]HUR� WKLV GHWHUPLQDQW LV VWULFWO\ SRVLWLYH DQG *H�/ LV QRQVLQJXODU

� "���	����������������#���	���������	������

:H FRQVWUXFW VXEVWLWXWLRQV WKDW ZLOO GHILQH WKH HTXLOLEULXP PDSSLQJV IURP WKH VFDOLQJ SDUDPHWHU H WR WKH HTXLOLEULXP

YDOXHV RI �T�I�3�<��

3RUWIROLR6XEV  �T � T#H'� I � I#H'�

�T � T#H'� I � I#H'�

3UHPLD6XEV  �3 � 3#H'� < � <#H'�

�3 � 3#H'� < � <#H'�

7R FRQVWUXFW WKH HTXLOLEULXP HTXDWLRQV ZH WDNH WKH ILUVW�RUGHU FRQGLWLRQV DQG UHSODFH WKH WKH SRUWIROLR YDULDEOHV� T

DQG I� DQG WKH ULVN SUHPLXP YDULDEOHV� 3 DQG <� ZLWK WKHLU HTXLOLEULXP PDSV�
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(40��  )2&�� s� 3RUWIROLR6XEV s� 3UHPLD6XEV

(40��  )2&�� s� 3RUWIROLR6XEV s� 3UHPLD6XEV

(40��  )2&�� s� 3RUWIROLR6XEV s� 3UHPLD6XEV

(40��  )2&�� s� 3RUWIROLR6XEV s� 3UHPLD6XEV
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�
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� #%H� � TH� � ] H TH� � ] H T#H' �
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� I#H' <#H''

+\ � ] D � H <#H'/
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� #%H� � TH� +� � H

� 3#H'/ � H +] T#H' � H T#H' 3#H' � \ I#H' � ] D I#H' � H I#H' <#H'/'

�+\ � ] D � H <#H'/ X
�

� #%H� � TH� � ] H TH� � ] H T#H' �

H� T#H' 3#H' � H TH� +] � H 3#H'/ � \ H I#H' � ] D H I#H' � H
� I#H' <#H''

7KH HTXLOLEULXP HTXDWLRQV DUH UHDOO\ WKH H[SHFWDWLRQV � (^(40LM`� :H ZLOO H[HFXWH WKH LQWHJUDWLRQV ODWHU� DIWHU WKH 7D\ORU

VHULHV H[SDQVLRQV� VLQFH LW LV SHUPLVVLEOH WR LQWHUFKDQJH WKH LQWHJUDWLRQ DQG GLIIHUHQWLDWLRQ RSHUDWLRQV�

:H GHILQH DEEUHYDWLRQV IRU WKH GHULYDWLYHV� WKLV KHOSV PDNH WKH IRUPXODV PRUH XQGHUVWDQGDEOH WKDQ WKH RQHV DXWRPDWL�

FDOO\ JHQHUDWHG E\ 0DWKHPDWLFD�

8WLO'HULYV  �'HULYDWLYH#QB'#XLB'#%HLB � THLB' �! $L#Q'�

�XLB
+QB/#%HLB � THLB' � $L#Q' 

:H ZDQW WR UHSODFH GHULYDWLYHV RI WKH XWLOLW\ IXQFWLRQ� WKH $L#P' WHUPV� ZLWK ULVN WROHUDQFH� WL� VNHZ WROHUDQFH� UL� DQG

NXUWRVLV WROHUDQFH� NL� 7KH QH[W VXEVWLWXWLRQ UXOH GRHV WKDW�

XWLOSDUDPV  �$LB#�' � �

$L#�'
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� $LB#�' �
� UL $L#�'
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WL
�

� $LB#�' �
� NL $L#�'
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�

� $LB#�' � � 
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$L#�'
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� $LB#�' �
� UL $L#�'
cccccccccccccccccccccccccc

WL
�

� $LB#�' �
� NL $L#�'
cccccccccccccccccccccccccc

WL
�

� $LB#�' � � 

,W LV RIWHQ XVHIXO WR UHIHU WR WKH VRFLDO ULVN WROHUDQFH� 7 � DQG H[SUHVV W\SH L ULVN WROHUDQFH DV D VKDUH� QL� RI WRWDO ULVN WROHUDQFH�

7KH IROORZLQJ UHSODFHPHQW UXOH DOORZV XV WR GR WKDW�

WDXUHSV  �W� � W� � 7� WLB � XL 7� X� � X� � ���

:H QRZ FRPSXWH WKH SRZHU VHULHV H[SDQVLRQV RI WKH IRXU HTXLOLEULXP FRQGLWLRQV� :H IXOO\ H[SDQG HDFK VHULHV VR WKDW WKH

YDULRXV SRZHUV RI ] DQG \ DUH JDWKHUHG WRJHWKHU� 7KLV LV QHFHVVDU\ IRU RXU LQWHJUDWLRQ DSSURDFK WR ZRUN�

(TP3RZ��  +1RUPDO#6HULHV#(40�� � �H� �� ��'' s� VXE�/ ss� 8WLO'HULYV�

(TP3RZ��  ([SDQG#(TP3RZ��'�

(TP3RZ��  +1RUPDO#6HULHV#(40�� � �H� �� ��'' s� VXE�/ ss� 8WLO'HULYV�

(TP3RZ��  ([SDQG#(TP3RZ��'�

(TP3RZ��  +1RUPDO#6HULHV#(40�� � �H� �� ��'' s� VXE�/ ss� 8WLO'HULYV�

(TP3RZ��  ([SDQG#(TP3RZ��'�

(TP3RZ��  +1RUPDO#6HULHV#(40�� � �H� �� ��'' s� VXE�/ ss� 8WLO'HULYV�

(TP3RZ��  ([SDQG#(TP3RZ��'�
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:H QRZ WDNH WKH H[SHFWDWLRQ RI HDFK HTXLOLEULXP HTXDWLRQ
V SRZHU VHULHV� 6LQFH ] DQG \ DUH WKH RQO\ UDQGRP YDULDEOHV� ZH

UHSODFH HDFK SRZHU RI ] DQG \ DQG HDFK FURVVSURGXFW E\ WKH DSSURSULDWH PRPHQW�

(TP3RZ��  (TP3RZ�� ss� PRPHQWV�

(TP3RZ��  (TP3RZ�� ss� PRPHQWV�

(TP3RZ��  (TP3RZ�� ss� PRPHQWV�

(TP3RZ��  (TP3RZ�� ss� PRPHQWV�

7KH ILQDO VWHS LQ FRQVWUXFWLQJ WKH HTXLOLEULXP H[SUHVVLRQV LV WR FROOHFW WHUPV RI OLNH SRZHUV RI H DQG OLVW WKH FRHIILFLHQWV RI

HDFK SRZHU RI H� 7KLV SXWV WKH HTXDWLRQV LQ WKH SURSHU DUUDQJHPHQW IRU VROYLQJ WKH SUREOHP�

HTQV��  &RHIILFLHQW/LVW#(TP3RZ��� H'�

HTQV��  &RHIILFLHQW/LVW#(TP3RZ��� H'�

HTQV��  &RHIILFLHQW/LVW#(TP3RZ��� H'�

HTQV��  &RHIILFLHQW/LVW#(TP3RZ��� H'�

� ������������������������������������������

� �����������

7KH FRHIILFLHQWV RI WKH H
� FRPSRQHQWV RI WKH HTXLOLEULXP SRZHU VHULHV VKRXOG EH ]HUR� :H QRZ FKHFN ZKDW WKH\ DUH�

�HTQV��##�''� HTQV��##�''� HTQV��##�''� HTQV��##�''�

��� �� �� ��

7KLV VKRZV WKDW ZH FDQ FRQWLQXH� ,I WKLV ZHUH QRW D YHFWRU RI ]HURHV WKHQ ZH ZRXOG NQRZ WKDW RXU SDUDPHWHUL]DWLRQ GLG QRW

IXOILOO WKH QHFHVVDU\ FRQGLWLRQV RI WKH %LIXUFDWLRQ 7KHRUHP�

� �����������

:H FRPSXWH WKH ELIXUFDWLRQ SRLQW E\ FKRRVLQJ �T>�@�I>�@�<>�@�3>�@� VR WKDW WKH H FRPSRQHQWV RI WKH HTXLOLEULXP

HTXDWLRQ H[SDQVLRQ DUH ]HUR� :H ILUVW OLVW WKH HTXDWLRQV

HT�  HTQV��##�'' ss 6LPSOLI\ ss ([SDQG

HT�  HTQV��##�'' ss 6LPSOLI\ ss ([SDQG

HT�  HTQV��##�'' ss 6LPSOLI\ ss ([SDQG

HT�  HTQV��##�'' ss 6LPSOLI\ ss ([SDQG

3#�' $�#�' � T#�' $�#�' � D I#�' $�#�'

�3#�' $�#�' � TH� $�#�' � TH� $�#�' � T#�' $�#�' � D I#�' $�#�'

<#�' $�#�' � D T#�' $�#�' � D
� I#�' $�#�' � P��� I#�' $�#�'

�<#�' $�#�' � D TH� $�#�' � D TH� $�#�' � D T#�' $�#�' � D
� I#�' $�#�' � P��� I#�' $�#�'
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:H QH[W VROYH IRU ELIXUFDWLRQ SRLQW�

%LI3W  6ROYH#�HT� m �� HT� m �� HT� m �� HT� m ��� � T#�'� I#�'� <#�'� 3#�'�'##�''
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:H VLPSOLI\ WKH H[SUHVVLRQ� EULQJLQJ WRJHWKHU FRPPRQ IDFWRUV�

%LI3W  %LI3W ss 6LPSOLI\
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:H QH[W VLPSOLI\ E\ XVLQJ WKH HTXLOLEULXP FRQGLWLRQV� (VVHQWLDOO\� ZH ZDQW WR UHSODFH DOO RFFXUUHQFHV RI TH� � TH� WHUPV�

WKH DJJUHJDWH HQGRZPHQW RI WKH ULVN\ DVVHW� ZLWK LWV YDOXH� ��

/HW 4 EH WKH WRWDO HQGRZPHQW RI WKH ULVN\ DVVHW� ZKLFK ZH VHW HTXDO WR �� (TP6XEV GHILQHV YDULRXV VXEVWLWXWLRQV WKDW H[SUHVV

WKH LGHQWLW\ TH� � TH�  4� DQG ZLOO DOORZ XV WR VLPSOLI\ YDULRXV H[SUHVVLRQV�

4  �� (TP6XEV  �TH� � TH� � 4� TH� � TH� � 4 � �� 4 � TH� � TH� � ��

�TH� � TH� � �� �� � TH� � TH� � �� � � TH� � TH� � ��

6LPSOLI\ %LI3W E\ XVNQJ WKH VXEVWLWXWLRQV LQ (TP6XEV

%LI3W  %LI3W ss� (TP6XEV
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:H GR QRW OLNH WKH XWLOLW\ GHULYDWLYHV� $L#M'� :H DSSO\ VXEVWLWXWLRQV FRQWDLQHG LQ XWLOSDUDPV� GHILQHG DERYH� WKDW UHSODFH

XWLOLW\ GHULYDWLYHV ZLWK LQGLFHV VXFK DV ULVN WROHUDQFH�

%LI3W  %LI3W ss� XWLOSDUDPV

�<#�' � �
D

cccccccccccccccccccccccccccccccccccccccccc
W� ,� �ccccc

W�

� �ccccc
W�

0 W�
� T#�' � �

�
cccccccccccccccccccccccccccccccccccc
,� �ccccc

W�

� �ccccc
W�

0 W�
� I#�' � �� 3#�' � �

�
cccccccccccccccccccccccccccccccccccccccccc
W� ,� �ccccc

W�

� �ccccc
W�

0 W�
 

:H QHHG WR VLPSOLI\ WKLV H[SUHVVLRQ IRU %LI3W� 7KH 6LPSOLI\ FRPPDQG FDQ KDQGOH WKLV IRU XV� �,Q JHQHUDO� RQH PXVW EH

FDUHIXO XVLQJ WKH 6LPSOLI\ FRPPDQG VLQFH LW FDQ RIWHQ WDNH D ORQJ WLPH WR ILQG WKH GHVLUHG VLPSOLILFDWLRQ RU LW ZLOO ILQG D

VLPSOLILFDWLRQ RWKHU WKDQ WKH RQH \RX ZDQW��

%LI3W  %LI3W ss 6LPSOLI\
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:H QRZ KDYH DQ LQWXLWLYH H[SUHVVLRQ IRU WKH ELIXUFDWLRQ SRLQW� 7KH SURFHGXUH ZDV GLUHFW� VROYH IRU WKH ELIXUFDWLRQ SRLQW LQ

WHUPV RI XWLOLW\ GHULYDWLYHV DQG HQGRZPHQWV� DQG WKHQ DSSO\ YDULRXV VLPSOLILFDWLRQV WR WUDQVIRUP WKH VROXWLRQ LQWR DQ H[SUHV�

VLRQ LQYROYLQJ HODVWLFLWLHV DQG VKDUHV� %HORZ ZH ZLOO DSSO\ VLPLODU VHTXHQFHV RI VLPSOLILFDWLRQV ZLWKRXW H[SODQDWLRQ�

7KH ELIXUFDWLRQ SRLQW FRQIRUPV WR EDVLF LQWXWLRQV� 7KH ULVN SUHPLXP� 3#�'� HTXDOV WKH LQYHUVH RI WKH WRWDO ULVN WROHUDQFH�
�

ccccccccccc
W��W�

� 7\SH � KROGLQJV RI HTXLW\ HTXDOV LW VKDUH RI VRFLDO ULVN WROHUDQFH� 7KH ULVN SUHPLXP RI WKH GHULYDWLYH DVVHW < � <#�'�

HTXDOV D
ccccccccccc

W��W�

ZKLFK LV WKH SURGXFW RI WKH ULVN SUHPLXP RI HTXLW\ DQG WKH FRYDULDQFH RI < ZLWK ]� �7KLV LV HTXDWLRQ ���� LQ WKH

SDSHU�� 7KH PRVW VXUSULVLQJ UHVXOW LV WKDW WKH DV\PSWRWLF KROGLQJ RI WKH GHULYDWLYH DVVHW LV ]HUR� 7KLV GRHV QRW PHDQ WKDW WKHUH

LV QR GHPDQG IRU WKH GHULYDWLYH� LW PHDQV WKDW GHPDQG LV VPDOOHU WKDQ RUGHU �� :H ZLOO VHH EHORZ WKDW GHPDQG LV RI RUGHU H�

� �����������

:H QH[W FRPSXWH �T
>�@�I
>�@�<
>�@�3
>�@� E\ VHWWLQJ WKH H� FRPSRQHQWV RI WKH HTXLOLEULXP HTXDWLRQV 7D\ORU VHULHV H[SDQVLRQV

HTXDO WR ]HUR� :H LPPHGLDWHO\ PDNH WKH VXEVWLWXWLRQV VWDWHG LQ XWLOSDUDPV�

HT�  HTQV��##�'' ss� XWLOSDUDPV ss ([SDQG�

HT�  HTQV��##�'' ss� XWLOSDUDPV ss ([SDQG�

HT�  HTQV��##�'' ss� XWLOSDUDPV ss ([SDQG�

HT�  HTQV��##�'' ss� XWLOSDUDPV ss ([SDQG�

+HUH LV WKH ILUVW HTXDWLRQ� WKH UHVW DUH VLPLODU�

HT�

U� P��� T#�'
�
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:H QRZ VROYH IRU WKH XQNQRZQV� T 
#�'� I 
#�'� < 
#�'� DQG 3 
#�'� :H VXSSUHVV SULQWLQJ WKH ILUVW VHW RI UHVXOWV VLQFH WKH\ WDNH XS

WRR PXFK VSDFH� 7KH VXEVWLWXWLRQV ZH PDNH EHORZ ZLOO SURGXFH FRPSUHKHQVLEOH H[SUHVVLRQV�

6RO�  6ROYH#�HT� m �� HT� m �� HT� m �� HT� m ��� � T
#�'� I
#�'� <
#�'� 3
#�'�'##�''�

7KH VROXWLRQ LQYROYHV � T#�'� I#�'� <#�'� DQG 3#�'� :H QRZ UHSODFH WKHVH WHUPV ZLWK WKH YDOXHV IRXQG LQ RXU ELIXUFDWLRQ SRLQW

VROXWLRQ� %LI3W�

6RO�  6RO� s� %LI3W�

1RWH� ZH FRXOG KDYH PDGH WKHVH VXEVWLWXWLRQV ZKHQ ZH GHILQHG HT�� HT�� HWF� EXW WKDW ZRXOG QRW EH ZLVH� ,I ZH KDG GRQH WKDW

WKHQ WKH H[SUHVVLRQV LQ HT�� HT�� HWF�� ZRXOG KDYH EHHQ ODUJHU� PDNLQJ PRUH ZRUN IRU 0DWKHPDWLFD� 7KLV ZRXOG QRW KDYH

EHHQ D PDMRU SUREOHP IRU WKLV VHW RI HTXDWLRQV� EXW EHFRPHV LPSRUWDQW ZKHQ ZH PRYH WR KLJKHU�RUGHU WHUPV ZKHUH WKH

VROXWLRQV EHFRPH PRUH FRPSOH[�

:H QH[W VLPSOLI\ WKH UHVXOW ZKLFK SURGXFHV D IDLUO\ FRPSDFW IRUP�
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6RO�  6RO� ss 6LPSOLI\�

6RO� ss 7DEOH)RUP
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:H FDQ IXUWKHU VLPSOLI\ LW E\ DSSO\LQJ WKH HTXLOLEULXP VXEVWLWXWLRQV�

