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Implementing Simulation Methods

Simulation or density evaluation:

p(0alA)
p(y|04,A)
p(w|y,04,A)
p(0aly® 04, A)

Have we written the code correctly?

Did we even get the derivations right 77
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Density Ratio Tests

x(™) ~ p(x |I) with
nx1

M1 %4: B (x(™)) a_%/ h(x)p(x |I)dx
m=1 X

k(x |T) o p(x |I), CI:/Xk(x 1) dx.

Let f be any p.d.f. with the property: p(x|I) > 0= f(x) > 0. Then

1 M f(X(m)) a.s. —1
= Zlk(x(m)m oL,

m=
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Claim:
1 m m a.s —
Mmgzjlf(x( ))/k(x( )|I> —>cll
Proof: For
o
g (x) ke D)
we have
Elg() |11 = [ g)p(xIDdx=crt [ g(x)k(x|1)dx

- / f (%) dv (x) = ¢t

1 M (m)\ a.s. —1
— Mmzzlg(x >—>CI
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x(M) <~ p(x|I), k(x|I)xp(x]|I), c]:/Xk(x 1) dx

M f(x(m)> s 1

1 )
— M mzlp(x(m)|l> ¥ Cr

Special case k (x |I) = p(x |]):

M f(x(m)> o

1
M e 1,

f/p bounded above — var|[f (x) /p(x | I)] < oo, and we can test.
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How to construct f (x)?

M
S (x) = DY (xlm) (00

m=1

(1) = LS~ m) sy~ L
BT = M

Multivariate normal distribution truncated to highest density region of size
—1
100 (1 — o) %, X((XM) — {x : (X — M(M)>/ (E(M)> (X — M(M)) < x2 (n)}

Fx) = (1—a)(2m) /2 |s0n[7H2

- exp [— <X — u,(M))/ (E(M))_l (X — M(M)> /2] IX&M) (x) .

Result:

M1 S f(X(m)> @3 61_1, var( f(X(m)) ) < 00.
m=1 k (X(m) | I) k )
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p(y | 0 4) example

- B
wzp%4+fneﬁ3N(th)(#=Z~WT)

1
nyN<Qhﬂ—pQ

The model defines the simulator.

1/2
p(yl7---,yT|h,p,A) = (27r)_T/2hT/2(1_p2)/

T
. exp {—h Kfy% (1 - :02> + > (v — pyt1)2] /2}

t=2

Use
p=08, h=1 T =5

and M = 10, 000 simulations.
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p(y | 8 4) example (continued)

1
- NN(O’h(l—p)>

Intentional simulation error: y; ~ N (O, h_1>

1/2
-y | hypy A) = (2m) T/2RT/2 (1 2)Y

T
. exp {—h Ky% (1 — p2> + > (ye — Pyt1)2] /2}
t=2

1/2
Intentional p.d.f. evaluation error 1: Omit hI/2 (1 — ,02) /

Intentional p.d.f. evaluation error 2: Omit y% (1 — p2)
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p(y | 8 4) example (concluded)

Outcomes of tests

log [M~L-M £ (y(™) /p (™) | b, p, A)
Standard errors in parentheses

Density evaluation error: | None Error 1 Error 2
Simulation error:

None -.006 (.010) | .508 (.010) | .259 (.011)
Error -.342 (.011) | .194 (.011) | -.271 (.011)
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Joint Distribution Tests (JASA 2004)

Alternative simulators {X(m)} and {i(m)}

both ergodic, with the same invariant distribution

LS~ () _ L S~ (g @
E[|g(X)||I]<oo:>MZ_19(X )—Mz_lg(x ) =50

var[g (x) | I] = Tests possible
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We're interested In

p(0a,y|A)=p(0a]A)p(y |0y, A).

