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Implementing Simulation Methods

Simulation or density evaluation:

p (θA | A)
p (y | θA,A)
p (ω | y,θA,A)
p (θA| yo,θA,A)

Have we written the code correctly?

Did we even get the derivations right ??
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Density Ratio Tests

x(m)
n×1

∼ p (x |I) with

M−1
MX

m=1

h
³
x(m)

´
a.s.→

Z
X
h (x) p (x |I) dx

k (x |I) ∝ p (x |I) , cI =
Z
X
k (x |I) dx.

Let f be any p.d.f. with the property: p (x |I) > 0 =⇒ f (x) > 0. Then

1

M

MX
m=1

f
³
x(m)

´
k
³
x(m) | I

´ a.s.→ c−1I .
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Claim:

1

M

MX
m=1

f
³
x(m)

´
/k
³
x(m) | I

´
a.s.→ c−1I .

Proof: For

g (x) =
f (x)

k (x |I)
we have

E [g (x) | I] =
Z
X
g (x) p (x |I) dx = c−1I

Z
X
g (x) k (x |I) dx

= c−1I

Z
X
f (x) dν (x) = c−1I

=⇒ 1

M

MX
m=1

g
³
x(m)

´
a.s.→ c−1I
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x(m) ∼ p (x |I) , k (x |I) ∝ p (x |I) , cI =
Z
X
k (x |I) dx

=⇒ M−1
MX

m=1

f
³
x(m)

´
p
³
x(m) | I

´ a.s.→ c−1I

Special case k (x |I) = p (x |I):

M−1
MX

m=1

f
³
x(m)

´
p
³
x(m) | I

´ a.s.→ 1.

f/p bounded above =⇒ var [f (x) /p (x | I)] <∞, and we can test.
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How to construct f (x)?

µ(M) =
1

M

MX
m=1

x(m), Σ(M) =
1

M

MX
m=1

³
x(m) − µ(M)

´ ³
x(m) − µ(M)

´0

Multivariate normal distribution truncated to highest density region of size

100 (1− α)%,X(M)
α =

½
x :

³
x− µ(M)

´0 ³
Σ(M)

´−1 ³
x− µ(M)

´
< χ2α (n)

¾

f (x) = (1− α)−1 (2π)−n/2
¯̄̄
Σ(M)

¯̄̄−1/2
· exp

∙
−
³
x− µ(M)

´0 ³
Σ(M)

´−1 ³
x− µ(M)

´
/2
¸
I
X
(M)
α

(x) .

Result:

M−1
MX

m=1

f
³
x(m)

´
k
³
x(m) | I

´ a.s.→ c−1I , var

⎛⎝ f
³
x(m)

´
k
³
x(m) | I

´
⎞⎠ <∞.
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p (y | θA) example

yt = ρyt−1 + εt, εt
iid∼ N

³
0, h−1

´
(t = 2, . . . , T )

y1 ∼ N

Ã
0,

1

h (1− ρ)

!
The model defines the simulator.

p (y1, . . . , yT | h, ρ,A) = (2π)−T/2 hT/2
³
1− ρ2

´1/2
· exp

⎧⎨⎩−h
⎡⎣y21 ³1− ρ2

´
+

TX
t=2

(yt − ρyt−1)
2

⎤⎦ /2
⎫⎬⎭

Use

ρ = 0.8, h = 1, T = 5

and M = 10, 000 simulations.
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p (y | θA) example (continued)

y1 ∼ N

Ã
0,

1

h (1− ρ)

!

Intentional simulation error: y1 ∼ N
³
0, h−1

´
p (y1, . . . , yT | h, ρ,A) = (2π)−T/2 hT/2

³
1− ρ2

´1/2
· exp

⎧⎨⎩−h
⎡⎣y21 ³1− ρ2

´
+

TX
t=2

(yt − ρyt−1)
2

⎤⎦ /2
⎫⎬⎭

Intentional p.d.f. evaluation error 1: Omit hT/2
³
1− ρ2

´1/2
Intentional p.d.f. evaluation error 2: Omit y21

³
1− ρ2

´
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p (y | θA) example (concluded)

Outcomes of tests

log
h
M−1PM

m=1 f
³
y(m)

´
/p
³
y(m) | h, ρ,A

´i
Standard errors in parentheses

Density evaluation error: None Error 1 Error 2
Simulation error:
None -.006 (.010) .508 (.010) .259 (.011)
Error -.342 (.011) .194 (.011) -.271 (.011)
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Joint Distribution Tests (JASA 2004)

Alternative simulators
n
x(m)

o
and

nex(m)o
both ergodic, with the same invariant distribution

E [|g (x)| | I] <∞ =⇒ 1

M

MX
m=1

g
³
x(m)

´
− 1

M

MX
m=1

g
³ex(m)´ a.s.→ 0

var [g (x) | I] =⇒ Tests possible

Monte Carlo Methods for Econometric Inference II 10



Institute on Computational Economics 2006 Section 8.1.2, pp. 251-254

We’re interested in

p (θA,y |A) = p (θA | A) p (y | θA,A) .