6RO�  6RO� s� (TP6XEV ss 6LPSOLI\�

6RO� ss 7DEOH)RUP
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+W��W�/
�

7KH VROXWLRQ IRU I�#�' LQ 6RO� SURYHV WKH DVVHUWLRQV LQ 7KHRUHP ��

,I WKHUH LV QR GHULYDWLYH VHFXULW\� WKHQ WKH VROXWLRQ LV

6RO�1R<  6RO� ss� 1R'HULY

�<�#�' � �
D +U� W� � U� W�/ P���
cccccccccccccccccccccccccccccccccccccccccccccccccc

+W� � W�/�
�
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+U� � U�/ W� W� P���
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+W� � W�/�
� I�#�' � �� 3�#�' � �

+U� W� � U� W�/ P���
cccccccccccccccccccccccccccccccccccccccccccccc

+W� � W�/�
 

7KLV SURYHV 7KHRUHP �� 7KH VROXWLRQ IRU T�#�' LQ 6RO�1R< SURYHV WKH DVVHUWLRQ LQ HTXDWLRQ ���� DQG WKH VROXWLRQ IRU

3
�#�'LQ 6RO�1R< SURYHV WKH DVVHUWLRQ LQ HTXDWLRQ �����

� &RPSXWH WKH FKDQJH LQ HTXLW\ GHPDQG IURP LQWURGXFWLRQ RI <

1RWLFH WKDW WKH SUHVHQFH RI < KDV QR LPSDFW RQ WKH HTXLW\ SUHPLXP GHULYDWLYH� 3�#�'� EXW LW GRHV DIIHFW HTXLW\ GHPDQG�

T
�#�'� 6R� ZH QRZ GHWHUPLQH WKDW HIIHFW�

,I WKHUH DUH WZR DVVHWV� WKHQ T�#�' LV

WZRDVVHW  T
#�' s� %LI3W s� 6RO�

+U� � U�/ W� W� +�D P��� � P��� P���/
cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

+W� � W�/
�
P���

,I D � WKHQ WKH GHULYDWLYH DVVHW KDV QR LPSDFW RQ HTXLOLEULXP DQG LW LV DV LI LW GLG QRW H[LVW� 7KH VXEVWLWXWLRQV LQ 1R'HULY

�GHILQHG DERYH� VWDWH WKDW WKH GHULYDWLYH LV XQFRUUHODWHG ZLWK HTXLW\ DW DOO PRPHQWV� UHSUHVHQWLQJ WKH FDVH ZKHUH WKHUH LV QR

GHULYDWLYH� 7KHUHIRUH� HTXLW\ GHPDQG LQ LWV DEVHQFH LV
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VLQJOHDVVHW  WZRDVVHW s� 1R'HULY
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:H QH[W FRPSXWH �T
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>�@�<

>�@�3

>�@� E\ VHWWLQJ WKH H� FRPSRQHQWV RI WKH HTXLOLEULXP HTXDWLRQV HTXDO WR ]HUR�

HT�  HTQV��##�'' ss� XWLOSDUDPV s� 6RO� s� %LI3W s� �TH� � 4 � TH�� ss ([SDQG�

HT�  HTQV��##�'' ss� XWLOSDUDPV s� 6RO� s� %LI3W s� �TH� � 4 � TH�� ss ([SDQG�

HT�  HTQV��##�'' ss� XWLOSDUDPV s� 6RO� s� %LI3W s� �TH� � 4 � TH�� ss ([SDQG�

HT�  HTQV��##�'' ss� XWLOSDUDPV s� 6RO� s� %LI3W s� �TH� � 4 � TH�� ss ([SDQG�
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6ROYH IRU WKH VHFRQG GHULYDWLYHV

6RO�  

6ROYH#�HT� m �� HT� m �� HT� m �� HT� m ��� � T
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>�@� SL� H[SUHVVHV WKLV WHUP�

SL�  3

#�' s� 6RO� ss 7RJHWKHU ss ([SDQG

�
� U� W�

�

ccccccccccccccccccccccccc

+W� � W�/
�
�
� TH� U� W�

�

ccccccccccccccccccccccccccc
+W� � W�/

�
�

� U� W�
�

ccccccccccccccccccccccccc
+W� � W�/

�
�
� TH� U� W�

�

ccccccccccccccccccccccccccc
+W� � W�/

�
�

� U� W� W�
ccccccccccccccccccccccccc
+W� � W�/

�
�
� TH� U� W� W�
ccccccccccccccccccccccccccccccccc
+W� � W�/

�
�

� U� W� W�
ccccccccccccccccccccccccc
+W� � W�/

�
�
� TH� U� W� W�
ccccccccccccccccccccccccccccccccc
+W� � W�/

�
�
� TH� U� W�

�

ccccccccccccccccccccccccccc
+W� � W�/

�
�

� U� W�
�

ccccccccccccccccccccccccc
+W� � W�/

�
�
� TH� U� W�

�

ccccccccccccccccccccccccccc
+W� � W�/

�
�

� U�
� W� W� P���

�

cccccccccccccccccccccccccccccccccccc
+W� � W�/

�
P���

�

� U� U� W� W� P���
�

ccccccccccccccccccccccccccccccccccccccccc
+W� � W�/

�
P���

�
� U�

� W� W� P���
�

cccccccccccccccccccccccccccccccccccc
+W� � W�/

�
P���

�
� U�

� W� W� P���
�

cccccccccccccccccccccccccccccccccc
+W� � W�/

�
�
� U� U� W� W� P���

�

ccccccccccccccccccccccccccccccccccccccccc
+W� � W�/

�
�

� U�
� W� W� P���

�

cccccccccccccccccccccccccccccccccc
+W� � W�/

�
�

N� W�
� P���

ccccccccccccccccccccccccc
+W� � W�/

�
�

N� W� W� P���
cccccccccccccccccccccccccccccc
+W� � W�/

�
�

N� W� W� P���
cccccccccccccccccccccccccccccc
+W� � W�/

�
�

N� W�
� P���

ccccccccccccccccccccccccc
+W� � W�/

�

'HILQH WKH SULFH IXQFWLRQ

3ULFH=#HB'  � � H
�
3#H'

� � H� 3#H'

&RPSXWH WKH 7D\ORU VHULHV IRU WKH SULFH IXQFWLRQ

%LI(70D\���QE ��
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:H QH[W FRPSXWH �T
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>�@� E\ VHWWLQJ WKH H� FRPSRQHQWV HTXDO WR ]HUR� :H GR WKLV VLQFH WKHVH WKLUG GHULYD�

WLYHV PD\ SOD\ D UROH LQ WKH XWLOLW\ DQDO\VLV EHORZ�
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HT�  HTQV��##�'' ss� XWLOSDUDPV s� 6RO� s� 6RO� s� %LI3W s� �TH� � 4 � TH���

:H GLVSOD\ WKH ILUVW HTXDWLRQ DV DQ H[DPSOH
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HT� ss 6LPSOLI\
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:H QRZ VROYH IRU WKH WKLUG GHULYDWLYHV� :H GR QRW GLVSOD\ DQ\ RI WKH UHVXOWV VLQFH WKH\ DUH YHU\ ORQJ DQG GLIILFXOW WR LQWHUSUHW�

6RO�  6ROYH#�HT� m �� HT� m �� HT� m �� HT� m ���

� T


#�'� I


#�'� <


#�'� 3


#�'�'##�''�

����������	
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:H ZDQW WR HYDOXDWH WKH LPSDFW RI WKH GHULYDWLYH VHFXULW\ < RQ XWLOLW\� 7KLV LV QHFHVVDU\ WR GHULYH WKH UHVXOWV LQ 6HFWLRQ ����

� $�����

:� LV WKH ILQDO ZHDOWK DQG FRQVXPSWLRQ RI D W\SH � DJHQW� ([SUHVV LW LQ WHUPV RI WKH UDQGRP YDULDEOHV ] DQG \� DQG SRUWIROLR

KROGLQJV�

:�  ([SDQG#:�'

] H T � H� T 3 � \ H I � ] D H I � H� I < � %H� � TH� � H
� 3 TH�

'HILQH HTXLOLEULXP H[SHFWHG XWLOLW\ IRU W\SH � DJHQWV E\ VXEVWLWXWLQJ WKH HTXLOLEULXP IXQFWLRQV IRU T� I� 3� DQG < LQWR RXU

H[SUHVVLRQ IRU ILQDO FRQVXPSWLRQ� 7KH UHVXOW LV HTXLOLEULXP XWLOLW\ DV D IXQFWLRQ RI H�

8�  X�#:�' s� 3RUWIROLR6XEV s� 3UHPLD6XEV

X�#%H� � TH� � ] H T#H' � H
� TH� 3#H' � H

� T#H' 3#H' � \ H I#H' � ] D H I#H' � H� I#H' <#H''

&RPSXWH WKH GHJUHH � 7D\ORU VHULHV RI WKH XWLOLW\ RI W\SH � DJHQWV LQ WHUPV RI H DQG FDOO LW 8�SRZ�

8�SRZ  1RUPDO#6HULHV#8� � �H� �� ��'' ss� 8WLO'HULYV�

([SDQG LW VR WKDW SURGXFWV RI ] DQG \ DUH FROOHFWHG

8�SRZ  ([SDQG#8�SRZ'�
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&RPSXWH H[SHFWHG XWLOLW\ E\ UHSODFLQJ LQVWDQFHV RI SRZHUV RI ] DQG \ ZLWK WKHLU PRPHQW H[SUHVVLRQV

8�SRZ  8�SRZ ss� PRPHQWV�

5HSODFH T� I� 3� DQG < DQG WKHLU GHULYDWLYHV ZLWK WKH VROXWLRQV GHULYHG DERYH�

8�SRZ  8�SRZ s� 6RO� s� 6RO� s� 6RO� s� %LI3W ss� 8WLO'HULYV�

([SUHVV LQ WHUPV RI W� U� DQG N�

8�SRZ  8�SRZ ss� XWLOSDUDPV�

&RPELQH OLNH SRZHUV RI H DQG SXW WKH FRHIILFLHQWV LQ WKH OLVW 8�HSRZV�

8�HSRZV  &RHIILFLHQW/LVW#8�SRZ� H'�

'LVSOD\ WKH FRHIILFLHQWV RI �� H� H�� DQG H�

7DEOH#8�HSRZV##L''� �L� �� ��' ss 6LPSOLI\
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Automating the Implicit Function Theorem
x = 0; Remove@"Global`*"D



Introduction

Economics revolves around solving equilibrium models

Common features of equilibrium models
(1) They are often solutions to systems of equations of analytic functions
(2) Different models often have common structure in terms of functional forms, and differ only in terms of parameter values
(3) There are usually a few special (often degenerate) cases where we can solve for the solution explicitly
(4) The implicit  function theorem tells  us that  there is  an analytic map between exogenous parameters and the equilibrium
outcome near these cases.

Our objective today:
(1) Display the structure of basic economic models, using simple examples
(2) Show how one can use AD and IFT to compute equilibria for pieces of the parameter space
(3) Argue that for many purposes this approach may dominate numerical methods for solving specific instances
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A Specific Example - Easy one

Let's examine a very simple example. Suppose that p is the price of a good and the demand function for that good is

Dmd@p_D = p-3;

Suppose that producers pay a tax of t p for each unit it sells where t is the tax rate (like a VAT) and that supply is a function of
the after-tax price received by the producer

Supply@p_, t_D = Hp H1 - tLL1ê2;

The excess demand for price p and tax rate t is

ExDmd@p_, t_D = Dmd@pD - Supply@p, tD

1

p3
- p H1 - tL

The true solution is

Ptrue@t_D = H1 - tL-1ê7;

Examination of the excess demand function shows that price is 1 when the tax is t=0. Therefore

P@0D = 1;
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Write the excess demand as a function of the tax t and the equilibrium price P[t]

ExDmdTax@t_D = ExDmd@P@tD, tD

1

P@tD3
- H1 - tL P@tD

ExDmdTax[t]=0 for all tax rates t. 

The task: Use the parameterized equilibrium equation, the P[0]=1 condition, and the IFT to trace out the equilibrium manifold,
P[t], for t close to zero.

Differentiate ExDmdTax[t] at t=0 to compute P'[0]

ExDmdTax'@0D êê Expand

1

2
-
7 P£@0D

2

solp1 = Solve@% ã 0, P'@0DD@@1DD

:P£@0D Ø
1

7
>
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We do the same to get P''[0] and P'''[0].

Solve@ExDmdTax''@0D ã 0, P''@0DD@@1DD

:P££@0D Ø
1

14
I1 + 2 P£@0D + 49 P£@0D2M>

solp2 = % êê. solp1

:P££@0D Ø
8

49
>

Solve@ExDmdTax'''@0D ã 0, P'''@0DD@@1DD;
solp3 = % êê. solp1 êê. solp2

:PH3L@0D Ø
120

343
>
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The degree 3 Taylor series of P[t] at t=0 is

Series@P@tD, 8t, 0, 3<D
% ê. solp3
% ê. solp2
% ê. solp1
% êê Normal

1 + P£@0D t +
1

2
P££@0D t2 +

1

6
PH3L@0D t3 + O@tD4

1 + P£@0D t +
1

2
P££@0D t2 +

20 t3

343
+ O@tD4

1 + P£@0D t +
4 t2

49
+
20 t3

343
+ O@tD4

1 +
t

7
+
4 t2

49
+
20 t3

343
+ O@tD4

1 +
t

7
+
4 t2

49
+
20 t3

343
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ü SolveAlways Command

The degree 3 Taylor series of ExDmdTax[t] at t=0 is

ser = Series@ExDmdTax@tD, 8t, 0, 3<D

1

2
-
7 P£@0D

2
t +

1

8
I1 + 2 P£@0D + 49 P£@0D2 - 14 P££@0DM t2 +

1

48
I3 + 3 P£@0D - 3 P£@0D2 - 483 P£@0D3 + 6 P££@0D + 294 P£@0D P££@0D - 28 PH3L@0DM t3 + O@tD4

We will use the SolveAlways command to solve out for the derivatives of P at t=0.

sol = SolveAlways@ser ã 0, tD@@1DD

:PH3L@0D Ø
120

343
, P££@0D Ø

8

49
, P£@0D Ø

1

7
>

We now substitute this into the the Taylor series expansion for P[t] at t=0.

Series@P@tD, 8t, 0, 3<D ê. sol

1 +
t

7
+
4 t2

49
+
20 t3

343
+ O@tD4

The degree 3 Taylor series of P[t] at t=0 is

solPp@t_D = Series@P@tD, 8t, 0, 3<D ê. sol êê Normal

1 +
t

7
+
4 t2

49
+
20 t3

343
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ü Quality check

Question: How good is our Taylor series approximation.

Answer 1: Since we know the solution, display the relative error of the approximation. The error is less than 0.1 per cent for tax
rates below 0.30; not bad. Higher order series will do better.

Plot@Log@10, 1 - solPp@tD ê Ptrue@tDD, 8t, 0, 1<D

0.2 0.4 0.6 0.8 1.0

-8

-6

-4

-2

But we generally do not know the answer!
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Answer 2: Check the residual. We can always do that.

Residual@t_D = ExDmdTax@tD ê. P Ø solPp

1

J1 +
t

7
+

4 t2

49
+

20 t3

343
N
3
- H1 - tL 1 +

t

7
+
4 t2

49
+
20 t3

343

Plot@Log@10, Residual@tD ê Dmd@solPp@tDDD, 8t, 0, 1<D

0.2 0.4 0.6 0.8 1.0

-8

-6

-4

-2

The residual, normalized relative to demand, is less than 0.1 percent for tax rates below 0.30.

In practice, we check residual to determine the order of the Taylor series necessary for a good solution.
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An Abstract Example in General Style

In general, we will want to compute the approximation for many different parameter sets. 
Therefore, we take the following approach.