Marginal-conditional simulator:

o(™) Np(egm) | A) y(™) Np(y | efg”),A> (m=1,...,M)

Then

mt mzﬂijlg (055 ) =% [ [ 9(0ay)p(Oa,y 14)dydon
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Posterior simulator: 5547730 ~ P ( | H(m 1), y©, C’)

Successive conditional simulator:

0 < (0.4 A)

00 (o 13579, 000 = p (041540, )
(m=1,...,.M)

- Z g (057 5) 5 [ [ 9(@ay)p(©@ay 14)dyaos
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Example: Mixed-t posterior simulator

yp ~ t (Mla hl_l; 1/) with probability p = p1,
yi ~ t o, hy ,1/) with probability 1 — p = p».
In this example, v = 5 is assumed (i.e., dogmatic prior)

Priors for other parameters:

uj~ N (uhy') (G=1,2) (p=0h,=1)
$2h; "5 2 () (= 1,2) (§2 =3,v= 3)

p ~ Beta(r,r) (r=2)

Monte Carlo Methods for Econometric Inference 1l
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Observables simulator (conditional on the parameters):

(1) Latent variables (i.id., t=1,...,T):

P(Gi=1) = p, P(G;r=2)=1—p
vhe ~ x°(v)

(2) Thenfort=1,...,T,

yt | (st =j) ~ N [M]w (hjﬁt>_1]
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Prior simulator:
i KEN (whY) (G=1,2) (p=0,hy,=1)

$?h; " N2 (v) (5 =1,2) (§2 =3,y = 3)

p ~ Beta(r,r) (r=2)
Error 1:

p ~ Beta(1,1)
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... We now have the marginal-conditional simulator.

Next: Successive-conditional simulator
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Gibbs sampling algorithm:

e | .
1 NN(Njahj ) (j=1,2)
where

—_ ~ —1 ~
t:s;=j t:st=y

Error 3:

pi =1 (1=1,2)
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where

p~ Beta(Ty +1r,Tr+1).
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In algorithm MCMC1, (st,fzt> is drawn jointly:

p(st=17J) x pjhjl-/z [1 + V_lhj (yt - Mj>2] R (v=5) (1)
(= 1) 0| e~ 20 +1) (0 =5) 2)

Error 4:
vhe ~ x*(v) (v =5)

Error 5: Use (2), but not right after (1)
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In algorithm MCMCQC2 s; is drawn separately:

p (5t =) o< pyhy>exp [<hjhe (v - 11)° /2] (G=1,2)
s, (= 1s,)” + v e~ P+ 1) (v =5)

(same as (2).
Conditional on the parameters and hy (t=1,...,7T)
- : ~\—1
ye | (St =7) ~ N [Mj, (hjht> ]

Error 2:
ye | (3t =35) ~t(nj,h;t,v) (v=5)
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The tests
Marginal-conditional simulator: {Hfélm),y(m)}

Successive-conditional simulator: {éfélm),y(m)}
m=1,...,M, M = 250,000 in each case

Moments for testing: 5 first moments and 15 second moments of

0’y = (w1, 4o, h1, ho, )’
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Rejections (out of 20) at

Algorithm | Error p=.05|p=.01|p=.005|p=.001
MCMC1 | 0. None 0 0 0 0
MCMC2 | 0. None 0 0 0 0
MCMC1 | 1. Prior simulation of p 4 3 3 2
MCMC1 | 2. Simulation of 'y 10 9 9 9
MCMC1 | 3. u variance 11 10 10 9
MCMC1 | 4. h; degrees of freedom 5 3 3 3
MCMC1 | 5. (S, ht) draw 4 6 6 6
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Variance Reduction

The main idea

p(M) _ % w <ef4m)> B (wm) / % w (9547”)) “5 Eh(w) | 1]
m=1 m=1

Can we find h* (0 4, w) such that:

E[R"(04,w) | I]=E[h(w) | I],
var [h* (0 4,w) | I] < var[h(w) | I],

A Eme1® (H(Am)) " (H(Am)’w(m)> = Elh(w) [ 1]7

g W (Hfaxm))
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Concentrated Expectations

The principle: Suppose we need to evaluate [ [ f (x,y)p(z,y) dzdy.