Marginal-conditional simulator :

θ
(m)
A ∼ p

µ
θ
(m)
A | A

¶
,y(m) ∼ p

µ
y | θ(m)A ,A

¶
(m = 1, . . . ,M)

Then

M−1
MX

m=1

g
µ
θ
(m)
A ,y(m)

¶
a.s.→

Z
ΘA

Z
Y
g (θA,y) p (θA,y |A) dydθA.
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Posterior simulator: eθ(m)A,yo ∼ p
µ
θA | eθ(m−1)A,yo ,yo, C

¶

Successive conditional simulator :

eθ(0)A ∼ p (θA | A)

ey(m) ∼ p
µ
y | eθ(m−1)A ,A

¶
, eθ(m)A ∼ p

µ
θA | eθ(m−1)A ,y(m), C

¶
(m = 1, ...,M)

M−1
MX

m=1

g
µeθ(m)A , ey(m)¶ a.s.→

Z
ΘA

Z
Y
g (θA,y) p (θA,y |A) dydθA.
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Example: Mixed-t posterior simulator

yt ∼ t
³
µ1, h

−1
1 ; ν

´
with probability p = p1,

yt ∼ t
³
µ2, h

−1
2 ; ν

´
with probability 1− p = p2.

In this example, ν = 5 is assumed (i.e., dogmatic prior)

Priors for other parameters:

µj ∼ N
³
µ, h−1µ

´
(j = 1, 2)

³
µ = 0, hµ = 1

´
s2hj

i.i.d.∼ χ2 (ν) (j = 1, 2)
³
s2 = 3, ν = 3

´
p ∼ Beta (r, r) (r = 2)
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Observables simulator (conditional on the parameters):

(1) Latent variables (i.i.d., t = 1, . . . , T ):

P (est = 1) = p, P (est = 2) = 1− p

νeht ∼ χ2 (ν)

(2) Then for t = 1, . . . , T ,

yt | (est = j) ∼ N
∙
µj,

³
hj
eht´−1¸
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Prior simulator:

µj
i.i.d.∼ N

³
µ, h−1µ

´
(j = 1, 2)

³
µ = 0, hµ = 1

´
s2hj

i.i.d.∼ χ2 (ν) (j = 1, 2)
³
s2 = 3, ν = 3

´

p ∼ Beta (r, r) (r = 2)

Error 1:

p ∼ Beta(1, 1)

Monte Carlo Methods for Econometric Inference II 15



Institute on Computational Economics 2006 Section 8.1.2, pp. 251-254

... We now have the marginal-conditional simulator.

Next: Successive-conditional simulator
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Gibbs sampling algorithm:

µj ∼ N
³
µj, h

−1
j

´
(j = 1, 2)

where

hj = hµ + hj
X

t:st=j

eht µj = h
−1
j

⎛⎝hµµ+ X
t:st=j

hj
ehtyt

⎞⎠

Error 3:

µj = µj (j = 1, 2)

Monte Carlo Methods for Econometric Inference II 17



Institute on Computational Economics 2006 Section 8.1.2, pp. 251-254

s2jhj ∼ χ2
³
νj
´
(j = 1, 2)

where

νj = ν + Tj, s
2
j = s2j +

X
t:st=j

eht ³yt − µj
´2

p ∼ Beta (T1 + r, T2 + r) .
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In algorithm MCMC1,
³
st, eht´ is drawn jointly:

p (st = j) ∝ pjh
1/2
j

∙
1 + ν−1hj

³
yt − µj

´2¸−(ν+1)/2
(ν = 5) (1)∙

hj
³
yt − µst

´2
+ ν

¸ eht ∼ χ2 (ν + 1) (ν = 5) (2)

Error 4:

νeht ∼ χ2 (ν) (ν = 5)

Error 5: Use (2), but not right after (1)
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In algorithm MCMC2 est is drawn separately:
p (est = j) ∝ pjh

1/2
j exp

∙
−hjeht ³yt − µj

´2
/2
¸
(j = 1, 2)

∙
hest ³yt − µst

´2
+ ν

¸ eht ∼ χ2 (ν + 1) (ν = 5)

(same as (2).