Consider a constant elasticity specification, a generalization of our simple example

Dmd@p_D = A p-n; Supply@p_, t_D = B Hp H1 - tLLh;
ExDmd@p_, t_D = Dmd@pD - Supply@p, tD;
ExDmdTax@t_D = ExDmd@P@tD, tD

A P@tD-n - B HH1 - tL P@tDLh

We know the solution at t=0:

P@0D = HA ê BL
1

h+n;
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ü Compute Derivatives

We first compute derivatives of ExDmdTax[t] at t=0 in symbolic form

ExDmdTax'@0D
% êê PowerExpand
% êê Simplify

-A
A

B

1

h+n

-1-n

n P£@0D -
A

B

1

h+n

-1+h

B h -
A

B

1

h+n

+ P£@0D

-A
1+

-1-n

h+n B
-

-1-n

h+n n P£@0D - A
-1+h

h+n B
1-

-1+h

h+n h -A
1

h+n B
-

1

h+n + P£@0D

A
-
1+n

h+n B
n

h+n A
1+h+n

h+n h - A B
1

h+n Hh + nL P£@0D

ExDmdTax''@0D êê PowerExpand êê Simplify

A
-
2+n

h+n B
-

h

h+n -A
2+h+n

h+n B H-1 + hL h -

A B
1+

2

h+n I-h + h2 - n H1 + nLM P£@0D2 + A
1+h+n

h+n B
1+

1

h+n h H2 h P£@0D - P££@0DL - A
1+

1

h+n B
1+h+n

h+n n P££@0D
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ExDmdTax'''@0D êê PowerExpand êê Simplify

A
-3+h

h+n B
n

h+n -B
3

h+n n H1 + nL H2 + nL P£@0D3 +

H-2 + hL H-1 + hL h A
1

h+n - B
1

h+n P£@0D
3

- 3 A
1

h+n B
1

h+n H-1 + hL h A
1

h+n - B
1

h+n P£@0D H2 P£@0D - P££@0DL +

3 A
1

h+n B
2

h+n n H1 + nL P£@0D P££@0D + A
2

h+n B
1

h+n h I3 P££@0D - PH3L@0DM - A
2

h+n B
1

h+n n PH3L@0D

Collect and store these expressions. 

derivs = 8ExDmdTax'@0D, ExDmdTax''@0D, ExDmdTax'''@0D< êê PowerExpand êê Simplify;
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ü Using Series to get derivatives

Sometimes, the following is a faster way to get these derivatives

ser = Series@ExDmdTax@tD, 8t, 0, 3<D êê Normal;

ser = ser êê PowerExpand êê Simplify

A
-
1+n

h+n B
n

h+n t A
1+h+n

h+n h - A B
1

h+n Hh + nL P£@0D -

1

2
A
-
2+n

h+n B
-

h

h+n t2 A
2+h+n

h+n B H-1 + hL h + A B
1+

2

h+n I-h + h2 - n H1 + nLM P£@0D2 -

A
1+h+n

h+n B
1+

1

h+n h H2 h P£@0D - P££@0DL + A
1+

1

h+n B
1+h+n

h+n n P££@0D +

1

6
A

-3+h

h+n B
n

h+n t3 -B
1

h+n n B
2

h+n I2 + 3 n + n2M P£@0D3 - 3 A
1

h+n B
1

h+n H1 + nL P£@0D P££@0D + A
2

h+n PH3L@0D +

h A
3

h+n I2 - 3 h + h2M - B
3

h+n I2 - 3 h + h2M P£@0D3 + 3 A
1

h+n B
2

h+n H-1 + hL P£@0D Hh P£@0D - P££@0DL -

A
2

h+n B
1

h+n I3 h2 P£@0D - 3 h HP£@0D + P££@0DL + PH3L@0DM
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coeffs = CoefficientList@ser, tD

:0, A
-
1+n

h+n B
n

h+n A
1+h+n

h+n h - A B
1

h+n Hh + nL P£@0D ,

-
1

2
A
-
2+n

h+n B
-

h

h+n A
2+h+n

h+n B H-1 + hL h + A B
1+

2

h+n I-h + h2 - n H1 + nLM P£@0D2 -

A
1+h+n

h+n B
1+

1

h+n h H2 h P£@0D - P££@0DL + A
1+

1

h+n B
1+h+n

h+n n P££@0D ,

1

6
A

-3+h

h+n B
n

h+n -B
1

h+n n B
2

h+n I2 + 3 n + n2M P£@0D3 - 3 A
1

h+n B
1

h+n H1 + nL P£@0D P££@0D + A
2

h+n PH3L@0D +

h A
3

h+n I2 - 3 h + h2M - B
3

h+n I2 - 3 h + h2M P£@0D3 + 3 A
1

h+n B
2

h+n H-1 + hL P£@0D Hh P£@0D - P££@0DL -

A
2

h+n B
1

h+n I3 h2 P£@0D - 3 h HP£@0D + P££@0DL + PH3L@0DM >
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derivs = Rest@coeffsD

:A
-
1+n

h+n B
n

h+n A
1+h+n

h+n h - A B
1

h+n Hh + nL P£@0D ,

-
1

2
A
-
2+n

h+n B
-

h

h+n A
2+h+n

h+n B H-1 + hL h + A B
1+

2

h+n I-h + h2 - n H1 + nLM P£@0D2 -

A
1+h+n

h+n B
1+

1

h+n h H2 h P£@0D - P££@0DL + A
1+

1

h+n B
1+h+n

h+n n P££@0D ,

1

6
A

-3+h

h+n B
n

h+n -B
1

h+n n B
2

h+n I2 + 3 n + n2M P£@0D3 - 3 A
1

h+n B
1

h+n H1 + nL P£@0D P££@0D + A
2

h+n PH3L@0D +

h A
3

h+n I2 - 3 h + h2M - B
3

h+n I2 - 3 h + h2M P£@0D3 + 3 A
1

h+n B
2

h+n H-1 + hL P£@0D Hh P£@0D - P££@0DL -

A
2

h+n B
1

h+n I3 h2 P£@0D - 3 h HP£@0D + P££@0DL + PH3L@0DM >
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ü Power Series Solution

We want to solve for the first three derivatives of P[t] at t=0. This is accomplished by using the derivatives for ExDmdTax at
t=0 and solving out for P'[0], P''[0], and P'''[0].

Pderivs = Solve@derivs ã 0, 8P'@0D, P''@0D, P'''@0D<D;

% êê Simplify

::PH3L@0D Ø
A

1

h+n B
-

1

h+n h I6 h2 + 7 h n + 2 n2M

Hh + nL3
, P££@0D Ø

A
1

h+n B
-

1

h+n h H2 h + nL

Hh + nL2
, P£@0D Ø

A
1

h+n B
-

1

h+n h

h + n
>>

Create the degree three power series for P[t] at t=0 using the solutions in Pderivs.

Series@P@tD, 8t, 0, 3<D ê. Pderivs@@1DD;
% êê Simplify

A

B

1

h+n

+
A

1

h+n B
-

1

h+n h t

h + n
+
A

1

h+n B
-

1

h+n h H2 h + nL t2

2 Hh + nL2
+
A

1

h+n B
-

1

h+n h I6 h2 + 7 h n + 2 n2M t3

6 Hh + nL3
+ O@tD4

This is an asymptotically valid third-order solution to computing the equilibrium as we change the tax t.
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ü Numerical Applications

It is normally impractical to compute the abstract form of the derivatives of P. Of course, these closed-form solutions are not the
objective. We generally will want to compute the Taylor series for P[t] for some specific parameter values. The issue is when do
we make those substitutions. We now follow the following strategy: compute the abstract derivatives of the implicit expression
that defines P, then replace the parameters with numerical values, and solve for the derivatives of P.

Repeat the construction of the derivatives:

ExDmdTax'@0D

-A
A

B

1

h+n

-1-n

n P£@0D -
A

B

1

h+n

-1+h

B h -
A

B

1

h+n

+ P£@0D

derivs = 8ExDmdTax'@0D, ExDmdTax''@0D, ExDmdTax'''@0D< êê PowerExpand êê Simplify

:A
-
1+n

h+n B
n

h+n A
1+h+n

h+n h - A B
1

h+n Hh + nL P£@0D , A
-
2+n

h+n B
-

h

h+n -A
2+h+n

h+n B H-1 + hL h -

A B
1+

2

h+n I-h + h2 - n H1 + nLM P£@0D2 + A
1+h+n

h+n B
1+

1

h+n h H2 h P£@0D - P££@0DL - A
1+

1

h+n B
1+h+n

h+n n P££@0D ,

A
-3+h

h+n B
n

h+n -B
3

h+n n H1 + nL H2 + nL P£@0D3 + H-2 + hL H-1 + hL h A
1

h+n - B
1

h+n P£@0D
3

-

3 A
1

h+n B
1

h+n H-1 + hL h A
1

h+n - B
1

h+n P£@0D H2 P£@0D - P££@0DL +

3 A
1

h+n B
2

h+n n H1 + nL P£@0D P££@0D + A
2

h+n B
1

h+n h I3 P££@0D - PH3L@0DM - A
2

h+n B
1

h+n n PH3L@0D >
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Then, when one wants to compute specific cases, evaluate these expressions with parameter values. This is not as easy as it
sounds due to round-off error.

vals = Thread@8n, h, A, B< Ø 82., 3., 1., 5.<D;

In general, we need to solve the equations in a sequential linear manner.

The first derivative expression gives us a linear equation for ��P'[0], which we then use to solve for P'[0].

eq1 = derivs@@1DD ê. vals êê Expand

5.71096 - 13.1326 P£@0D

sol1 = Solve@eq1 ã 0, P'@0DD@@1DD

8P£@0D Ø 0.434868<

The second derivative implies

eq2 = derivs@@2DD ê. vals êê Expand

-11.4219 + 47.2775 P£@0D + 0. P£@0D2 - 13.1326 P££@0D

Solving for P''[0] gives us

sol2 = Solve@eq2 ã 0, P''@0DD@@1DD

9P££@0D Ø -0.0761462 I11.4219 - 47.2775 P£@0D + 0. P£@0D2M=

which contains P'[0]. We now substitute the solution for P'[0] to complete the solution for P''[0]

sol2 = sol2 ê. sol1

8P££@0D Ø 0.695788<
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The third derivative is solved by the following sequence:

eq3 = derivs@@3DD ê. vals êê Expand

11.4219 - 141.833 P£@0D + 195.691 P£@0D2 - 150. P£@0D3 +
70.9163 P££@0D - 1.35263 µ 10-14 P£@0D P££@0D - 13.1326 PH3L@0D

sol3 = Solve@eq3 ã 0, P'''@0DD@@1DD

9PH3L@0D Ø -0.0761462 I-11.4219 + 141.833 P£@0D -

195.691 P£@0D2 + 150. P£@0D3 - 70.9163 P££@0D + 1.35263 µ 10-14 P£@0D P££@0DM=

sol3 = sol3 ê. sol2 ê. sol1

9PH3L@0D Ø 1.80905=
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Multiple Consumers and Firms

We represent demand and supply implicitly through optimality conditions implied by the utility and production functions:
 Ui[di, p]=0 iff  di is agent i's demand at price p.
 Fi[qi, p(1-t)]=0 iff qi is firm i's output when after-tax price is p(1-t)

eqns = 8U1@d1, pD, U2@d2, pD, U3@d3, pD,
F1@q1, p H1 - tLD, F2@q2, p H1 - tLD, Hq1 + q2L - Hd1 + d2 + d3L< ê. p Ø P@tD;

eqns = % ê. d1 Ø D1@tD ê. d2 Ø D2@tD ê. d3 Ø D3@tD ê. q1 Ø Q1@tD ê. q2 Ø Q2@tD;

eqns êê TableForm

U1@D1@tD, P@tDD
U2@D2@tD, P@tDD
U3@D3@tD, P@tDD
F1@Q1@tD, H1 - tL P@tDD
F2@Q2@tD, H1 - tL P@tDD
-D1@tD - D2@tD - D3@tD + Q1@tD + Q2@tD
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Initialize the solutions at t=0.

P@0D = p0;
Q1@0D = q10; Q2@0D = q20; D1@0D = d10; D2@0D = d20; D3@0D = d30;
U1@d10, p0D = 0; U2@d20, p0D = 0; U3@d30, p0D = 0;
F1@q10, p0D = 0; F2@q20, p0D = 0;

eqns0 = HD@eqns, tDL ê. t Ø 0;

% êê MatrixForm

P£@0D U1H0,1L@d10, p0D + D1£@0D U1H1,0L@d10, p0D

P£@0D U2H0,1L@d20, p0D + D2£@0D U2H1,0L@d20, p0D

P£@0D U3H0,1L@d30, p0D + D3£@0D U3H1,0L@d30, p0D

H-p0 + P£@0DL F1H0,1L@q10, p0D + Q1£@0D F1H1,0L@q10, p0D

H-p0 + P£@0DL F2H0,1L@q20, p0D + Q2£@0D F2H1,0L@q20, p0D
-D1£@0D - D2£@0D - D3£@0D + Q1£@0D + Q2£@0D

vars = 8P'@0D, D1'@0D, D2'@0D, D3'@0D, Q1'@0D, Q2'@0D<;

Let's use a substitution that reduces size of expressions.

sbs = Derivative@jj__D@gg__D@xx__D Ø Derivative@jjD@ggD;

This substitution makes our variable list simpler

vars ê. sbs

8P£, D1£, D2£, D3£, Q1£, Q2£<
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LinSystem is the linear system implied by IFT.

LinSystem = CoefficientArrays@Heqns0 ê. sbsL, Hvars ê. sbsLD;

LinSystem[[2]] is the Jacobian, and LinSystem[[1]] is the vector term.

jac = LinSystem@@2DD;
jac êê MatrixForm

U1H0,1L U1H1,0L 0 0 0 0

U2H0,1L 0 U2H1,0L 0 0 0

U3H0,1L 0 0 U3H1,0L 0 0

F1H0,1L 0 0 0 F1H1,0L 0

F2H0,1L 0 0 0 0 F2H1,0L

0 -1 -1 -1 1 1

The vector term is:

vec = LinSystem@@1DD;
vec êê MatrixForm

0
0
0

-p0 F1H0,1L

-p0 F2H0,1L

0

We can use LinearSolve to solve this system, but the result is not pretty. Delete the apostrophe in the next command to see the
result.

LinearSolve@jac, vecD;
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ü General problem

In general
(1) There will be many goods, making the di's and p's vectors.
(2) The diagonal terms involving Ui will be blocks corresponding to Jacobians of equations, one block for each demander.
(3) Similarly for the blocks with Fi
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ü Functional forms

We will want to solve such systems with thousands of demanders and hundreds of goods. This is quite feasible.

Typically, the functional forms of the Ui's are the same across people; the differences are really only in the parameter values. For
example, Ui could be

Ui@q, pD = Ai Hai + bi qriLgi  

Similarly for the production equation, Fi.

For multiple goods, it is often impossible to solve out for the demand vector explicitly; must use implicit form. Same for the
output vectors for firms.

So, even if you have thousands of demanders and hundreds of goods, applying AD to construct the derivatives needed to con-
struct LinSystem (which is done only when one has substituted in the parameters for Ui's and Fi's) is feasible.
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ü Higher-order terms

We can go to higher-order derivatives

eqnstt = D@eqns, t, tD; eqns0 = eqnstt ê. t Ø 0; eqns0 = eqns0 ê. sbs;
vars = 8P''@0D, D1''@0D, D2''@0D, D3''@0D, Q1''@0D, Q2''@0D< ê. sbs;
LinSystem = CoefficientArrays@eqns0, varsD;

The solvability matrix is unchanged.

LinSystem@@2DD êê MatrixForm

U1H0,1L U1H1,0L 0 0 0 0

U2H0,1L 0 U2H1,0L 0 0 0

U3H0,1L 0 0 U3H1,0L 0 0

F1H0,1L 0 0 0 F1H1,0L 0

F2H0,1L 0 0 0 0 F2H1,0L

0 -1 -1 -1 1 1

The vector term is more complex, but still fits our framework.
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Perturbation Methods for a 2D Growth Models



Deterministic Model

x = 0; Remove@"Global`*"D

ü Setup

We define the Euler equation for a simple growth model.
fi[ki] is the production function; ci[k1,k2] is the (unknown) consumption policy function.
kiplus and ciplus are the next period's capital stock and consumption

k1plus = f1@k1D - c1@k1, k2D;
c1plus = c1@k1plus, k2plusD;
k2plus = f2@k2D - c2@k1, k2D;
c2plus = c2@k1plus, k2plusD;
EulerEq =
8u1@c1@k1, k2D, c2@k1, k2DD - b u1@c1plus, c2plusD f1'@k1plusD,
u2@c1@k1, k2D, c2@k1, k2DD - b u2@c1plus, c2plusD f2'@k2plusD<

8u1@c1@k1, k2D, c2@k1, k2DD - b u1@c1@-c1@k1, k2D + f1@k1D, -c2@k1, k2D + f2@k2DD,
c2@-c1@k1, k2D + f1@k1D, -c2@k1, k2D + f2@k2DDD f1£@-c1@k1, k2D + f1@k1DD,

u2@c1@k1, k2D, c2@k1, k2DD - b u2@c1@-c1@k1, k2D + f1@k1D, -c2@k1, k2D + f2@k2DD,
c2@-c1@k1, k2D + f1@k1D, -c2@k1, k2D + f2@k2DDD f2£@-c2@k1, k2D + f2@k2DD<

Choose utility and production functions. Put a free parameter, A, in f[k] so that we can later fix the steady state capital stock.

u@x_, y_D = Log@xD + Sqrt@yD;
u1@x_, y_D = D@u@x, yD, xD;
u2@x_, y_D = D@u@x, yD, yD;
f1@x_D = x + A xa;
f2@x_D = x + A xa;
a = 1. ê 4;
b = 95 ê 100;

We want the steady state capital stock to be k=1 since it makes it easier to understand the results.
Choose A so that bf'[1]=1.

A = A êê. Solve@f1'@1D ã 1 ê b, AD@@1DD

0.210526
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Let's look at our Euler equation

EulerEq

:
1

c1@k1, k2D
-

19 1 +
0.0526316

I0.210526 k10.25+k1-c1@k1,k2DM0.75

20 c1A0.210526 k10.25 + k1 - c1@k1, k2D, 0.210526 k20.25 + k2 - c2@k1, k2DE
,

1

2 c2@k1, k2D

-

19 1 +
0.0526316

I0.210526 k20.25+k2-c2@k1,k2DM0.75

40 c2A0.210526 k10.25 + k1 - c1@k1, k2D, 0.210526 k20.25 + k2 - c2@k1, k2DE

>

ss is a list of substitutions that impose the steady state, k=1, and some substitutions that convert floating point versions of 1 and 0
to integer versions.

ss = 8k1 Ø 1, k2 Ø 1, 1. Ø 1, 0. Ø 0<

8k1 Ø 1, k2 Ø 1, 1. Ø 1, 0. Ø 0<

The steady state consumption is defined next

c1@1, 1D = c2@1, 1D = css = f1@1D - 1

0.210526

Now check the Euler equation at the steady state.

