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The problem

p(0,w |I) Distribution of interest
0 cO, we: I = "“Information”

p(0,w[I)=p(0[I) p(w]0])

p(w | 60,I) Tractable for simulation

p(0 |I) Not so easy

Leading example:

I = {Model specification} U {Data}
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Origins of the problem in econometric inference

Complete model

p(z(|09|7 ﬁ; } — p(0 yO, A)

Vector of interest w

p(w|y’ 6, A)

Simulation problem

0(m) ~ p(0|y° A)
w(™ ~ p(w]|y°0,A)
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Direct Sampling

Some familiar tools

Strong law of large numbers:
If w(™) % 5 (w) and E [k (w)] = [ h(w)p (w) dv (w) exists, then

M
A = M1 S (w™) 22 E R (w)] = B

m=1

that is, P {IimM_>OO RM) E} = 1, a stronger condition than M) 23
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Lindeberg-Levy central limit theorem:

If in addition a% = var [h (w)] exists, then

M1/ [E(M) - E] 2 N (0,02).
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Generic notation for posterior simulation

9 ~ p@|); co
w ~ p(w|OI);, we

“I" denotes the distribution of interest.
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Direct sampling is possible if there are practical algorithms for

0 X p(0 1) and w™ X p (w6, 1).

Example:

(1) Mother of all random number generators (Geweke 1996):

u(m) 28 uni form (0,1)

(2) Inverse c.d.f. transformation to simulate 6 : P (60 < ¢) = F'(¢):
plm) _— -1 (u(m))
oM < ¢ = WM =F (9(m)) < F(c)
=P

— P <) = Put™ < F(o)] = F (0
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General case:

6™ ~p(0 1) and w(™ | 6™ ~p(w|6l™), 1)
where (M) ¢ O, w(™) ¢ Q. and all draws are independent.
For given h and M, let E(M) = M1 2%21 h (w(m)).

Theorem 4.1(a): w(™) g p(w | I)

Theorem 4.1(b): If & = E[h (w) | I] exists then ™) &5 (strong law of
large numbers).
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Theorem 4.1(c): If A = E[h(w) | I] and var [k (w) | I] = o2 exist,
then M1/2 (E(M) — E) 4N (0, 02) and

52(M) _ pr—1 % [h (w(m)) _E(M)]2 as. 2
m=1

(Lindeberg-Levy central limit theorem and strong law of large numbers)
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Theorem 4.1(d): If for given p € (0, 1), there is a unique hp such that the
statements

Plh(w)<hp|I]>pand P[h(w)>hp|I]>1—p

are both true, then

(M) a.s. LI

where h( ) | is any real number such that

M S 1 ()] 2 A7 S T [ o)) 210

m=1

(Follows from in Rao (1965), result 6f.2(i).)
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Theorem 4.1(e): If for given p € (0, 1), there is a unique hjp such that the
statements

Plh(w)<hp|I]>pand P[h(w)>hp|I]>1—p

are both true, and moreover p, p[h(w) = hyp | I] > 0, then

M2 WM — | 4 N (0,01 p) /p[h (@) = by | T2}

(Follows from in Rao (1965), result 6f.2(i).)
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Approximation of Bayes actions by direct sampling — General case

The setting:
o {80M), w(mtiid with 8™ ~p(6 |1), w™ | (60", 1) ~p(w |6, T).
e Loss function L (a,w) > 0 defined on 2 X A, A an open subset of RY.

e [ he risk function

R(a):/Q/eL(a,w)p(H Np(w | 6,1)d0dw

has a strict global minimum ata € A C R™.
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Let Ajs be the set of all roots of M1 2%21 OL (a, w(m)) /O0a = 0.
Theorem 4.2(a): If

(1) M1 Z%:l L (a, w(m)> converges uniformly to R (a) for all a €N (a),
almost surely;

(2) 0L (a,w) /Oa exists and is a continuous function of a, for all w € €2 and
all a €N (a);

then for any ¢ > 0

im P | inf (a—a) (a—a)>¢c|I| =0.
M —o0 aEAM
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Theorem 4.2 (b): If, in addition,

(3) 0%L (a,w) /Dada’ exists and is a continuous function of a, for all w €Q
and all a € N (a);