Conditional on the parameters and eht (t = 1, . . . , T )
yt | (est = j) ∼ N

∙
µj,

³
hj
eht´−1¸

Error 2:

yt | (est = j) ∼ t
³
µj, h

−1
j , ν

´
(ν = 5)
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The tests

Marginal-conditional simulator:
½
θ
(m)
A ,y(m)

¾

Successive-conditional simulator:
½eθ(m)A , ey(m)¾

m = 1, . . . ,M , M = 250, 000 in each case

Moments for testing: 5 first moments and 15 second moments of

θ0A = (µ1, µ2, h1, h2, p)
0
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Rejections (out of 20) at
Algorithm Error p =.05 p =.01 p =.005 p =.001
MCMC1 0. None 0 0 0 0
MCMC2 0. None 0 0 0 0
MCMC1 1. Prior simulation of p 4 3 3 2
MCMC1 2. Simulation of y 10 9 9 9
MCMC1 3. µ variance 11 10 10 9
MCMC1 4. eht degrees of freedom 5 3 3 3
MCMC1 5. (est, eht) draw 7 6 6 6
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Variance Reduction

The main idea

h
(M)

=
MX

m=1

w
µ
θ
(m)
A

¶
h
³
ω(m)

´
/

MX
m=1

w
µ
θ
(m)
A

¶
a.s.→ E [h (ω) | I] .

Can we find h∗ (θA,ω) such that:

E [h∗ (θA,ω) | I] = E [h (ω) | I] ,
var [h∗ (θA,ω) | I] < var [h (ω) | I] ,

h
∗(M)

=

PM
m=1w

µ
θ
(m)
A

¶
h∗
µ
θ
(m)
A ,ω(m)

¶
PM
m=1w

µ
θ
(m)
A

¶ a.s.→ E [h (ω) | I] ?
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Concentrated Expectations

The principle: Suppose we need to evaluate
R R

f (x, y) p (x, y) dxdy.

Direct sampling: ³
x(m), y(m)

´
i.i.d.∼ p (x, y) ,

M−1
MX

m=1

f
³
x(m), y(m)

´
a.s.→

Z Z
f (x, y) p (x, y) dxdy
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Z Z
f (x, y) p (x, y) dxdy

Suppose we have an analytical evaluation of

g (x) = E [f (x, y) | x] =
Z
f (x, y) p (x, y) dy/

Z
p (x, y) dy

By the law of iterated expectations E [g (x)] = E [f (x, y)] and so

M−1
MX

m=1

g
³
x(m)

´
a.s.→ E [f (x, y)] =

Z Z
f (x, y) p (x, y) dxdy.

By the Rao-Blackwell theorem

var [g (x)] ≤ var [f (x, y)] .
Monte Carlo Methods for Econometric Inference II 25



Institute on Computational Economics 2006 Section 4.4.1, pp. 128-130

Theorem 4.4.1 Concentrated expectations in posterior simulation

p (θ,ω |I) = p (θ |I) p (ω | θ,I) ,
ω = E(ω | I) ,
θ0 =

³
θ01,θ

0
2

´

θ(m)
iid∼ p

³
θ(m) | I

´
, ω

(m)
1 ∼ p

³
ω| θ(m), I

´
ω
(m)
2 = E

³
ω| θ(m), I

´
ω
(m)
3 = E

µ
ω| θ(m)1 , I

¶
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θ(m)
iid∼ p

³
θ(m) | I

´
, ω

(m)
1 ∼ p

³
ω| θ(m), I

´
ω
(m)
2 = E

³
ω| θ(m), I

´
ω
(m)
3 = E

µ
ω| θ(m)1 , I

¶

ω
(M)
j =M−1

MX
m=1

ω
(m)
j (j = 1, 2, 3)

Then

M1/2
µ
ω
(M)
j − ω

¶
d→ N

³
0, τ2j

´
(j = 1, 2, 3)

τ23 ≤ τ22 ≤ τ21
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Note: Theorem 4.4.1 is not known to hold for importance sampling.

This is not important.

What is important:

(1) Principle of concentrated expectations;

(2) We can still get the numerical standard error.

Same points apply to MCMC.
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Antithetic Sampling

The principle: Suppose we need to evaluate E (x).

There is an antithetic variate y with the (defining) properties

E (y) = E (x) , var (y) = var (x) , cov (y, x) < 0.