EulerEq êê. ss

98.88178 µ 10-16, 2.22045 µ 10-16=

sol will be the list of solutions for derivatives of c[k]. We begin the construction by setting sol to be the empty set.

sol = 8<;
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ü prep for pert

EulerEqe = EulerEq ê. k1 Ø 1 + e k1 ê. k2 Ø 1 + e k2

:
1

c1@1 + e k1, 1 + e k2D
- 19 1 +

0.0526316

I1 + e k1 + 0.210526 H1 + e k1L0.25 - c1@1 + e k1, 1 + e k2DM
0.75

ì

I20 c1A1 + e k1 + 0.210526 H1 + e k1L0.25 - c1@1 + e k1, 1 + e k2D,

1 + e k2 + 0.210526 H1 + e k2L0.25 - c2@1 + e k1, 1 + e k2DEM,

1

2 c2@1 + e k1, 1 + e k2D

- 19 1 +
0.0526316

I1 + e k2 + 0.210526 H1 + e k2L0.25 - c2@1 + e k1, 1 + e k2DM
0.75

ì

I40 ,c2A1 + e k1 + 0.210526 H1 + e k1L0.25 - c1@1 + e k1, 1 + e k2D,

1 + e k2 + 0.210526 H1 + e k2L0.25 - c2@1 + e k1, 1 + e k2DEM>

subs = 9cc_Ii_,j_M@1, 1D Ø cci,j=

9cc_Hi_,j_L@1, 1D Ø cci,j=

ü k pert

The Euler equation must hold at all k. Therefore, its derivative w.r.t. k must also be zero at all k. Compute the derivative of the
Eulereq

D@EulerEqe, eD;
% ê. e Ø 0 ê. 1. Ø 1

90.178125 I1.05263 k1 - k2 c1H0,1L@1, 1D - k1 c1H1,0L@1, 1DM -

22.5625 Ik2 c1H0,1L@1, 1D + k1 c1H1,0L@1, 1DM +

22.5625 Ic1H1,0L@1, 1D I1.05263 k1 - k2 c1H0,1L@1, 1D - k1 c1H1,0L@1, 1DM +

c1H0,1L@1, 1D I1.05263 k2 - k2 c2H0,1L@1, 1D - k1 c2H1,0L@1, 1DMM,

0.0408647 I1.05263 k2 - k2 c2H0,1L@1, 1D - k1 c2H1,0L@1, 1DM -

2.5881 Ik2 c2H0,1L@1, 1D + k1 c2H1,0L@1, 1DM +

2.5881 II1.05263 k1 - k2 c1H0,1L@1, 1D - k1 c1H1,0L@1, 1DM c2H1,0L@1, 1D +

c2H0,1L@1, 1D I1.05263 k2 - k2 c2H0,1L@1, 1D - k1 c2H1,0L@1, 1DMM=

% ê. subs êê Simplify

9-22.5625 k1 H-0.116233 + c11,0L H0.0714964 + c11,0L +

c10,1 H1.00937 k2 - 22.5625 k2 c11,0 - 22.5625 k2 c20,1 - 22.5625 k1 c21,0L,
0.0430155 k2 - 2.5881 k2 c20,1

2 + H0.0953509 k1 - 2.5881 k2 c10,1 - 2.5881 k1 c11,0L c21,0 +

c20,1 H0.0953509 k2 - 2.5881 k1 c21,0L=

SolveAlways@% ã 0, 8k1, k2<D

88c10,1 Ø 0., c11,0 Ø -0.0714964, c20,1 Ø -0.111809, c21,0 Ø 0.<,
8c10,1 Ø 0., c11,0 Ø -0.0714964, c20,1 Ø 0.148651, c21,0 Ø 0.<,
8c10,1 Ø 0., c11,0 Ø 0.116233, c20,1 Ø -0.111809, c21,0 Ø 0.<,
8c10,1 Ø 0., c11,0 Ø 0.116233, c20,1 Ø 0.148651, c21,0 Ø 0.<<

There are two solutions, one corresponding to the stable manifold and the other one corresponding to the unstable manifold. We
choose the second one because we know that c'[1]>0, and put it in the solution set.
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sol = Union@sol, % êê LastD

8c10,1 Ø 0., c11,0 Ø 0.116233, c20,1 Ø 0.148651, c21,0 Ø 0.<

sol = sol ê. 0. Ø 0

8c10,1 Ø 0, c11,0 Ø 0.116233, c20,1 Ø 0.148651, c21,0 Ø 0<
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ü k pert - degree 2

We now move on to the second derivative

D@EulerEqe, 8e, 2<D;
% ê. e Ø 0 ê. 1. Ø 1 ê. subs;

% ê. sol

:2.72335 k12 - 22.5625 Hk2 Hk2 c10,2 + k1 c11,1L + k1 Hk2 c11,1 + k1 c12,0LL -

0.2375 I1.15086 k12 - 0.75 I-0.0394737 k12 - k2 Hk2 c10,2 + k1 c11,1L - k1 Hk2 c11,1 + k1 c12,0LMM -

1. I2.53917 k12 - 22.5625 I0.903981 k2 H0.903981 k2 c10,2 + 0.936398 k1 c11,1L +

0.936398 k1 H0.903981 k2 c11,1 + 0.936398 k1 c12,0L + 0.116233
I-0.0394737 k12 - k2 Hk2 c10,2 + k1 c11,1L - k1 Hk2 c11,1 + k1 c12,0LMMM, -0.0235791 k22 -

0.0544862 I1.07255 k22 - 0.75 I-0.0394737 k22 - k2 Hk2 c20,2 + k1 c21,1L - k1 Hk2 c21,1 + k1 c22,0LMM +

1

2
I0.81495 k22 - 5.17619 Hk2 Hk2 c20,2 + k1 c21,1L + k1 Hk2 c21,1 + k1 c22,0LLM -

0.5 I0.665961 k22 - 5.17619 I0.903981 k2 H0.903981 k2 c20,2 + 0.936398 k1 c21,1L +

0.936398 k1 H0.903981 k2 c21,1 + 0.936398 k1 c22,0L +

0.148651 I-0.0394737 k22 - k2 Hk2 c20,2 + k1 c21,1L - k1 Hk2 c21,1 + k1 c22,0LMMM>

CoefficientList@%, 8k1, k2<D

8880, 0, -6.92549 c10,2<, 80, -12.5286 c11,1, 0<, 8-0.199701 - 5.57939 c12,0, 0, 0<<,
880, 0, -0.0243237 - 0.898741 c20,2<, 80, -1.64579 c21,1, 0<, 8-0.744333 c22,0, 0, 0<<<

% êê Flatten êê Union êê Rest

8-6.92549 c10,2, -12.5286 c11,1, -0.199701 - 5.57939 c12,0,
-0.0243237 - 0.898741 c20,2, -1.64579 c21,1, -0.744333 c22,0<

eqs = %

8-6.92549 c10,2, -12.5286 c11,1, -0.199701 - 5.57939 c12,0,
-0.0243237 - 0.898741 c20,2, -1.64579 c21,1, -0.744333 c22,0<

vars = Variables@eqsD

8c10,2, c11,1, c12,0, c20,2, c21,1, c22,0<

This is a linear expression in terms of the unknown c''[1]. Solve it

Solve@eqs ã 0, varsD

88c10,2 Ø 0., c11,1 Ø 0., c12,0 Ø -0.0357926, c20,2 Ø -0.0270642, c21,1 Ø 0., c22,0 Ø 0.<<

and add this solution to our solution set

sol = Union@sol, %@@1DDD êê Simplify

8c10,1 Ø 0, c10,2 Ø 0., c11,0 Ø 0.116233, c11,1 Ø 0., c12,0 Ø -0.0357926,
c20,1 Ø 0.148651, c20,2 Ø -0.0270642, c21,0 Ø 0, c21,1 Ø 0., c22,0 Ø 0.<

sol = sol ê. 0. Ø 0

8c10,1 Ø 0, c10,2 Ø 0, c11,0 Ø 0.116233, c11,1 Ø 0, c12,0 Ø -0.0357926,
c20,1 Ø 0.148651, c20,2 Ø -0.0270642, c21,0 Ø 0, c21,1 Ø 0, c22,0 Ø 0<
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ü k pert - degree 3

We will now express the steps in a more compact manner

D@EulerEqe, 8e, 3<D;
% ê. e Ø 0 ê. 1. Ø 1 ê. subs;
% ê. sol;
CoefficientList@%, 8k1, k2<D;
% êê Flatten êê Union êê Rest;
eqs = %
vars = Variables@eqsD
Solve@eqs ã 0, varsD
sol = Union@sol, %@@1DDD êê Simplify

8-8.69586 c10,3, -24.2945 c11,2, -22.437 c12,1, 0.370006 - 6.83767 c13,0,
0.0436706 - 1.10182 c20,3, -3.09976 c21,2, -2.8867 c22,1, -0.888667 c23,0<

8c10,3, c11,2, c12,1, c13,0, c20,3, c21,2, c22,1, c23,0<

88c10,3 Ø 0., c11,2 Ø 0., c12,1 Ø 0.,
c13,0 Ø 0.0541129, c20,3 Ø 0.0396351, c21,2 Ø 0., c22,1 Ø 0., c23,0 Ø 0.<<

8c10,1 Ø 0, c10,2 Ø 0, c10,3 Ø 0., c11,0 Ø 0.116233, c11,1 Ø 0, c11,2 Ø 0.,
c12,0 Ø -0.0357926, c12,1 Ø 0., c13,0 Ø 0.0541129, c20,1 Ø 0.148651, c20,2 Ø -0.0270642,
c20,3 Ø 0.0396351, c21,0 Ø 0, c21,1 Ø 0, c21,2 Ø 0., c22,0 Ø 0, c22,1 Ø 0., c23,0 Ø 0.<

sol = sol ê. 0. Ø 0

8c10,1 Ø 0, c10,2 Ø 0, c10,3 Ø 0, c11,0 Ø 0.116233, c11,1 Ø 0, c11,2 Ø 0,
c12,0 Ø -0.0357926, c12,1 Ø 0, c13,0 Ø 0.0541129, c20,1 Ø 0.148651, c20,2 Ø -0.0270642,
c20,3 Ø 0.0396351, c21,0 Ø 0, c21,1 Ø 0, c21,2 Ø 0, c22,0 Ø 0, c22,1 Ø 0, c23,0 Ø 0<
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ü k pert - degree 4

We will now express the steps in a more compact manner

D@EulerEqe, 8e, 4<D;
% ê. e Ø 0 ê. 1. Ø 1 ê. subs;
% ê. sol;
CoefficientList@%, 8k1, k2<D;
% êê Flatten êê Union êê Rest;
eqs = %
vars = Variables@eqsD;
Solve@eqs ã 0, varsD;
sol = Union@sol, %@@1DDD ê. 0. Ø 0 êê Simplify

8-10.2962 c10,4, -39.0237 c11,3, -55.1774 c12,2, -34.4659 c13,1, -1.08824 - 8.01592 c14,0,
-0.12473 - 1.28539 c20,4, -4.89366 c21,3, -6.95528 c22,2, -4.37084 c23,1, -1.02382 c24,0<

8c10,1 Ø 0, c10,2 Ø 0, c10,3 Ø 0, c10,4 Ø 0, c11,0 Ø 0.116233, c11,1 Ø 0, c11,2 Ø 0, c11,3 Ø 0,
c12,0 Ø -0.0357926, c12,1 Ø 0, c12,2 Ø 0, c13,0 Ø 0.0541129, c13,1 Ø 0, c14,0 Ø -0.135759,
c20,1 Ø 0.148651, c20,2 Ø -0.0270642, c20,3 Ø 0.0396351, c20,4 Ø -0.0970362, c21,0 Ø 0,
c21,1 Ø 0, c21,2 Ø 0, c21,3 Ø 0, c22,0 Ø 0, c22,1 Ø 0, c22,2 Ø 0, c23,0 Ø 0, c23,1 Ø 0, c24,0 Ø 0<
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ü k pert - degree 5

We will now express the steps in a more compact manner

D@EulerEqe, 8e, 5<D;
% ê. e Ø 0 ê. 1. Ø 1 ê. subs;
% ê. sol;
CoefficientList@%, 8k1, k2<D;
% êê Flatten êê Union êê Rest;
eqs = %
vars = Variables@eqsD;
Solve@eqs ã 0, varsD;
sol = Union@sol, %@@1DDD ê. 0. Ø 0 êê Simplify

8-11.743 c10,5, -56.2726 c11,4, -107.486 c12,3, -102.245 c13,2,
-48.4079 c14,1, 4.34358 - 9.11923 c15,0, 0.485097 - 1.45134 c20,5,
-6.97658 c21,4, -13.3728 c22,3, -12.7716 c23,2, -6.07443 c24,1, -1.15038 c25,0<

8c10,1 Ø 0, c10,2 Ø 0, c10,3 Ø 0, c10,4 Ø 0, c10,5 Ø 0, c11,0 Ø 0.116233, c11,1 Ø 0,
c11,2 Ø 0, c11,3 Ø 0, c11,4 Ø 0, c12,0 Ø -0.0357926, c12,1 Ø 0, c12,2 Ø 0, c12,3 Ø 0,
c13,0 Ø 0.0541129, c13,1 Ø 0, c13,2 Ø 0, c14,0 Ø -0.135759, c14,1 Ø 0, c15,0 Ø 0.47631,
c20,1 Ø 0.148651, c20,2 Ø -0.0270642, c20,3 Ø 0.0396351, c20,4 Ø -0.0970362,
c20,5 Ø 0.33424, c21,0 Ø 0, c21,1 Ø 0, c21,2 Ø 0, c21,3 Ø 0, c21,4 Ø 0, c22,0 Ø 0, c22,1 Ø 0,
c22,2 Ø 0, c22,3 Ø 0, c23,0 Ø 0, c23,1 Ø 0, c23,2 Ø 0, c24,0 Ø 0, c24,1 Ø 0, c25,0 Ø 0<
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ü k pert - degree more

We will now express the steps in a more compact manner

sol5 = sol;

sol = sol5

8c10,1 Ø 0, c10,2 Ø 0, c10,3 Ø 0, c10,4 Ø 0, c10,5 Ø 0, c11,0 Ø 0.116233, c11,1 Ø 0,
c11,2 Ø 0, c11,3 Ø 0, c11,4 Ø 0, c12,0 Ø -0.0357926, c12,1 Ø 0, c12,2 Ø 0, c12,3 Ø 0,
c13,0 Ø 0.0541129, c13,1 Ø 0, c13,2 Ø 0, c14,0 Ø -0.135759, c14,1 Ø 0, c15,0 Ø 0.47631,
c20,1 Ø 0.148651, c20,2 Ø -0.0270642, c20,3 Ø 0.0396351, c20,4 Ø -0.0970362,
c20,5 Ø 0.33424, c21,0 Ø 0, c21,1 Ø 0, c21,2 Ø 0, c21,3 Ø 0, c21,4 Ø 0, c22,0 Ø 0, c22,1 Ø 0,
c22,2 Ø 0, c22,3 Ø 0, c23,0 Ø 0, c23,1 Ø 0, c23,2 Ø 0, c24,0 Ø 0, c24,1 Ø 0, c25,0 Ø 0<

Do@
d0 = D@EulerEqe, 8e, jjj<D;
d1 = d0 ê. e Ø 0 ê. 1. Ø 1 ê. subs;

d2 = d1 ê. sol;
d3 = CoefficientList@d2, 8k1, k2<D;
eqs = d3 êê Flatten êê Union êê Rest;
vars = Variables@eqsD;
solnew = Solve@eqs ã 0, varsD;
sol = Union@sol, solnew@@1DDD ê. 0. Ø 0 êê Simplify,
8jjj, 6, 8<D

Length@solD

88

sol

8c10,1 Ø 0, c10,2 Ø 0, c10,3 Ø 0, c10,4 Ø 0, c10,5 Ø 0, c10,6 Ø 0, c10,7 Ø 0, c10,8 Ø 0,
c11,0 Ø 0.116233, c11,1 Ø 0, c11,2 Ø 0, c11,3 Ø 0, c11,4 Ø 0, c11,5 Ø 0, c11,6 Ø 0, c11,7 Ø 0,
c12,0 Ø -0.0357926, c12,1 Ø 0, c12,2 Ø 0, c12,3 Ø 0, c12,4 Ø 0, c12,5 Ø 0, c12,6 Ø 0,
c13,0 Ø 0.0541129, c13,1 Ø 0, c13,2 Ø 0, c13,3 Ø 0, c13,4 Ø 0, c13,5 Ø 0, c14,0 Ø -0.135759,
c14,1 Ø 0, c14,2 Ø 0, c14,3 Ø 0, c14,4 Ø 0, c15,0 Ø 0.47631, c15,1 Ø 0, c15,2 Ø 0, c15,3 Ø 0,
c16,0 Ø -2.14781, c16,1 Ø 0, c16,2 Ø 0, c17,0 Ø 11.8364, c17,1 Ø 0, c18,0 Ø -77.0954,
c20,1 Ø 0.148651, c20,2 Ø -0.0270642, c20,3 Ø 0.0396351, c20,4 Ø -0.0970362, c20,5 Ø 0.33424,
c20,6 Ø -1.48609, c20,7 Ø 8.10074, c20,8 Ø -52.3138, c21,0 Ø 0, c21,1 Ø 0, c21,2 Ø 0,
c21,3 Ø 0, c21,4 Ø 0, c21,5 Ø 0, c21,6 Ø 0, c21,7 Ø 0, c22,0 Ø 0, c22,1 Ø 0, c22,2 Ø 0, c22,3 Ø 0,
c22,4 Ø 0, c22,5 Ø 0, c22,6 Ø 0, c23,0 Ø 0, c23,1 Ø 0, c23,2 Ø 0, c23,3 Ø 0, c23,4 Ø 0,
c23,5 Ø 0, c24,0 Ø 0, c24,1 Ø 0, c24,2 Ø 0, c24,3 Ø 0, c24,4 Ø 0, c25,0 Ø 0, c25,1 Ø 0,
c25,2 Ø 0, c25,3 Ø 0, c26,0 Ø 0, c26,1 Ø 0, c26,2 Ø 0, c27,0 Ø 0, c27,1 Ø 0, c28,0 Ø 0<
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Abstract. We describe a general Taylor series method for computing

asymptotically valid approximations to deterministic and stochastic rational

expectations models near the deterministic steady state. Contrary to conven-

tional wisdom, the higher-order terms are conceptually no more difficult to

compute than the conventional deterministic linear approximations. We dis-

play the solvability conditions for second- and third-order approximations and

show how to compute the solvability conditions in general. We use an implicit

function theorem to prove a local existence theorem for the general stochastic

model given existence of the degenerate deterministic model. We describe an

algorithm which takes as input the equilibrium equations and an integer k,

and computes the order k Taylor series expansion along with diagnostic indices

indicating the quality of the approximation. We apply this algorithm to some

multidimensional problems and show that the resulting nonlinear approxima-

tions are far superior to linear approximations.