(4) B =var[0L (a,w) /0a|,_5 | I] exists and is finite;
(5) H=F [82L (a,w) /Dada’|,_5 | I} exists and is finite and nonsingular;
(6) For any € > 0, there exists M, such that

P | sup ‘83[/ (a,w) /8@2-8@]-8%‘ <M:|I| >1—¢
acN(a)

forall 2,9,k =1,..., m;
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then:
1. MY2(ay —a) % N (0,H 'BH™Y),

p
/|a:ﬁM — B

2. M71yM | 0L (a,w(™) /0a|,_z, - OL (a,w(™) /0a

p
,|a:§M — H

3. M1 Z%Zl O%L <a, w(m)) /Oada

... This all follows from Amemiya (1985), Chapter 4, in straightforward fashion.
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Acceptance and Importance Sampling

Motivation and approach

We have no practical method to simulate (%) %jp(H 7).
We can simulate 6(") iiflp(@ S), where p (0 |S) is “similar” to p(0 |I).

Can we use 6(") ii?lp(@ .S) to simulate from p (0 |I)?

Yes, but the sense in which p (0 |S) is similar to p (8 |I) is critical.
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Acceptance Sampling

Density of interest: p (0 |I)

We cannot simulate (™) % p (0 |I),

We can evaluate k(0 |I) < p (0 |I)

Source density: p (8 |S)

We can simulate §(m) %4 p(0]S)

We can evaluate k(8 |S) < p (8 |S)
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Acceptance sampling: Key idea

- -
— p(e)
— pes |

a*p(as)

supgp (0 | I) /p (0 |S) =p(1.16 | I) /p(1.16 | S) =a = 1.86

Draw 6* from p (6|.S), and accept the draw with probability p (6*|1) / [a - p (6*|S5)]
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Theorem 4.2.1 Acceptance sampling. Let
k(0 |1) =cr-p(0[I)
be a kernel of the density of interest p (0 |I) and let
k(0S) =cs-p(0]5)

be a kernel of the source density p (0 |S). Letr = supgco k(0 |I) /k (0 |S) <
o00. Suppose that 0(™) is drawn as follows.

(1) Draw w uniform on [0, 1].

(2) Draw 8* ~ p (0 |S).

(3) Ifu>k(@F|I)/[r-k(0%|S)] then return to step 1.
(4) Set 8(™)= g*.

If the draws in steps 1 and 2 are independent, then (™) ~p (0 |1).
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k(O|I)=cr-p(@|I) k(0]S)=cg-p(0]5), ©"={0:p(0|5)> 0}

(1) Draw w uniform on [0, 1].

(2) Draw 8* ~ p (0 |S).

(3) Ifu>k(0%|I)/][r-k(0%|S)] then return to step 1.
(4) Set 8(™)= g*.

P[(3) — (4)] = /@* {k(011)/[rk (0 |S)]}p (0 [S)dv(0) = cr/reg
P[(3) — (4), 0 €4] = /A{/’f(l9 1)/ [rk (6 |5)];p (0 |5)dv ()

= /Ak’(ﬂ 1I)dv (0) /rcg

PlOEA|@) — @) = [ k(©O1)dv(8)/e;= [ p(O 1) (6)
= P(O€cA|I)
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Efficiency of acceptance sampling

_ _ k@) o p(@]I)
k(O |I)=cmp(0|I) k(0|S)=csp(0 |5),"“—ggclf)k(9 5) CTSUP e s
PlB3)— @] = | K@) /[rk(0[S)]}p(0[S)dv(0) = ;—IS
= el = inf ol
cs -supgco k(0 |1) /k(0|S) 0O Cg k(0 |I)/k(O [S)
_ e PO1S)
020 p (6 |1)

Draws from p (0 |S)
Draws from p (0 |I)
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Example:

Section 4.2.1, pp. 111-114

Sampling from a standard normal distribution truncated to the interval (a, b)

Characteristics of the truncation

Source distribution

a<0<b<

a> —t1 and b <ty

Uniform(a, )

a < —tjorb>t] N (0,1)

0<a<b<oo| ¢(a)/p(b) <t> Uniform(a, b)
¢(a)/p(b) >t |a<t3 [N (0,1)]

a > 13 a + exp (a_1>
b= o0 a <ty N (0,1)

a >ty a + exp (a_l)

t1 = 0.375, to = 2.18, t3 = 0.725, and t4 = 0.45

2 to 6 times as fast as inverse c.d.f. method
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Importance Sampling

Density of interest: p (0 |I)
We cannot simulate 8" iiglp(ﬁ 1),
We can evaluate k(0 |I) cx p (0 |1)
Source density: p (0 |S)
We can simulate 8(™) Z.r@lp(é? |.S)

We can evaluate k(0 |S) < p (0 |S)

Weighting function: w(0) = k(0 | I) /k (0 | S)
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Theorem 4.2 (a,b) Approximation of moments by importance sampling.