Then

E
µ
x+ y

2

¶
= E(x) ,

var
µ
x+ y

2

¶
=
1

2
var (x) +

1

2
cov (x, y) <

1

2
var (x) .
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Application to simulation³
ω(1,m), ω(2,m)

´0
∼ p (ω |R)

ω(j,m) ∼ p (ω|I) (j = 1, 2)

cov
³
ω(1,m), ω(2,m) | R

´
< 0

Then

var

⎡⎣ MX
m=1

³
ω(1,m) + ω(2,m)

´
/2M | R

⎤⎦ < (1/2) var

⎛⎝ MX
m=1

ω(1,m)/M | I
⎞⎠ .

(Remember the extra time taken to get ω(2,m).)

Monte Carlo Methods for Econometric Inference II 30



Institute on Computational Economics 2006 Section 4.4.2, pp. 130-132

To approximate

E [h (ω) | I] ,

use
MX

m=1

h
h
³
ω(1,m)

´
+ h

³
ω(2,m)

´i
/2M .

Guaranteed improvement? No.

But: You can try it and look at the numerical standard error.
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Transition Mixtures

In the Metropolis-Hastings algorithm:

q (θ∗ | θ,H) =
JX

j=1

πjq
³
θ∗ | θ,Hj

´

(1) Select q
³
θ∗ | θ,Hj

´
with probability πj (j = 1, . . . , J)

(2) Draw θ∗ ∼ q
³
θ∗ | θ,Hj

´
(3) Accept with probability

α (θ∗ | θ,H) = min
"
p (θ∗ | I) /q (θ∗ | θ,H)
p (θ | I) /q (θ | θ∗,H)

, 1

#
.
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Suppose instead:

(1) Select q
³
θ∗ | θ,Hj

´
with probability πj (j = 1, . . . , J)

(2) Draw θ∗ ∼ q
³
θ∗ | θ,Hj

´
(3) Accept with probability

α
³
θ∗ | θ,Hj

´
= min

⎡⎣p (θ∗ | I) /q
³
θ∗ | θ,Hj

´
p (θ | I) /q

³
θ | θ∗,Hj

´ , 1
⎤⎦

This works.
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Why does this work? The reversibility condition for

q (θ∗ | θ,H) =
JX

j=1

πjq
³
θ∗ | θ,Hj

´
is

p (θ | I)
JX

j=1

πjq
³
θ∗ | θ,Hj

´
α
³
θ∗ | θ,Hj

´

= p (θ∗ | I)
JX

j=1

πjq
³
θ | θ∗,Hj

´
α
³
θ | θ∗,Hj

´
.
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p (θ | I)
JX

j=1

πjq
³
θ∗ | θ,Hj

´
α
³
θ∗ | θ,Hj

´

= p (θ∗ | I)
JX

j=1

πjq
³
θ | θ∗,Hj

´
α
³
θ | θ∗,Hj

´
.

holds if

p (θ | I) q
³
θ∗ | θ,Hj

´
α
³
θ∗ | θ,Hj

´
= p (θ∗ | I) q

³
θ | θ∗,Hj

´
α
³
θ | θ∗,Hj

´
(j = 1, . . . , J)

⇐= α
³
θ∗ | θ,Hj

´
= min

⎡⎣p (θ∗ | I) /q
³
θ∗ | θ,Hj

´
p (θ | I) /q

³
θ | θ∗,Hj

´ , 1
⎤⎦ .
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Transition mixtures can guarantee the ergodicity of MCMC.

Example:

q (θ∗ | θ,H1) = p (θ∗ | I)
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Metropolis within Gibbs

Motivation: Nice Gibbs sampler except that we cannot perform

θ(b) ∼ p
³
θ(b) | θ−(b), I

´
.

Metropolis within Gibbs: Draw

θ∗(b) ∼ q
µ
θ∗(b) | θ

(m)
<(b),θ

(m−1)
>(b−1),Hb

¶

and set θ(m)(b) = θ∗(b) with probability...
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α
µ
θ∗(b) | θ

(m)
<(b), θ

(m−1)
>(b−1),Hb

¶

= min

⎧⎪⎪⎨⎪⎪⎩
p
µ
θ
(m)
<(b),θ

∗
(b),θ

(m−1)
>(b) | I

¶
/q
µ
θ∗(b) | θ

(m)
<(b),θ

(m−1)
>(b−1),Hb

¶
p
µ
θ
(m)
<(b),θ

(m−1)
>(b−1) | I

¶
/q
µ
θ
(m−1)
(b) | θ(m)

<(b),θ
∗
(b),θ

(m−1)
>(b) ,Hb

¶, 1

⎫⎪⎪⎬⎪⎪⎭

(Otherwise, θ(m)(b) = θ
(m−1)
(b) .)

Monte Carlo Methods for Econometric Inference II 38