∗We thank Mordecai Kurz and Chris Sims for valuable comments.
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Economists are using increasingly complex dynamic stochastic models and need

more powerful and reliable computational methods for their analysis. We describe a

general perturbation method for computing asymptotically valid approximations to

general stochastic rational expectations models based on their deterministic steady

states. These approximations go beyond the normal �linearize around the steady

state� approximations by adding both higher-order terms and deviations from cer-

tainty equivalence. The higher-order terms and corrections for risk will likely improve

the accuracy of the approximations and their useful range. Also, some questions, such

as welfare effects of security markets, can be answered only with higher-order approxi-

mations; see Judd and Guu (2001) for ,models where higher-order terms are essential.

Contrary to conventional wisdom, these higher-order terms are no more difficult to

compute than the conventional deterministic linear approximations; in fact, they are

conceptually easier. However, we show that one cannot just assume that the higher-

order terms create a better approximation. We examine the relevant implicit function

theorems that justify perturbation methods in some cases and point out cases where

perturbation methods may fail. Since perturbation methods are not perfectly reliable,

we also present diagnostic procedures which will indicate the reliability of any spe-

ciÞc approximation. Since the diagnostic procedures consume little computational

effort compared with the construction of the approximation, they produce critical

information at little cost.

Linearizations methods for dynamic models have been a workhorse of macroeco-

nomic analysis. Magill (1977) showed how to compute a linear approximation around

deterministic steady states and apply them to approximate spectral properties of sto-

chastic models. Kydland and Prescott (1982) applied a special case of the Magill

method to a real business cycle model. However, the approximations in Magill, and

Kydland and Prescott were just linear approximations of the deterministic model

applied to stochastic models; they ignored higher-order terms and were certainty
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equivalent approximations, that is, variance had no impact on decision rules. The

motivating intuition was also speciÞc to the case of linear, certainty equivalent, ap-

proximations. Kydland and Prescott (1982) motivated their procedure by replacing

the nonlinear law of motion with a linear law of motion and replacing the nonlinear

payoff function with a quadratic approximation, and then applying linear-quadratic

dynamic programming methods to the approximate model. This motivation gives the

impression that it is not easy to compute higher-order approximations, particularly

since computing the Þrst-order terms requires solving a quadratic matrix equation.

In fact, Marcet(1994) dismissed the possibility that higher-order approximations be

computed, stating that �perturbation methods of order higher than one are consid-

erably more complicated than the traditional linear-quadratic case ...�

Furthermore, little effort has been made to determine the conditions under which

certainty equivalent linearizations are valid. Linearization methods are typically used

in an application without examining whether they are valid in that case. This raises

questions about many of the applications, particularly since the conventional lin-

earization approach sometimes produces clearly erroneous results. For example, Tesar

(1995) uses the standard Kydland-Prescott method and found an example where

completing asset markets will make all agents worse off. This result violates general

equilibrium theory and can only be attributed to the numerical method used. Kim

and Kim (forthcoming) show that this will often occur in simple stochastic models.

Below we will present a portfolio-like example which shows that casual applications

of higher-order procedures (such as those advocated by Sims, 2002, and Campbell

and Viciera, 2002) can easily produce nonsensical answers. These examples empha-

size two important points. First, more ßexible, robust, and accurate methods based

on sound mathematical principles are needed. Second, we cannot blindly accept the

results of a Taylor series approximation but need ways to test an approximation�s

reliability. This paper addresses both issues.
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We will show that it is practical to compute higher-order terms to the multivari-

ate Taylor series approximation based at the deterministic steady state. The basic

fact shown below is that all the higher�order terms of the Taylor series expansion,

even in the stochastic multidimensional case, are solutions to linear problems once

one computes the Þrst�order terms. This implies that the higher�order terms are

easier to compute in the sense that linear problems are conceptually less complex.

In previous papers, Judd and Guu (1993, 1997) examined perturbation methods for

deterministic, continuous- and discrete-time growth models in one capital stock, and

stochastic growth models in continuous time with one state. They Þnd that the high-

order approximations can be used to compute highly accurate approximations which

avoid the certainty equivalence property of the standard linearization method. Judd

and Gaspar (1997) described perturbation methods for multidimensional stochastic

models in continuous time, and produced Fortran computer code for fourth-order ex-

pansions. Judd (1998) presented the general method for deterministic discrete-time

models and presented a discrete-time stochastic example indicating the critical ad-

justments necessary to move from continuous time to discrete time. In particular, the

natural perturbation parameter is the instantaneous variance in the continuous-time

case, but the standard deviation is the natural perturbation parameter for discrete-

time stochastic models. The reader is referred to these papers and their mathematical

sources for key deÞnitions and introductions to these methods. In this paper, we will

outline how these methods can be adapted to handle more general rational expecta-

tions problems.

There has recently been an increase in the interest in higher-order approxima-

tion methods. Collard and Juillard (2001a) computed a higher-order perturbation

approximation of an asset-pricing model and Collard and Juillard (2001b). Chen

and Zadrozny (forthcoming) computed higher-order approximations for a family of

optimal control problems. Kim and Kim (forthcoming) applied second-order ap-
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proximation methods to welfare questions in international trade. Sims (2000) and

Grohe-Schmidt and Uribe (2002) have generalized Judd (1998), Judd and Gaspar

(1997), and Judd and Guu (1993) by examining second-order approximations of mul-

tidimensional discrete-time models.

The Þrst key step is to express the problem formally as two different kinds of

perturbation problems and apply the appropriate implicit function theorems. Even

though we are applying ideas from implicit function theory, there are unique difficul-

ties which arise in stochastic dynamic models. Perturbation methods revolve around

solvability conditions, that is, conditions which guarantee a unique solution to terms

in an asymptotic expansion. We display the solvability conditions for Taylor series

expansions of arbitrary orders for both deterministic and stochastic problems, show-

ing that they reduce to the invertibility of a series of matrices. The implicit function

theorem for the deterministic problem is straightforward, but the stochastic compo-

nents produce novel problems. We give an example where a casual approach will

produce a nonsensical result. We use an implicit function theorem to prove a local

existence theorem for the general stochastic model given existence of the degener-

ate deterministic model. This is a nontrivial step and an important one since it is

easy for economists to specify models which lack a local existence theorem justifying

perturbation methods.

We then describe an algorithm which takes as input the equilibrium equations and

an integer k, and computes the order k Taylor series expansion along with diagnostic

indices indicating the quality of the approximation. We apply this algorithm to some

multidimensional problems and show that the resulting nonlinear approximations are

far superior to linear approximations over a large range of states. We also emphasize

the importance of error estimation along with computation of the approximation.
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1. A Perturbation Approach to the General Rational Expectations

Problem

We examine general stochastic problems of the form

0 = E {gµ(xt, yt, xt+1, yt+1, εz)|xt} , µ = 1, ...,m (1)

xit+1 = F i(xt, yt, εzt), i = 1, ..., n

where xt ∈ Rn are the predetermined variables at the beginning of time t, such

as capital stock, lagged variables and productivity, yt ∈ Rm are the endogenous

variables at time t, such as consumption, labor supply and prices, and F i(xt, yt, εzt) :

Rn ×Rm ×Rs→ R, i = 1, ..., n is the law of motion for xi, and

gµ(xt, yt, xt+1, yt+1, εz) : Rn ×Rm × Rn ×Rm × R→ R, µ = 1, ..., q

are the equations deÞning equilibrium, including Euler equations and market clearing

conditions. The scalar ε is a scaling parameter for the disturbance terms z. We

assume that the components of z are i.i.d. with mean zero and unit variance, making

ε the common standard deviation. Since correlation and heteroscedasticity can be

built into the function g, we can do this without loss of generality. Different values

for ε represent economies with different levels of uncertainty. The objective is to

Þnd some equilibrium rule, Y (x, ε), such that in the ε-economy the endogenous and

predetermined variables satisfy

yt = Y (xt, ε)

This implies that Y (x, ε) must satisfy the functional equation

E {gµ(x, Y (x, ε) , F (x, Y (x, ε) , εz) , Y (F (x, Y (x, ε) , εz) , ε) , εz)|x} = 0 (2)

Our perturbation method will approximate Y (x, ε) with a polynomial in (x, ε) in

a neighborhood of the deterministic steady state. The deterministic steady state is
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the solution to

0 = g(x∗, y∗, x∗, y∗, 0) (3)

x∗ = F (x∗, y∗, 0)

The steady state y∗ is the Þrst step in approximating Y (x, ε) since Y (x∗, 0) = y∗.

The task is to Þnd the derivatives of Y (x, ε) with respect to x and ε at the deter-

ministic steady state, and use that information to construct a degree k Taylor series

approximation of Y (x, ε), such as in

Y (x∗ + v, ε)
.
= y∗ + Yx (x∗, 0) v + εYε (x∗, 0) (4)

+v>Yxx (x∗, 0) v + εYxε (x∗, 0) v + ε2Yεε (x∗, 0)

+...

+o
³
εk + kvkk

´
(5)

If Y is analytic in the neighborhood of (x∗, 0) then this series has an inÞnite number

of terms and it is locally convergent. The objective is also to be able to use the Taylor

series approximation in simulations of the nonlinear model and be able to produce

uniformly valid approximations of the long-run and short-run behavior of the true

nonlinear model. This is a long list of requirements but we will develop diagnostics

to check out the performance of our Taylor series approximations.

Equation (1) includes a broad range of dynamic stochastic models, but does leave

out some models. For example, models with intertemporally nonseparable prefer-

ences, like those in Epstein-Zin (1989), are functional equations and do not obviously

reduce to a dynamic system in Rm. However, with modest modiÞcations, our methods

can be applied to any problem of the form in (2), a larger set of problems than those

expressible as (1). We also assume that any solution to (3) is locally unique. This

rules out many interesting models, particularly models with portfolio choices and
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models where income distribution may matter. Portfolio problems can probably be

handled with dynamic extensions of Judd and Guu (2001), and income distribution

problems can probably be handled by application of the center manifold theorem,

but we leave these developments for later work.

Computing and evaluating the approximation in (4) is accomplished in Þve steps.

The Þrst is to solve (3) for steady state values (x∗, y∗). This is presumably accom-

plished by applying some nonlinear equation solver to (3) and will not be further

discussed here. The second is to compute the linear approximation terms, Yx (x∗, 0).

This is done by analyzing the the deterministic system formed by setting ε = 0 in (1)

to create the perfect foresight system

0 = gµ(xt, yt, xt+1, yt+1, 0) (6)

xit+1 = F i(xt, yt, 0)

Computing the linear terms is a standard computation, solvable by a variety of tech-

niques. See the literature on linear rational expectations models for solution methods

(Anderson, et al. , 1996, is a survey of this literature); we will not discuss this step

further.

This paper is concerned with the next three steps. Third, we compute the higher-

order deterministic terms; that is, we compute perturbations of Y (x, 0) in the x

directions. Formally, we want to compute ∂
∂xk
Y (x∗, 0), k = 1, 2, .... This produces

the Taylor series approximation for the deterministic problem

Y (x, 0)
.
= y∗ + Yx (x∗, 0) (x− x∗) + (x− x∗)> Yxx (x∗, 0) (x− x∗) + ... (7)

for the solution to (6).

Fourth, with the Taylor series for Y (x, 0) in hand, we examine the general sto-

chastic problem Y (x, ε). We use the expansion (7) of the deterministic problem to

compute the ε derivatives,
¡
∂
∂ε

¢+ ¡ ∂
∂x

¢k
Y (x∗, 0) . More generally, we show that how
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to take a solution of Y (x, 0) and use it to construct a solution to Y (x, ε) for small ε.

This last step raises the possibility that we have an approximation which is not just

locally valid around the deterministic steady state point (x∗, 0) but instead around a

large portion of the stable manifold deÞned by Y (x, 0).

This four-stage approach is the proper procedure since each step requires solutions

from the previous steps. Also, by separating the stochastic step from the deterministic

steps we see the main point that we can perturb around the deterministic stable

manifold, not just the deterministic steady state.

Before we accept the resulting candidate Taylor series, we must test its reliability.

Let bY (x, ε) be the computed Þnite order Taylor series we have computed. We evaluate
it by computing

E
negµ(x, bY (x, ε) , F (x, bY (x, ε) , εz), bY (F (x, bY (x, ε) , εz), ε), εz)|xo = 0

for a range of values of (x, ε) that we want to use, where egµ(xt, yt, xt+1, yt+1, εz) is
a unit-free version of gµ(xt, yt, xt+1, yt+1, εz). That is, each component of E {egµ} is
transformed so that any deviation from zero represent a relative error. For example,

if one component of gµ is supply equals demand then the corresponding component

of egµ will express excess demand as a fraction of total demand and any deviation
of E {egµ(xt, yt, xt+1, yt+1, εz)|xt} from zero represents the relative error in the supply
equals demand condition. If these relative errors are sufficiently small then we will

accept bY (x, ε). This last step is critical since Taylor series expansions have only a
Þnite range of validity and we have no a priori way of knowing the range of validity.

Before continuing, we warn the reader of the nontrivial notational challenge which

awaits him in the sections below where we develop the theoretical properties of our

perturbation method and present the formal justiÞcation of our algorithm. After

being introduced to tensor notation and its application to multivariate stochastic

control, the reader may decide that this approach is far too burdensome to be of
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value. If one had to go through these manipulations for each and every application,

we might agree. Fortunately, all of the algebra discussed below has been automated,

executing all the necessary computations, including analytic derivatives and error

indices, and produce the Taylor series approximation discussed below. This will

relieve the user of executing all the algebra we discuss below.

2. Multidimensional Comparative Statics and Tensor Notation

We Þrst review the tensor notation necessary to efficiently express the critical multi-

variate formulas. We will follow the tensor notation conventions used in mathematics

(see, for example, Bishop and Goldberg, 1981, and Misner et al., 1973) and statistics

(see McCullagh, 1987), and use standard adaptations to deal with idiosyncratic fea-

tures of rational expectations models. We then review the implicit function theorem,

and higher-order applications of the implicit function theorem.

2.1. Tensor Notation. Multidimensional perturbation problems use the multi-

dimensional chain rule. Unfortunately, the chain rule in Rn produces a complex

sequence of summations, and conventional notation becomes unwieldy. The Ein-

stein summation notation for tensors and its adaptations will give us a natural way

to address the notational problems.1 Tensor notation is a powerful way of dealing

with multidimensional collections of numbers and operations involving them. We will

present the elements of tensor notation necessary for our task; see Judd (1998) for

more discussion.

Suppose that ai is a collection of numbers indexed by i = 1, . . . , n, and that xi is

a singly indexed collection of real numbers. Then

ai x
i ≡

X
i

ai x
i.

1The dubious reader should try to read the formulas in Bensoussan(1988) where conventional

notation is used.
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is the tensor notation for the inner product of the vectors represented by ai and xi.

This notation is desirable since it eliminates the unnecessary Σ symbol. Similarly

suppose that aij is a collection of numbers indexed by i, j = 1, . . . , n. Then

aij x
i yj ≡

X
i

X
j

aij x
i yj .

is the tensor notation for a quadratic form. Similarly, aijxiy
j is the quadratic form

of the matrix aij with the vectors x and y, and the expression zj = a
i
jxi can also be

thought of as a matrix multiplying a vector. We will often make use of the Kronecker

tensor, which is deÞned as

δij ≡
 1, if i = j

0, if i 6= j
and is a representation of the identity matrix. δαβ , δ

I
J , etc., are similarly deÞned.

More formally, we let xi denote any vector in Rn and let ai denote any element

in the dual space of Rn, that is, a linear map on vectors xiin Rn. Of course, the

dual space of Rn is Rn. However, it is useful in tensor algebra to keep the distinction

between a vector and an element in the dual space.

In general, ai1,i2,...,i"j1,j2,...,jm
is a 8 − m tensor, a set of numbers indexed by 8 super-

scripts and m subscripts. It can be thought of as a scalar-valued multilinear map on

(Rn)+ × (Rn)m. This generalizes the idea that matrices are bilinear maps on (Rn)2.
The summation convention becomes particularly useful for higher-order tensors. For

example, in Rn,

ci3,j4j3,i4
= ai1,i2,i3j1,j2,j3

bj1,j2,j4i1,i2,i4
≡

nX
i1=1

nX
i2=1

nX
j1=1

nX
j2=1

ai1,i2,i3j1,j2,j3
bj1,j2,j4i1,i2,i4

In our applications if f : R→ Rm, then fj will be the derivative of f with respect

to xj. The following equation expresses the multivariate Taylor expansion in tensor

notation:

f
¡
x0 + v

¢
= f(x0) + fi(x

0)vi +
1

2
fij(x

0)vivj +
1

3!
fijk(x

0)vivjvk + ...,
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where fi ≡ ∂f
∂xi
(x0), fij ≡ ∂2f

∂xi∂xj
(x0), etc. More generally, if f : Rn → Rm, then f ij

will be the derivative of the i0th component of f with respect to xj. We will make

extensive use of the multivariate chain rule. If f : Rn → Rm, g : Rm → R+ and

h (x) = g(f (x)), then h : Rn → R+, and the Jacobian of h is

hij ≡
∂hi

∂xj
= gi+f

+
j .

Furthermore the 1-2 tensor of second-order derivatives is

hijk ≡
∂2hi

∂xj∂xk
= gi+mf

m
k f

+
j + g

i
+f
+
jk.

This can be continued to express arbitrary derivatives.