Direct sampling:

(x(m), y(m)) ”L;Lvd D (:U, y) |

—1 A (m) ., (m)) as.
MY (2™ y )%//f(xay)p(w,y)dwdy

m=1

Monte Carlo Methods for Econometric Inference 1l

24



Institute on Computational Economics 2006 Section 4.4.1, pp. 128-130

//f (z,y)p(z,y) dzdy

Suppose we have an analytical evaluation of

9(2) =Elf (&9) |2l = [ f@y)p(@y)dy/ [p(z.)dy
By the law of iterated expectations E [g (x)] = E[f (z, y)] and so

—1 M (m) a.s. L
MY g (alM) S ELf (@,9)] = [ [ £ (@,9)p (@, y) dedy
m=1

By the Rao-Blackwell theorem

var [g (z)] < var[f (z,y)].
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Theorem 4.4.1 Concentrated expectations in posterior simulation

p(eku) — p(e ‘I)p(w‘071)1
w = E(w]|I),
o = (9’,9’2)

g(m) id (g(m) | [) | wgm) ~ p (w| (™). [)
wgm) = E (w| 6(m), I)
wgm) = E (w| Hgm), I)
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g(m) %4 , (g(m) | [) | wgm) ~ P (w| o(m). ])
wgm) = E (w| H(m),I)
E

<w| H(lm), I)
Then

Monte Carlo Methods for Econometric Inference 1l
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Note: Theorem 4.4.1 is not known to hold for importance sampling.

This is not important.

What is important:
(1) Principle of concentrated expectations;

(2) We can still get the numerical standard error.

Same points apply to MCMC.
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Antithetic Sampling

The principle: Suppose we need to evaluate E ().

There is an antithetic variate y with the (defining) properties

E(y) =E(x), var(y) =var(xz), cov(y,z) <O.

Then

(75 -z,

1 1 1
var (:1: ;— y) = Svar () + SCov (z,y) < Svar (x).

Monte Carlo Methods for Econometric Inference 1l
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Application to simulation

(Em), W@mY (e [R)
W™~ p(wlI) (=1,2)
cov (w(l’m),w(2’m)|R) < 0

Then

M
var | ) (w(l’m) —I—w(z’m)> /2M | R

m=1

M
< (1/2) var ( S W™/ 1) .

m=1

(Remember the extra time taken to get w(2™)))
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To approximate

Efh(w) | 1],

use

3 [ (o) 41 (2] 220

m=1
Guaranteed improvement? No.

But: You can try it and look at the numerical standard error.
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Transition Mixtures

In the Metropolis-Hastings algorithm:

J
q(6* | 0,H) =" mjq(6*|6,H,)
j=1

(1) Select ¢ (9* | H,Hj> with probability ; (7 =1,...,J)
(2) Draw 6* ~ q(6* | 6,H;)

(3) Accept with probability

p(6”|1)/q(6"|6,H)
p(011)/q(6]6%H)

a(60*|60,H) = min
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Suppose instead:

(1) Select g (9* | 9,Hj) with probability 7; (j = 1,...,J)
(2) Draw 6* ~ q (6* | 6,H;)

(3) Accept with probability
p(6*|1)/q(0%|6,H,)
p(611)/q (6| 6% Hj)

o (6] 6, H;) = min 1

This works.
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Why does this work? The reversibility condition for

J
(6% | 0,H) =" mjq(6*|6,H,)
j=1

J
p(0]1) lejq (6* | 6,H;) o (6 | 6, Hj)
iz

J
= p(0*| 1) mq(0]6*.H;)a(6]6% Hj).
j=1
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J
p(O11) 3 mja (0" 6.H;) o (67 | 6, Hj)
Z

J
= p(H*II)_ZlﬂjQ(H|9*7Hj>&<9|9*’HJ>-
=

holds if
p(611)q(0%|6,H;)a(6%6,H,)
— p(6* I)q(0|9*,Hj)a(9|9*,Hj) G=1,..., J)

p(0*| 1) /q (6" | 6,H;)
p(0]1)/q(0]0%H;)
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Transition mixtures can guarantee the ergodicity of MCMC.

Example:

q (0" | 0,Hy) =p (67 | I)
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Metropolis within Gibbs

Motivation: Nice Gibbs sampler except that we cannot perform

0wy~ (O 10— 1)

Metropolis within Gibbs: Draw

* % (m) p(m—1)
(b) ~ 4 (H(b) | 9<(b)’ 9>(b—1)’Hb)

and set HEZ)L) = Z‘b) with probability...

Monte Carlo Methods for Econometric Inference 1l
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% (m) p(m—1)
a (G(b) 105y 05 (5-1) Hb)

() gr glm=1) . | gtm) plm—1) |
p (040 00 Ot 1) /(0 100 050 )

(m) g(m—1) (m—=1) | g(m) g« plm—1) ’

= min {

(Otherwise, Hgg;) = 9%2;’_1).)
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