Equation (1) is based on

g(x, y, z, w, ε) : Rn1 × Rn2 ×Rn3 × Rn4 × R→ R

which is a function of Þve groups of variables. Our perturbation analysis needs to

distinguish among derivatives with respect to different subsets of the variables. We

will use the standard device of letting different indices denote the differentiation with

respect to different sets of variables. For example, in general relativity theory, one

typically uses Latin letters, a, b, c, ..., to represent summation over the three space

coordinates (x, y, z) and Greek letters, µ, ν, ρ, ..., to represent summation over space-

time coordinates (x, y, z, t). We apply this practice here to distinguish among x, y, z,

and w. SpeciÞcally, the derivatives of g with respect to xi will be denoted by lower

case Latin letters as in

gµi (x, y, z, w, ε) =
∂

∂xi
(gµ (x, y, z, w, ε))

This implies that

gµj (x, y, z, w, ε) =
∂

∂xi
(gµ (x, y, z, w, ε))
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denotes the partial derivative of gµ(x, y, z, w) w.r.t. the j�th component of x. In

general, g with a subscript from {i, j, k, ...} denotes the vector of derivatives of
gµ(x, y, z, w, ε) with respect to the components of x. We use different indices to

denote derivatives with respect to components of y. In particular, we will use lower

case Greek letters to index components of y and deÞne

gα (x, y, z, w, ε) =
∂

∂yα
(g (x, y, z, w, ε))

gβ (x, y, z, w, ε) =
∂

∂yβ
(g (x, y, z, w, ε))

Derivatives of gµ(x, y, z, w) w.r.t. components of z will use capitalized Latin letters,

as in

gµI (x, y, z, w, ε) =
∂

∂zI
(gµ(x, y, z, w, ε))

gµJ (x, y, z, w, ε) =
∂

∂zJ
(gµ(x, y, z, w, ε))

and derivatives of gµ(x, y, z, w) w.r.t. components of w will use capitalized Greek

letters, as in

gµA (x, y, z, w, ε) =
∂

∂wA
(gµ(x, y, z, w, ε))

gµΓ (x, y, z, w, ε) =
∂

∂wΓ
(gµ(x, y, z, w, ε))

gµ∆ (x, y, z, w, ε) =
∂

∂w∆
(gµ(x, y, z, w), ε)

The distinction holds only for subscripts. For example, the notation yi will denote

the same vector as would yI .

Since ε is a scaler, the derivatives w.r.t. ε will be denoted in the standard manner,

gµε (x, y, z, w, ε) =
∂

∂ε
(gµ (x, y, z, w, ε))

gµεε (x, y, z, w, ε) =
∂2

∂ε2
(gµ (x, y, z, w, ε))
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Combinations of indices represent cross derivatives. For example,

gµαi (x, y, z, w, ε) =
∂

∂xi
∂

∂yα
(gµ (x, y, z, w, ε))

We will often want the composite gradient of gµ(x, y, z, w, ε) consisting of the deriv-

atives with respect to (y, z, w). We let ℵ = {α, I, A} denote the set of all indices for
(y, z, w) and use the notation gµℵ(x, y, z, w, ε) to represent the derivatives as in

gµℵ(x, y, z, w, ε) =
³
gµα (x, y, z, w, ε) , g

µ
I (x, y, z, w, ε) , g

µ
A (x, y, z, w, ε)

´
2.2. Implicit Function Theorem and Solvability Conditions. The general

implicit function theorem for Rn is the critical tool motivating our computations, even

though it is not directly applicable to our problems. A review of the Implicit Function

Theorem highlights the critical issues we will face. Let H (x, y) : Rn × Rm → Rm,

and suppose H(x0, y0) = 0. Let

Hµ(x, h (x)) = 0 (8)

implicitly deÞne h : Rn → Rm for x near x0. In particular, we know h(x0) = y0.

Taking the derivative of (8) with respect to xi shows

Hµ
i (x, h (x)) +H

µ
α(x, h (x))h

α
i (x) = 0

which, at x = x0, implies

∂Y α

∂xi
(x0) = h

α
i (x0) = − eHα

µH
µ
i

where eHα
µ is the tensor (matrix) satisfying

eHα
µ

¡
Hµ
β (x0, y0)

¢
= δαβ

The tensor hαi is the comparative static matrix which expresses how components of

h (x) change as we move x away from x0. The solution hαi exists as long as eHα
q , the
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inverse matrix of Hq
α(x0, y0), exists. Therefore, the solvability condition for h

α
i is the

nonsingularity of Hq
α(x0, y0). If H

q
α(x0, y0) is invertible, then the linear approximation

of h (x) based at x = x0 is

hα (x0 + v)
.
= hα(x0) + h

α
i v
i.

which is just the beginning of the multivariate Taylor series approximation of h (x)

based at x0.

We often need to go beyond the Þrst-order expression of and construct higher-order

terms of the Taylor series expansion. To do this in a clean and compact fashion, we

need tensor notation. Taking another derivative of (8) w.r.t. xj implies

Hij(x, h (x)) +H
µ
αj(x, h (x))h

α
i (x) h

β
j (x) +H

µ
α(x, h (x))h

α
ij (x) = 0

which, at x = x0, implies

hαij(x0) = − eHα
q

³
Hij +H

q
βjh

β
i h

α
j

´
(9)

Again, we see that the second-order coefficients are given by (9) as long as Hµ
α(x0, y0)

is invertible. Further differentiation shows that at each stage the critical solvability

condition is the same, the invertibility of Hµ
α(x0, y0). Therefore, we can continue to

solve for terms in a Taylor series expansion as long as H has the necessary derivatives.

We will compute the solvability conditions for the dynamic perturbation problem, and

Þnd that they differ from this in that the k�th order solvability condition depends on

k.

3. A Simple Example

We Þrst illustrate regular perturbation in the context of the basic rational expecta-

tions equations in a simple optimal growth model. This will help us see through the

complexity of the multidimensional case and also show why we use ε as a pertur-

bation variable as opposed to the variance ε2 which is the perturbation variable in
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continuous-time asymptotic methods, such as in Fleming, Judd and Guu (1993), and

Gaspar and Judd (1997).

Consider the simple stochastic optimal growth problems indexed by ε

maxct
P∞

t=0 β
t u(ct)

s.t. kt+1 = F (kt − ct)(1 + εzt)
(10)

where the zt are i.i.d. with unit variance, and ε is a parameter expressing the standard

deviation. The solution of the deterministic case, ε = 0, can be expressed as a policy

function, C(k), satisfying the Euler equation

u0 (C(k)) = β u0 (C (F (k − C(k)))) F 0 (k − C(k)) .

Standard linearization methods produce C 0(k). Successive differentiations of (10) pro-

duce higher-order derivatives of C(k) at k = k∗. For example, the second derivative

of (10) together with the steady-state condition k = k∗ implies that C 00(k∗) satisÞes

the linear equation

u00C 00 + u000C 0C 0 = βu000 (C 0F 0(1− C 0))2 F 0 + βu00C 00 (F 0(1− C 0))2 F 0

+2βu00C 0F 0(1− C 0)2 F 00 + βu0F 000(1− C 0)2

+βu0F 00(−C 00)
where the parentheses denote multiplication, not application of a function. All func-

tions are evaluated at the steady state value of their arguments. This is a linear

equation in the unknown C 00(k∗). Linear operations combined with successive differ-

entiations of (10) produce all higher-order derivatives.

The solution in the general case is a policy function, C (k, ε), which expresses

consumption as a function of the capital stock k as well as the standard deviation ε.

C(k, ε) satisÞes the Euler equation

u0 (C(k, ε)) = β E {u0 (g(ε, k, z)) R(ε, k, z)} (11)

g(ε, k, z) ≡ C((1 + εz)F (k − C(k)))
R(ε, k, z) ≡ (1 + ε z)F 0 (k − C(k))



Perturbation Methods for General Dynamic Stochastic Models 17

Differentiation of (11) with respect to ε produces a linear equation for Cε (k∗, 0),

which has the solution Cε = 0. This is a natural result since ε parameterizes the

standard deviation of uncertainty, whereas basic economic intuition says that the

economic response should be proportional to variance, which is ε2. Furthermore,

the perturbation variable in Fleming (1971) was instantaneous variance. Therefore,

Cε = 0 is a natural result.

Further differentiation with respect to ε produces a linear equation for Cεε (k∗, 0)

shows that

Cεε (k
∗, 0) =

u000C 0C 0F 2 + 2u00C 0F + u00C 00F 2

u00C 0F 0 + βu0F 00

where all the derivatives of u and F are evaluated at the steady-state values of c and

k. This can be continued to compute higher-order derivatives as long as u and F

have the necessary derivatives.

It may initially appear more natural to use variance, ε2, as the perturbation

variable since Cε (k, 0) = 0. However, using the variance would cause difficulty in a

discrete-time problem. The ε3 term Cεεε is nonzero in the deterministic case since

skewness can be nonzero. This is not a problem in the continuous-time, Ito process

case since all odd (instantaneous) moments are zero. A Taylor series in ε2 in discrete-

time stochastic problems would miss the ε3 terms and would fail at or before the

ε3 term. In terms of asymptotic theory, the appropriate gauge for discrete-time

stochastic problems is εk instead of ε2k.

4. Perturbations of the Deterministic Model

We now begin applying perturbation methods to rational expectations models of the

form in (1).We Þrst describe the perturbation method for the deterministic problem.

The deterministic problem has independent interest. Since the perturbations are with

respect to the state variables x, we drop the ε parameter in this section to simplify

the notation.
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Suppose that x ∈ Rn and y ∈ Rm. Then Y (x) : Rn → Rm, g : Rn × Rm × Rn ×
Rm × R → Rm, and F : Rn × Rm → Rn. Note that we assume that the number of

equations in g = 0 equals the number of free variables, m. We express equilibrium in

the more convenient form

0 = G (x, Y (x) ,X (x) ,Y (x)) ≡


gµ (x, Y (x) ,X (x) ,Y (x))
X I (x)− F I (x, Y (x))
YA (x)− Y A(X (x))

 (12)

where gµ denotes the µ�th equation in the collection of equilibrium equations. This

formulation uses expressions Y (x) and F (x, Y (x)) as well as the composite expres-

sions X (x)− F (x, Y (x)) and Y (x) = Y (X (x)) = Y (F (x, Y (x)). The introduction
of the intermediate terms X (x) and Y (x) helps us make clear the essentially lin-
ear structure of the problem. It also indicates a direction for efficient programming

since it tells us that we should separately compute the derivatives of X (x) and Y (x)
before we compute the derivatives of g (x, Y (x) ,X (x) ,Y (x)). This approach also
distinguishes the cases where Y occurs as Y (x) as opposed to Y (F (x, Y (x)). Y α

will refer to occurrences of Y (x) and Y A will refer to occurrences of Y (F (x, Y (x)).

We used F I , F J , etc., to refer to components of F (x, Y (x)) = X (x). X I , X J , etc.,

will also refer to components of X (x), and components of Y (x) = Y (F (x, Y (x)))

will be denoted YA, YB, Y∆, etc.
The objective is to Þnd the derivatives of Y (x) with respect to x at the determin-

istic steady state, and use that information to construct Taylor series approximations

of Y (x). In conventional notation, that Taylor series is expressed as

Y (x)
.
= y∗ + Yx (x∗, 0) (x− x∗) + (x− x∗)> Yxx (x∗, 0) (x− x∗) + ...

but tensor notation expresses it as

Y (x)
.
= y∗ + Yi (x∗, 0)

¡
xi − xi∗

¢
+ Yij (x∗, 0)

¡
xi − xi∗

¢ ¡
xj − xj∗

¢
+Yijk (x∗, 0)

¡
xi − xi∗

¢ ¡
xj − xj∗

¢ ¡
xk − xk∗

¢
+ ...
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Deterministic Steady State and the Linear Approximation. Perturba-

tion methods begin with the deterministic steady state, which is the solution to

0 = g (x∗, y∗, x∗, y∗)

x∗ = F (x∗, y∗)

This is a nonlinear set of equations. The second step in perturbation methods is

to compute the linear terms of the approximation Yx (x∗, 0). Standard linearization

methods show that the coefficients Yx (x∗, 0) are the solution, y = y∗ + Yx (x− x∗),
to the linear rational expectations model

gµi x
i
t + g

µ
αy

α
t + g

µ
I x

I
t+1 + g

µ
Ay

A
t+1 = 0 (13)

where all the gradients of gµ in (13) are evaluated at the deterministic steady state.

We assume locally unique and stable dynamics. This may not be true for all steady

states; we conÞne our attention to only saddlepoint stable steady states. This lin-

earization procedure is justiÞed by the implicit function theorem applied to (6). The

solution is

yt − y∗ = H (xt − x∗) (14)

Anderson et al. (1996) and Anderson, Evans, Sargent, and McGrattan (1996) survey

methods for solving such models. This is the difficult step computationally, but can

be handled by conventional methods.

Theorem 1. If g and F are locally analytic in a neighborhood of (x∗, y∗, x∗, y∗),

and (13) has a unique locally asymptotically stable solution, then for some ε > 0

there is a unique function Y (x) such that Y (x) solves (12) and is locally analytic for

kx− x∗k < ε. In particular, Y (x) is inÞnitely differentiable and its derivatives solve
the equations derived by implicit differentiation (12).
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Proof. This follows from the standard application of the analytic implicit

function theorem to the space of sequences that converge to the steady state at an

exponential rate.

Before we move on to the second-order approximation, we need to formulate the

Þrst order problem in functional and tensor form. We start with equilibrium expressed

in the form (12). Let Z (x) = (x, Y (x) ,X (x) ,Y (x)). The Þrst-order derivatives with
respect to the xi variables are

0 = gµi (Z (x)) + gµα (Z (x))Y αi (x) + gµI (Z (x))X I
i (x) + g

µ
A (Z (x))YAi (x)

X I
i (x) = F Ii (x, Y (x)) + F

I
α (x, Y (x))Y

α
i (15)

YAi (x) = Y AI (X (x))X I
i (x)

At the steady state (we drop arguments here since they are all understood to have

their steady state values)

0 = gµi + g
µ
αY

α
i + g

µ
IX I

i + g
µ
AYAi

X I
i = F Ii + F

I
αY

α
i

YAi = Y AI X I
i

After substitution, we see that the tensor (matrix) Y αi is the solution to

0 = gµi + g
µ
αY

α
i + g

µ
I

¡
F Ii + F

I
αY

α
i

¢
+ gµAY

A
I

¡
F Ii + F

I
αY

α
i

¢
This is a matrix polynomial equation for the matrix Y αi (x∗) with n

2 equations in the

n2 unknown values Y αi . This is also the H matrix in (14) computed by standard

methods.
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Before we move to higher order approximations, we express the Þrst order system

in (15) in a convenient form. Let

G (Z (x))ℵ =


gµα (Z (x)) gµI (Z (x)) gµA (Z (x))

−F Iα (x, Y (x)) 1n 0

0 0 1m


The (α, I, A) subscript notation represents the fact that G (Z (x))ℵ is three columns
of tensors, the Þrst being derivatives with respect to α, etc. The 1n (1m) entry in

G (Z (x))ℵ represents the n×n (m×m) identity map2. Then the system of equations
in (15) deÞning the Þrst-order coefficients can be expressed as

0 = G (Z (x))ℵ


Y αi (x)

X I
i (x)

YAi (x)

−


0

0

Y AI (X (x))X I
i (x)

+


gµi (Z (x))
F Ii (x, Y (x))

0

 (16)

and the steady state values Y αi (x∗) satisfy

0 = G(z∗)ℵ


Y αi (x∗)

X I
i (x∗)

YAi (x∗)

−


0

0

Y AJ (x∗)X J
i (x∗)

+


gµi (z∗)

F Ii (x∗, y∗)

0


where z∗∗ = Z (x∗). We will use the form in (16) below.

Second-order Approximation. We next want to compute Y αij (x∗), the Hessian

of Y α (x) at x = x∗. Let Djf(x) represent the total derivative of f(x) w.r.t. xj. Dif-

2We use the 1n notation instead of the Kronecker delta tensor δ
i
j notation since we do not want

to change indices.
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ferentiation of (16) with respect to xj shows

0 = Dj (G (Z (x))ℵ)


Y αi (x)

X I
i (x)

YAi (x)

+ G (Z (x))(α,I,A)

Y αij (x)

X I
ij (x)

YAij (x)

 (17)

−


0

0

Y AIJ(X (x))X J
j (x)X I

i (x) + Y
A
I (X (x))X I

ij (x)

+Dj


gµi (Z (x))
F Ii (x, Y (x))

0


which implies the steady state conditions

0 = Di (G(z∗))


Y αi (x∗)

X I
i (x∗)

YAi (x∗)

+Di


gµi (z∗)

F Ii (x∗, Y (x∗))

0

 (18)

−


0 0 0

X J
j (x∗)X I

i (x∗) Y AI (x∗) 0

0 0 0



Y AIJ(x∗)

X I
ij (x∗)

YAij (x∗)



+G (z∗)ℵ


Y αij (x∗)

X I
ij (x∗)

YAij (x∗)


which is a linear equation in the unknowns

¡
Y αij (x∗) ,X I

ij (x∗) ,YAij (x∗)
¢
. Note here

that the solvability condition is the nonsingularity of G(z∗∗) plus some other terms.

Theorem 2.
¡
Y αij (x∗) ,X I

ij (x∗) ,YAij (x∗)
¢
satisÞes the linear system (18). It is uniquely

solved by (18) if and only if (18) is nonsingular
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Third-order approximation. The third-order terms Zℵijk (x) are found by dif-
ferentiating (17) with respect to xj, producing

0 = Dk

Dj (G (Z (x))ℵ)

Y αi (x)

X I
i (x)

YAi (x)

+Dj


gµi (Z (x))
F Ii (x, Y (x))

0




+Dk (G (Z (x))ℵ)


Y αij (x)

X I
ij (x)

YAij (x)

+ G (Z (x))ℵ

Y αijk (x)

X I
ijk (x)

YAijk (x)



−


0

DijkY
A(X (x))
0


The steady state is now given by

0 = (Terms without Zijk) + G (Z (x))ℵ


Y αijk (x∗)

X I
ijk (x∗)

YAijk (x∗)

−


0

DijkY
A(X (x∗))
0

 (19)

where

DijkY
A(X (x∗)) = Y AIJK (x∗)XK

k (x∗)X J
j (x∗)X I

i (x∗)

+Y AIJ(x∗)Dxk
¡X J

j (x∗)X I
i (x∗)

¢
+Y AIK(x∗)XK

k (x∗)X I
ij (x∗) + Y

A
I (x∗)X I

ijk (x∗)

Theorem 3.
¡
Y αijk (x∗) ,X I

ijk (x∗) ,YAijk (x∗)
¢
satisÞes the linear system (19). It is

uniquely solved by (19) if and only if (19) is nonsingular

There are two items to note. First, Y αijk (x∗) satisÞes a linear system of equations.

Second, the solvability matrix for Zijk(x∗) will be different than the solvability ma-
trix for Zij(x∗). The fact that the solvability conditions change as we change order
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is a potential problem. However, one suspects that these matrices are generically

determinate, but that remains an open issue.

The following is an obvious continuation of our method.

Theorem 4. Given the solution to all lower order derivatives, the degree m deriva-

tives
¡
Y αi1..im (x∗) ,X I

i1..im
(x∗) ,YAi1...im (x∗)

¢
satisfy a linear equation that is solvable if

the linear map

G (z∗)ℵ



Y αi1..im (x∗)

X I
i1..im

(x∗)

YAi1...im (x∗)


−



0

Y AI1..Im (x∗)X I1
i1
(x∗) · · · X Im

im
(x∗) + Y AI (x∗)X I

i1..im
(x∗)

0


is invertible.

4.1. Algorithm. We have established that Taylor expansions of the equilibrium

equations produce a series of linear equations in the derivatives of Y once we get past

the Þrst-order terms. This implies that a fairly simple algorithm can be applied once

we have the linear systems. DeÞne

Gµ(x) = gµ (x, Y (x) ,X (x) ,Y (x))

where

X I (x) = F I (x, Y (x))

YA (x) = Y A(X (x))

The steady state deÞnition tells us that G (x∗) = 0. Furthermore, if Y αi (x∗) is Þxed

at its true linear solution, Gµi (x∗) = 0. The preceding calculations show that the
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Taylor expansion continues with the form

Gµ(x∗ + εv) = Gµ (x∗) + εG
µ
i (x∗) v

i (20)

+ε2
¡
Mµ,2
α (x∗) +Nµ,2

α (x∗)Y αij (x∗)
¢
vivj

+ε3
¡
Mµ,3
α (x∗) +Nµ,3

α (x∗)Y αijk (x∗)
¢
vivjvk

+...

where each Mµ,+
α (x∗) and Nµ,+

α (x∗) term involves no derivative of Y α (x) of order 8

or higher. Therefore, we take a speciÞc problem, have the computer produce the

Taylor series expansion in (20) where the Y αi (x∗), Y
α
ij (x∗), etc., terms are left free,

and then compute them in a sequentially linear fashion by solving in sequence the

linear systems

0 = Mµ,2
α (x∗) +Nµ,2

α (x∗)Y αij (x∗)

0 = Mµ,3
α (x∗) +Nµ,3

α (x∗)Y αijk (x∗)

...

where at each stage we use the solutions in the previous stage.

5. A General Stochastic Problem

We next compute the stochastic portion of our approximation. The stochastic rational

expectations problem is

0 = E {gµ(xt, yt, xt+1, yt+1, εz)|xt} , µ = 1, ...,m
xit+1 = F i(xt, yt, εzt), i = 1, ..., n

The objective is to Þnd some equilibrium rule, Y (x, ε), such that

E {g (x, Y (x, ε) , F (x, Y (x, ε) , εz) , Y (F (x, Y (x, ε) , εz) , ε) , εz) |x} = 0 (21)
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We have constructed the derivatives of Y (x, 0) with respect to the components of x.

We now compute the ε derivatives.

Before we describe our method, we Þrst present an example which highlights the

pitfalls of pursuing a Taylor series expansion procedure in a casual fashion ignoring

the relevant mathematics. We will posit a simple example of a rational expectations

model and follow the approach taken in Kydland and Prescott (1982), and elsewhere.

This casual application of the standard approach will produce a nonsensical result

and highlight a potential problem. We will then proceed to develop an approach

consistent with the implicit function theorem.

5.1. A Cautionary Example. We now present a simple example which high-

lights the dangers of a casual approach to computing Taylor series expansions. Sup-

pose that an investor receivesK endowment of wealth and that there are two possible

investments, I1 and I2; therefore, I1,t+I2,t = K. We allow negative values for I1,t and

I2,t, making this example like a portfolio problem. Assume a gross �adjustment cost�

for deviations of type 1 investment from some target Ī equal to α
¡
I1,t − Ī

¢2
/2 units

of utility. In period t+1 the investments produce f (I1,t, I2,t, Zt+1) of the consumption

good. Assume f (I1,t, I2,t, Zt+1) = I1,t + I2,tZt+1 where Zt is log Normal with mean

1+µ and variance σ2. Assume that all of the second-period gross return is consumed

and that the utility function is u (c) = c1−γ/ (1− γ). The complete utility function is

U (I1,t, I2,t, Zt+1) = −α
¡
I1,t − Ī

¢2
/2 + Et {u (I1,t + I2,tZt)} (22)

This is a rational expectations model where the endogenous variables are deÞned by

the equations

0 = −α ¡I1,t − Ī¢+ Et {u0 (I1,t + I2,tZt)Zt} (23)

K = I1,t + I2,t
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This is a trivial rational expectations model3, but if a method cannot reliably ap-

proximate the solution to this problem then we would not have any conÞdence in its

general validity.

The deterministic �steady state� is I1,t = Ī , I2,t = K − Ī; that is, we set type
1 investment equal to the type 1 target Ī and put the rest of the capital in type 2

investments.4. This is obvious since the investments have the same return and there

is an adjustment cost for any deviations of I1,t from zero. We now want to know how

the investment policy is altered if we add some noise to the risky type 2 investment.

If we were to take a certainty equivalent approximation then the investment rules

are unchanged by an increase in variance. However, this will produce nonsensical

answers if Ī < 0 and I2,t > K since this would imply that there is some chance that

I1,t+ I2,tZt < 0, implying negative consumption. A more sophisticated application of

the key idea in Kydland and Prescott (1982)5 tells us to replace the utility function

in (22) with a quadratic approximation around the deterministic consumption K and

solve the resulting linear equation for I1,t. For any Ī, µ, and σ2, as α goes to zero we

converge to the limiting investment rule

I2,t = K
µ/γ

σ2 + µ2
(24)

Consider the situation when µ/γ > σ2+µ2, as is the case when µ = .06 and σ2 = .04,

the standard calibration for equity investment, and γ = 1, which is log utility. In

this case I1,t, the safe investment, would be negative, implying that one borrows

3This example is also a bit silly with the utility adjustment costs, but it is an attempt to construct

an example which looks like a portfolio problem (think of I1 and I2 as investments in alternative

securities) but avoids the complications examined in Judd and Guu (2001).
4Note that if Ī < 0 then I2,t > K.
5Strictly speaking, Kydland and Prescott assume additive noise in the law of motion for the

state, in which case their approximation is certainty equivalent. However, the application of their

key linear-quadratic approximation idea to this example with nonadditive disturbances is clear.
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(I1,t < 0) to buy more than K dollars of the risky investment. This, however, is

nonsensical since the support of log Normal Z is all of the nonnegative real line,

implying that there is some chance of negative consumption, which is inconsistent

with CRRA utility. The possibility of a negative consumption makes expected utility

undeÞned and can be avoided6 by choosing any nonnegative I1,t. Therefore, the ad

hoc approximation in (24) cannot be a useful approximation to the the solution of

(23).

What went wrong? There is an implicit constraint on consumption being positive

in (23) since the utility function is not deÞned for negative consumption. However,

that constraint is not binding in the deterministic problem since consumption is

surely positive. Since this constraint is not present in the deterministic case, it is

not present when one executes a purely local procedure. If there are no restrictions

placed on the random disturbances, the Kydland and Prescott (1982) procedure im-

plicitly replaces a nonlinear problem with a linear-quadratic problem globally. The

approximate quadratic utility function is deÞned for negative consumption and is not

an appropriate global approximation since the true utility function may not be de-

Þned for negative consumption. Therefore, without restrictions on the disturbances,

the Kydland and Prescott approach is not a local analysis based on some implicit

function theorem.

This is not a problem unique to the strategy recommended by Kydland and

Prescott. The second-order procedure of Sims (2000) is a natural extension of Kyd-

land and Prescott and would fail in this case for similar reasons. In fact, any scheme

using purely local information and moments and ignoring global considerations can

fail on problems like this since local information cannot alone model global consid-

erations. The approximation procedure advocated in Campbell (2002) is different

6The reason for choosing log Normal z is obvious; if we had made z Normal than no nonzero

choice for I2 is consistent with the nonnegativity constraint on consumption.
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but also fails on this point, often producing approximations with positive probabili-

ties of negative consumption. Campbell�s approach begins with the observation that

one can analytically compute expected utility if utility is CRRA and consumption

is log Normal. Therefore, it would be nice if our portfolio problems always reduced

to computing the expected CRRA utility of log Normal consumption. However, if

asset returns are log Normal, consumption will generally not be log Normal since

nontrivial linear combinations of log Normal returns are not log Normal. Camp-

bell approximates the original portfolio problem (our problem in (23) is a portfolio

problem if α = 0) by replacing the ex post distribution of consumption with an �ap-

proximating� log Normal distribution, and then Þnds that portfolio which maximizes

the approximate expression for expected utility. Of course, the support of the log

Normal approximation will not include any negative values and if mean returns are

sufficiently large relative to the variance and risk aversion, the Campbell �approxi-

mation� will short bonds and cause a positive probability of negative consumption.

These problems do not go away even if we take the time period to zero. If we were

to embed (23) in a sequence of problems with ever shorter time periods, we would

want to maintain the Sharpe ratio, µ/σ2, above some positive limit. Then, for many

γ, the approximation in (24) would always be greater than K, implying shorting in

each discrete-time problem and a positive probability of negative consumption.

The mathematical economics literature has long been aware of this problem and

has recognized the importance of proceeding locally. In particular, Samuelson (1970)

noted this problem and assumed that the disturbance Z has bounded support. Judd

and Guu (2001) generalized this to a local analyticity condition. Judd (1998) (see

chapter 16) also points out the importance of controlling the distribution of Z. In

this paper, we will proceed with a bounded support assumption since that is the

most general way to proceed. We will display the critical conditions which need to

be checked before one can proceed with a perturbation approximation of rational
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expectations models.

5.2. Local Perturbation Approach for Stochastic Models. We have already

computed the Taylor series approximation of the deterministic problem

Y α (x, ε)
.
= y∗ + Y αi (x∗, 0)

¡
xi − xi∗

¢
+Y αij (x∗, 0)

¡
xi − xi∗

¢ ¡
xj − xj∗

¢
+Y αijk(x∗, 0)

¡
xi − xi∗

¢ ¡
xj − xj∗

¢ ¡
xk − xk∗

¢
+...

We next move to the stochastic terms, Yε (x∗, 0), Yεε (x∗, 0), etc. The general stochas-

tic system is

0 = E {g (xt, yt, xt+1, yt+1, εz) |xt}
xt+1 = F (xt, yt, εzt)

which implies the functional equation

0 = E {gµ (x, Y (x, ε) , F (x, Y (x, ε) , εz) , Y (F (x, Y (x, ε) , εz)), εz)} (25)

= N (Y ) (x, ε)

holds at all (x, ε). Differentiation with respect to ε shows

0 = E
©
gµαY

α
ε + g

µ
I

¡
F IαY

α
ε + F

I
ε z
¢
+ gµA

¡
Y AI

¡
F IαY

α
ε + F

I
ε z
¢
+ Y Aε

¢
+ zgµε

ª
= E {gµαY αε }+ E

©
gµI F

I
αY

α
ε

ª
+ E

©
gµI F

I
ε z
ª
+ E

©
gµAY

A
I F

I
αY

α
ε

ª
+E

©
gµAY

A
I F

I
αF

I
ε z
ª
+ E

©
gµAY

A
ε

ª
+ E {zgµε }

= Y αε
¡
E {gµα}+ E

©
gµI F

I
α

ª
+ E

©
gµAY

A
I F

I
α

ª
+ δAαE {gµA}

¢
(26)

+E
©
gµI F

I
ε z
ª
+ E

©
gµAY

A
I F

I
αF

I
ε z
ª
+ E {zgµε }
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holds at all (x, ε)7. Note that in the last step we use the identity Y Aε = δ
A
αY

α
ε . At the

steady state of the deterministic case, (x, ε) = (x∗, 0), the εz terms collapse to zero,

the derivatives gµα, g
µ
I , g

µ
A, F

I
α, F

I
ε , and g

µ
ε become deterministic, and (26) reduces to

0 = Y αε
¡
gµα + g

µ
I F

I
α + g

µ
AY

A
I F

I
α + δ

A
αg

µ
A

¢
+
¡
gµε + g

µ
I F

I
ε + g

µ
AY

A
I F

I
αF

I
ε

¢
E {z} (27)

which has a unique solution for Y αε iff all the terms in (26) exists at ε = 0 and

NY = g
µ
α + g

µ
I F

I
α + g

µ
AY

A
I F

I
α + δ

A
αg

µ
A

is an invertible matrix. The problem of existence arises with the terms gµε and F
I
ε

which only arise here. As we saw above, there are examples where these terms do

not exist.

We can take higher-order derivatives of (25) with respect to ε to arrive at equations

for Y αεε, Y
α
εε, etc. The formulas are complex, however, the pattern is clear. For example,

the derivative of (26) with respect to ε implies

0 = Y αεε
¡
E {gµα}+ E

©
gµI F

I
α

ª
+ E

©
gµAY

A
I F

I
α

ª
+ δAαE {gµA}

¢
Y αε

d

dε

¡
E {gµα}+ E

©
gµI F

I
α

ª
+ E

©
gµAY

A
I F

I
α

ª
+ δAαE {gµA}

¢
+
d

dε

¡
E
©
gµI F

I
ε z
ª
+ E

©
gµAY

A
I F

I
αF

I
ε z
ª
+ E {zgµε }

¢
which in turn implies that Y αεε (x∗, 0) solve an equation of the form

0 = Y αεεNY +M

where M contains only derivatives of g and F and moments of z. This will de-

termine Y αεε (x∗, 0) if the terms in M exists and NY is invertible. Notice that the
7We are slightly abusing notation by writing

d

dε
g (x, y, �x, �y, εz) = gε (x, y, �x, �y, εz) z

More formally, this should be g5 (x, y, �x, �y, εz) z but we use the gε (. . .) notation for its mnemonic

advantage. The same comment applies to our notation Fε (. . .).
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solvability condition, the invertibility of NY , is the same as the solvability condition
for Y αε (x∗, 0). Continuing this process shows that the ε derivatives of Y exist as long

as g and F have the necessary derivatives and the moments of z exist. The next

theorem summarizes our argument under the assumption that g is analytic.

Theorem 5. If (i) gµ (x, y, �x, �y, εz) exists and is analytic for all z in some neigh-

borhood of (x, y, �x, �y, ε) = (x∗, y∗, x∗, y∗, 0), (ii) there exists a unique deterministic

solution Y (x, 0) locally analytic in x, and (iii) NY is invertible, then there is an r > 0

such that for all (x, ε) ∈ Br (x∗, 0), there exists a unique solution Y (x, ε) to (25).
Furthermore, all derivatives of Y (x, ε) exist in a neighborhood of (x∗, 0) and can be

solved by implicit differentiation.

Proof. Application of the implicit function theorem for analytic functions. See

Zeidler (1986).

This theorem sounds obvious, but the conditions are important ones and should

be checked. In particular, our example in (23) fails to satisfy condition (i). One

natural and general way to insure (i) is to assume z has bounded support. This

may sound limiting since many popular processes in dynamic analyses, such as linear

processes with Normal or log Normal. Also, continuous time Ito processes often

imply Þnite-horizon distributions with inÞnite support. However, assuming z has

bounded support is a suitable assumption for discrete-time models, and, in fact, may

be a superior way to approximate continuous-time problems. Consider, for example,

Merton�s (1972) portfolio analysis. For some parameters, investors will short the

bond market and use the proceeds to buy stocks even for log utility. Our example

above shows that this would be unwise in a discrete-time model where returns have

log Normal returns since there would be some chance that wealth goes negative.

Therefore, assuming log Normal returns in a discrete-time model is a poor way to

approximate the continuous-time model. Why is there such a difference? In the
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continuous-time model with an Ito process driving the returns, an investor hit with a

series of negative return shocks can reduce his exposure to risk before his wealth goes

negative, but this is impossible in the discrete-time model and log Normal returns.

The Þnite-support assumption for z similarly allows an investor facing a series of

negative shocks to adjust his position before hitting ruin.

The key point is that there are regularity conditions which must be satisÞed

if we are to use the implicit function theorem to justify asymptotic expansions as

approximations. Our example shows that it may not be possible to combine popular

utility functions with popular stochastic processes. We take the view that it is more

important to accurately approximate the economic process than to stay with popular

stochastic processes. Therefore, we assume Assumption 1:

Assumption 1: The support of z is Þnite and E {z} = 0.

The following theorem follows directly from E {z} = 0 and successive differen-

tiation of (25). It just ratiÞes common sense that a Þrst-order change in standard

deviation affects nothing, and that the dominant order effect is variance, which here

equals ε2.

Theorem 6. If E {z} = 0, then 0 = Y αε = Y αεi = Y αεij = ...

Proof. 0 = Y αε follows from (27) and E {z} = 0. The other results follow from
the fact that derivatives of (26) with respect to state variables in x will always reduce

to expressions of the form 0 = Y αεi1..i" (...) + (...)E {z}.

6. Nonlocal Accuracy Tests

Perturbation methods produce the best possible asymptotically valid local approxi-

mations to a problem. However, we often want to use them for nonlocal approxima-

tions. The existing literature shows that Taylor series approximations are often quite
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good even for states not close to the deterministic steady state. Judd and Guu (1993,

1997) investigated this issue in simple growth models. They Þnd that, for empirically

reasonable choices of tastes and technology, linear approximations do well for small

but nontrivial neighborhoods of the deterministic steady state. However, the region

of validity will be too small if the stochastic shocks cause the state to wander sub-

stantially from the deterministic steady state. Fortunately, they Þnd that the quality

of the approximations improve substantially as the higher�order terms are added.

They also Þnd that the certainty nonequivalence terms are important to achieve high

quality approximations for stochastic approximations. More precisely, they substi-

tute the computed Taylor series into the deÞning equations and evaluate the resulting

error. The resulting error for capital stocks near the steady state is often the order

of machine zero, an accomplishment which few other methods can claim. While their

investigations have been limited to relatively small models, there is no reason to

suspect that the performance of this approach will decay drastically as we move to

larger models. In any case, any user of these methods should use some diagnostics to

estimate the region where the constructed series is a good approximation.

It is tempting to compute higher-order approximations and then just assume that

they are better than the certainty equivalent linear approximation. This approach is

dangerous since it ignores the essential fact of Taylor series expansions � their range

of validity is limited. Some elementary analysis shows the importance of this fact.

Suppose that f(x) = (9802− 198x+ x2)−1 and we wanted to compute its power series
around x = 100. The fourth-order Taylor series is

bf(x) = 99990001− 3999800x+ 59999x2 − 400x3 + x4
To measure the accuracy of this Taylor series, we computed the relative error in

logarithm terms,

E (x) = log10

¯̄̄̄
¯ bf(x)f(x)

− 1
¯̄̄̄
¯ .
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The results are displayed in Table 1.

Table 1: Relative errors in Taylor series

expansion of (9802− 198x+ x2)−1

x− 100 : .1 .2 .3 .5 1 1.5

E (x) : -13 -9.7 -7.2 -4.2 0 2.4

Table 1 says that the fourth-order Taylor series approximation has very small

errors for x within 0.5% of the central value of x = 100, but that it falls apart when

|x− 100| > 1. We also computed the order 5, 10, and 20 Taylor series expansions and
found the approximations to get better for |x− 100| < 1 but worse for |x− 100| > 1.
It appears that we cannot construct a Taylor series based at x = 100 which is valid

for any value of x more than 1% away from x = 100. The key fact is that the

radius of convergence for the power series expansion of f (x) around x = 100 is 1.

This follows directly from the theory of power series in the complex plane. The

polynomial 9802 − 198x + x2 has two zeroes of x = 100 ± 2
√−1, both of which are

distance 1 away from x = 100. Therefore, the inÞnite-order Taylor series based at

x = 100 has a radius of convergence equal to 1. Radii of convergence for power

series can be small; in fact, they can be arbitrarily small even when the function is

simple and has no singularities on the real line. We have no idea about the radius

of convergence for the Taylor series constructed by our methods. This is particularly

problematic for us in stochastic models where, in reasonably calibrated cases, we do

expect the state variables to roam more than 1% away from the deterministic steady

state.

This cautionary example and the portfolio example above both show that we need

ways to determine if our solutions are good, and these evaluations should be performed

for any application before a computed approximation is accepted and used to make

some economically substantive point. Therefore we need to develop diagnostic tools
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which can be applied to any problem.

To measure the accuracy of our approximations we evaluate

E (x, ε) = max
µ
egµ ³x, bY (x, ε) , F (x, bY (x, ε) , εz), bY (F (x, bY (x, ε) , εz), ε), εz´

where egµ is a normalized, unit-free, version of gµ. The speciÞc details of the normal-
ization depends on the equation. For example, Euler equations should be normalized

so that the errors are in terms of percentage of consumption. SpeciÞcally, the unnor-

malized Euler equation is often expressed as

0 = u0 (ct)− βE {u0 (ct+1)Rt+1}

which has units �utils per unit of consumption�. We need to get rid of both the

utility and consumption units. A unit-free version is

0 = 1− βE {u
0 (ct+1)Rt+1}
u0 (ct)

a form often used in empirical studies. If an equation is a market-clearing condition

with form form 0 = S − D for supply S and demand D, then a natural unit-free

form would be 0 = 1 − D/S where any deviation expresses the excess supply as a
fraction of total supply. In general, we need to use some set of equations egµ where
deviations from zero represent a unit-free measure of irrationality of the agents, lack

of market-clearing, mistakes in predictions, and whatever else is involved in describing

equilibrium, all of which we want to make small in any approximation.

7. Specific Examples

We have developed the full perturbation method for stochastic models and proposed

diagnostic tests to ascertain accuracy. We next apply this approach to dynamic
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programming problems of the form

max
{Lt,Iit}

Et

∞X
τ=t

βtu(ct, lt)

ct = F (K
1
t , K

2
t , · · · ,Kn

t , Lt, θt)−
nX
i=1

I it

Ki
t+1 = K

i
t + ϕi

µ
I it
Ki
t

¶
Iit, i = 1, · · · , n

θt+1 = λθt + σξt+1

where Ki
t , i = 1, · · · , n, is the stock of type i capital goods at the beginning of period

t, I it is gross investment of type i capital in period t, θt is the productivity level in

period t, and ξt is the i.i.d. productivity shock with mean zero and unit variance.

We assume that ξt is truncated Normal with truncation at 3 standard deviations.

The function ϕi(I
i
t/K

i
t) represents net investment of type i capital after deducting

adjustment costs. We assume that ϕi(·) has the following form

ϕi(s) = 1−
δi
2
s (28)

Denote Kt = (K1
t ,K

2
t , · · · , Kn

t ), s
i
t = I it/K

i
t . Let V (Kt) be the value function.

The Bellman equation for the above problem can be written as:

V (Kt) = max
Lt,sit

u(ct, lt) + βEtV (Kt+1)

subject to

ct = F (Kt, lt)−
Pn

i=1 s
i
tK

i
t

Ki
t+1 = (1 + ϕi(s

i
t)s

i
t)K

i
t , i = 1, · · · , n

θt+1 = λθt + εσξt+1

(29)

The law of motion equation in (29) displays the position and of the perturbation

parameter ε. The ξt shocks are i.i.d. random variables and are unchanged by the

perturbation. The deterministic case is when ε = 0 since then the ξt shocks have no

effect on production. When ε = 1, the variance of the productivity shocks is σ2.
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The Þrst order conditions are:

0 = uc(ct, lt)FL(Kt, lt) + ul(ct, lt) (30)

0 = −uc(ct, lt) + βEt {Vi(Kt+1)}
¡
ϕ0i(s

i
t)s

i
t + ϕ(s

i
t)
¢

(31)

Vi(Kt) = uc(ct, lt)
¡
Fi(Kt, lt)− sit

¢
+ βEt {Vi(Kt+1)}

¡
1 + ϕi(s

i
t)
¢

(32)

while Fi = ∂F (K,L)/∂K i, Vi = ∂V (K)/∂Ki. Note that the Euler equations (30),

(31) and (32) are functional equations, which implicitly deÞnes the policy functions

lt = L(Kt) and sit = S
i(Kt), and the gradient functions Vi(K). We are going to solve

these functions by the perturbation method as described by Judd (1998), that is, to

compute Taylor expansions around the steady state and use them as approximations.

7.1. Error Bounds. At each capital stock Kt, the error bound of our solution,

E(Kt), is deÞned as the maximum of absolute Euler equation errors at this point.

E(Kt) = max{||EL||, ||EKi ||, ||EVi||, i = 1, · · · , n}

where El, EKi, EVi are normalized errors, as given by:

El = (ucFl + ul)/ul

EKi = βEt {Vi(Kt+1)}
¡
ϕ0i(s

i
t)s

i
t + ϕ(s

i
t)
¢
/uC − 1

EVi = 1− uc(Fi − sit)− βEt {Vi(Kt+1)}
¡
1 + ϕi(s

i
t)
¢
/Vi(Kt)

Normally we expect the error bounds become bigger as we move away from the steady

state. To see how the errors grow, we introduce an overall measure of error bounds

as a function of relative distance from the steady state. Formally, for every r ≥ 0, we
can deÞne:

E(r) = sup

(
E(K)

¯̄̄̄
¯
nX
i=1

µ
Ki − K̄i

K̄i

¶2
≤ r

)
where K̄i denotes the steady state value of Ki. The E(r) is the error bound function

we are seeking.
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In practice, however, we cannot check all points on the surface of a sphere. We

must conÞne to some Þnite sets. Let D = {−1, 0, 1}n. DeÞne

X =

¡x1, · · · , xn¢
¯̄̄̄
¯̄xi = diqPn

j=1 (d
j)2
, d ∈ D, d 6= 0


Thus all points in X are on the surface of a unit sphere. We deÞne our error bound

function as

E(r) = max{E(K) | Ki = (1 + rx
i)K̄i, x ∈ X }

7.2. Computational Results. Our examples use the following functional forms:

u(c, l) =
c1−γ

1− γ −
l1+η

1 + η
, γ > 0, η > 0

F (K, l) =
¡
K1
¢α1 ¡K2

¢α2 · · · (Kn)αn l1−
P
i αi, αi > 0,

X
i

αi < 1

We compute the model for the cases of 2,3 and 4 capital goods. In all the cases we

choose β = 0.95, and δi = 0.1, all i. We test the algorithm on several parameter

values displayed in Table 1. For each combination of parameters in Table 1, we

compute the Þrst through fourth, and sometimes Þfth, order Taylor series expansion.

For each case, we compute E (r) for various values of radii r, dimensions n, and

expansion orders k. We then Þnd the worst case for each scenario. That is, for radius

r, dimension n, and order k, we Þnd that case which had the worst E (r). We report

the worst cases in Table 2. For example, in the two capital good cases, the worst

Euler equation error for the linear approximation at radius r was 10−3.2. That worst

case may be different for the r = .05 case and for the k = 2 case. Therefore, every

solution for the cases in Table 1 was better than the errors reported in Table 2.
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Table 1: Parameter Values

(n, αi): (2,.15), (3,.1), (4, .075)

γ: 0.5, 2, 5, 10

η: 10, 3, 1

(λ, σ): (0, 0), (0.05, 0), (0.10, 0) (0.01, 0.90), (0.01, 0.95)

The results in Table 2 show that the higher order approximations are very valuable

and follow our intuition. For a Þxed order k, the errors of the k�th order approxi-

mation increase as we move away from the steady state. The linear approximation

is acceptable for r < .01, but is of questionable value for r > .05. None of the

approximations have acceptable Euler equation errors for r = .5.

For any Þxed radius r we see that there is substantial payoff to using higher-

order approximations. In particular, at r = 0.10, the linear approximation has Euler

equation errors up to 10% of consumption but the Þfth-order approximation has

normalized errors on the order of 10−5, an improvement of four orders of magnitude.
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Table 2: Error bounds log10E(r)

r k = 1 k = 2 k = 3 k = 4 k = 5

2 capital good cases

0.01 -3.2 -3.7 -4.1 -5.5 -5.7

0.05 -1.8 -2.8 -4.1 -5.1 -5.7

0.10 -1.1 -2.1 -3.1 -4.1 -5.1

0.20 -0.5 -1.2 -1.9 -2.6 -3.4

0.30 -0.1 -0.6 -1.3 -1.8 -2.3

0.40 0.2 -0.2 -0.7 -1.1 -1.6

0.50 0.6 0.2 -0.2 -0.6 -1.0

3 capital good cases

0.01 -3.2 -3.8 -4.0 -5.5

0.05 -1.8 -2.9 -4.0 -5.2

0.10 -1.2 -2.2 -3.3 -4.3

0.20 -0.6 -1.3 -2.1 -2.8

0.30 -0.2 -0.7 -1.3 -1.9

0.40 0.2 -0.3 -0.8 -1.3

0.50 0.5 0.1 -0.4 -0.8

4 capital good cases

0.01 -3.3 -3.9 -4.1 -5.6

0.05 -1.9 -3.0 -4.1 -5.6

0.10 -1.3 -2.3 -3.4 -4.4

0.20 -0.7 -1.4 -2.2 -2.9

0.30 -0.3 -0.8 -1.5 -2.1

0.40 0.1 -0.4 -0.9 -1.5

0.50 0.4 -0.1 -0.5 -1.0
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Table 2 examined the quality of the approximations near the deterministic steady

state. While this information is useful and exactly the kind of information which is

related to the implicit function theorem, it does not tell us what we need to know

about how good the approximation is for a stochastic problem because we do not

know the range of the states. For example, the linear approximation looks good for

only k within 5% of the steady state. If the capital stocks stay within that range,

the linear approximation may be acceptable, but we would not be so accepting if the

stochastic shocks pushes some capital stocks to levels more than 10% away from the

steady state.

Tables 3 and 4 address these issues with stochastic simulation for a particular

case. Tables 3 and 4 takes a degree k approximation and uses it to simulate the

economy for 105 periods. We compute the deviation, (Kt − K̄)/K̄, from the steady

state and the magnitude of the Euler equation error at each realized state. Table 3

reports the mean deviation from the steady state of the capital stock, the standard

deviation, and the maximum deviation. The mean deviation for k = 1 is nearly zero,

as it should be since the linear approximation is a certainty equivalent approximation.

Higher order approximations indicate that the mean capital stock is about 2% from

the deterministic steady state, a fact not possible to approximate with the linear

approximation. The other moments are largely unaffected by the higher orders of

approximation.
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Table 3: (K − K̄)/K̄ along the simulation path

γ = 10, η = 10, (σ, λ) = (0.1, .95)

k = 1 k = 2 k = 3 k = 4 k = 5

mean -0.002 0.019 0.018 0.019 0.019

std. dev. 0.087 0.090 0.089 0.089 0.089

maximum 0.257 0.304 0.291 0.294 0.293

minimum -0.249 -0.229 -0.227 -0.226 -0.226

Table 4 reports the mean of the absolute value of the errors, their standard devia-

tion, and the maximum Euler equation error over the 10,000 period simulation. Since

the true distribution of the states is not centered at the deterministic steady state,

the results in Table 4 are not as impressive as in Table 2, but they again indicate the

great value of higher-order approximations.

Table 4: Error bounds log10E(r) along simulation paths

γ = 10, η = 10, (σ, λ) = (0.1, .95)

k = 1 k = 2 k = 3 k = 4 k = 5

mean 2.6× 10−2 1.2× 10−3 1.1× 10−4 6.2× 10−5 3.4× 10−7
std. dev. 3.7× 10−2 2.5× 10−3 1.5× 10−3 1.6× 10−4 1.4× 10−6

maximum 4.4× 10−1 4.0× 10−2 9.8× 10−3 3.0× 10−3 2.9× 10−5

We need to be clear about these error results. We do not present them to indi-

cate that higher-order perturbation methods are good approximations and that the

reader should feel free to apply them to his problems. Our point is that these error

analyses need to be done as part of any application of perturbation methods. It is

the critical Þfth step in the perturbation method. The statistics displayed in Tables

2 and 4 should be reported in any application of the perturbation method just as t
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statistics and conÞdence intervals are reported in any application of regression and

other statistical methods.

Table 5 displays the computational costs associated with the higher-order approx-

imations. We see that the number of derivatives to compute rise substantially as we

increase approximation order and dimensions. There is a similar increase in time

and space needed to compute the approximations. We include statistics on space

since the space necessary to store all the necessary derivatives may be a limitation for

perturbation methods. While the computational costs are substantial, they are not a

serious problem. With increasing speed of computers and the fall in memory prices,

perturbation methods are clearly competitive with alternatives for multidimensional

problems.
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Table 5: Computation costs

no. of state endog. order

capitals vars. vars. 1 2 3 4 5 6 7

number of derivatives to compute

2a 2 5 10 25 45 70 100 135 175

2b 3 5 20 70 170 345 625 1045

3a 3 7 21 63 133 238 385

3b 4 7 35 140 385 875 1757

4a 4 9 36 126 306 621

4b 5 9 54 243 747 1881

computing time in seconds

2a 2 5 0 0.03 0.37 3.38 23.6 148 923

2b 3 5 0 0.06 0.83 15.5 199 907

3a 3 7 0 0.13 2.34 35.0 415 308

3b 4 7 0 0.22 6.58 127 1424

4a 4 9 0 0.40 9.89 202

4b 5 9 0 0.66 22.8 640

memory used in megabytes

2a 2 5 2.5 2.5 2.8 4.2 12.0 48.0 200

2b 3 5 2.6 2.6 3.1 7.2 51.0 440

3a 3 7 2.6 2.6 3.8 17.0 132

3b 4 7 2.7 2.7 4.8 33.0 386

4a 4 9 2.7 2.8 6.9 74.0

4b 5 9 2.8 2.9 9.5 135

Note: a is the riskless case and b is the risky case
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Table 6 summarizes the steps of the perturbation method.

Table 6: Perturbation Method for Rational Expectations Models

Step 1: Compute the deterministic steady state with nonlinear

equation solver

Step 2: Compute linear approximation with some rational expectations

solution method

Step 3: Compute higher-order terms of deterministic problem through

differentiation and linear equation solving

Step 4: Compute stochastic deviation terms through differentiation

and linear equation solving

Step 5: Compute normalized errors in ergodic set of states through

deterministic sampling and stochastic simulation

8. Conclusion

This paper has shown that it is feasible to apply perturbation methods to numerically

solve rational expectations models substantially more complex than the usual rep-

resentative agent, single good model. However, theory shows that the perturbation

approach faces some limitations related to the range of the stochastic shocks and the

local validity of the approximations. In response, we develop diagnostic methods to

evaluate the approximations.
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