Suppose E[h (w) | I] = h exists, the support of p (0 |S) includes ©, and
w(m) ~ p (w | H(m),l>. Then

) _ Emeaw (0) h (™)
S w (H(m)) |

Proof.
w (0U™) iid., E[w(6) | S] ek(0|s)p(9|S)du(0) =7
M
— oM =M1 w (0("”)) B w
m=1
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Proof (concluded) So far we have

_ Z%: w (6™ h (w(™) _ _ M m)\ a.s.
- é%(lw&(m()) w0 =0t £ o o)

Then w (0) = k(0 | 1) /k(0 | S), {w (6/™), h(wM)}iid =

Ew@h@) s = [w®) [ h@)pw]0.0dw)|p@]5)dv ()

— (CI/CS)/@/Qh(W)p(w 10,1)p (0 |I)dv (w)dv (0)
=  (ci/cg)E[h(w) | Il=w-h

TR Z S (600 () .
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Theorem 4.2 (c,d) Suppose
E[h(w)|I]=h and var[h(w) | I] = o
exist, and
w(0) =k(0]1)/k(0]5)
is bounded above on ©. Then
M2 (E(M ) _ E) 2 N (0,72)
and

MYy [h (w(m)> _ E(M)]2 " (H(m)>2

Section 4.2.2, pp. 114-119

~2(M) _ i
= (67)]
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Proof.

E [w(0)?h (w)? | 9] :/@w(a)2 [/Qh(w)2p(w|9,1)du(w) p(01S)dv (6)

_ k(O I) [ _
_/@w(e)k(e 5 _/Qh(w)2p(w|9,l)dV(w)_p(9 S) dv (6)

= (c1/es) [[w(©@) | [ h(@)Pp(w|8.0)dv(w)| p(©11)dv (6)

< (e1/es)E [n()* | 1] sup w(60) < o0

Substitute h (w) = 1 and conclude E [w (0)? | S] < 00 as well.
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Proof (continued). Now we know

[ w®
V =va [w(@)h(w) |S]

is finite. Apply Lindeberg-Levy Central Limit Theorem:

7172 [( wﬂ}%}) ) _ (g_)] < N(0,V)
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Proof (continued)

() o D g wh (2 - )
wh _ wh wh wh W (W w ~1/2
e i d
171/ wh ™) =\ d (g2
— —an T (O’T )
with

2 =w % {var[w () h (w) | S] — 2hcovg [w (0) h (w),w (6) | S]
+hvarg [w(6) | S1} = w 2var {[w () h (w) — hw (8)] | S}.
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Proof (concluded)
= ? {var [w(0) h(w) | S] — 2hcovg [w (0) h(w),w (0) | S]
+h*varg [w (8) | S} = 2var {[w (8) h (w) — hw (0)] | S}

M 2%21 [h (w(m)) _ E(M)F . (H(m)>2
SN w (00m)]
ML oo (6070 h (wlm) — T (9(m)>]2 ny

(MM (90m))°

~2(M)
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Example: Reweighting to a different prior distribution

Model Prior Likelihood
A1 | p(Ba]| A1) |p(y|04,4)
Ay | p(04]A2) | p(y|04,A)

p(04]y° A2) = p(Oa]|I)
11d

68 % p(641y% A1) = p(84]5)

P(Oaly® A2) pOalA1)p(y|04,A4) p(OalA)
p(0aly% A1) p(0a|A2)p(y[64,A4) p(0a]Ar)

w(04) =
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A useful summary measure of computational efficiency

72

var[h(w) | 1] = o? var K| 5] =

w) x1VO < p(@|S)=p0|]) = 7°=07

Relative numerical efficiency (RNE) of the simulator is

2

RNE = ‘7—2
T
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Theorem 4.3 (a) Approximation of Bayes actions by importance sampling.
Conditions:

(1) 0™ X p(619), wl™ | 80" ~ p (w | 6™, 1)

2) w(@)=k(@O|I)/k(0|S)<c<ooVO

(3) L(a,w) >0 definedon Q2 x A, A C R4

(4) R(a)=JgloL(a,w)p(0|I)p(w|0,I)dOdw

(5) R(a) < R(a)Vae A
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Theorem 4.3 (a) (concluded)

More conditions:

(Al) M~1M L (a, w(m)> — R (a) uniformly Va €N (a) (almost surely)
(A2) OL (a,w) /Oa is a continuous function of a V a €N (a)

Denote

Ay = {a M1 % [(?L (a,w(m)) /8a] w (H(m)> = O}

m=1
Then for any € > 0,

lim P

M—o0

inf (a—a) (a—a S| =0.
aér}lM(a a) (a—a) > ¢ | ]
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Theorem 4.3 (b) Approximation of Bayes actions by importance sampling.
Additional conditions:

(B1) 9%L (a,w)dada’ is a continuous function of a V a €N (a), V w €Q
(B2) B =var [8L (a,w) /Oa|,_zw (6’)1/2 | S} exists and is finite

(B3) H=E [82L (a,w) /0ada’|,_3 | S} exists and is finite and nonsingular
(B4) For any € > 0, there exists M such that

P | sup ‘83L (a,w) /aaz-@ajaak‘ < M| S| >1—¢
acN(a)

forall 2,9,k =1,...,m.
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Theorem 4.3 (b) (concluded)

Then if ap; is any element of A such that a;, ENEY

(1) M2 (ay —a) % N (0,H 'BH )

(2) M~1E-M_ (H(m))2 oL (a, w(m)> /0al,—g, 0L (a, w(m)) /Oa

2B

,|a:ﬁM

p
/|a:§M — H

(3) M1 ZMZI w (H(m)> O2L (a, w(m)) /O0ada
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Markov Chain Monte Carlo Methods

The central idea

0™ ~ p (0 | g(m—1), C) (m=1,23,...)

If C is specified correctly, then
6(m=1) < p(0 1), 6™ ~ p (9 | g(m—1), C’) — 0™ ~p(0|I).

Better yet, if
00~ p(0]7), 00 ~p (060D, C) = 0™ ~p(6]))

then J = I. And even better,
p (60160, C) % p@) v 6@ ceo.
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The central idea (continued)
i p (60 |60, C) 40 v 60 co,
then we can approximate E [h (w) | I] by

(1) iterating the chain B (“burn-in") times;

(2) drawing w(m) ~ p (w | H(m)) (m=1,...,M);

(3) computing

M
A = = 3 h (WM.

m=1

Monte Carlo Methods for Econometric Inference |
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The Gibbs sampler

. . a _ (o /
B/OCkIng. 0 = (0(1), cony 0(B)>
Some notation: Corresponding to any subvector H(b),

,<(b) — ( ,(1)’ Tt ,(b—1)> (b — 27 . .,B), H<(]_) =
,>(b) — ( ,(b_|_1)7-~-, ,(B)) (b=1,...,B—1), 9>(B):®
Gl—(b) - (9,<(b)79,>(b))

Very important: Choose the blocking so that

0wy~ P (00) | 0~ 1)

Is possible.
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Intuitive argument for the Gibbs sampler

Imagine 8(0) ~ p (0 |I), and then in succession

(1) (0)
61} ~ p(e(l) 9_(1),[),

(1) (1) p(0)
9(2) ~ p(9(2) 9<(2)’9>(2)7I>'

(1) (1) p(0)
03 ~ p(9(3) 9<(3)’9>(3)7I)'

v (1) 40)
0y ~ p(e(b)|0<(b)’0>(b)’j>

(1) (1)
o) ~ (0 105 1)

We have (1) ~ p (0 |I).
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Now repeat
(2)
o)

2)
902)

)
93)

)
Oy

)
26)

We have 8(2) ~ p (8 |I).

Monte Carlo Methods for Econometric Inference |

(1)
PO ‘?—-(1)’~[) '

>(2)’

(2) p(1)
0) | 9<(b)’ 9>(b)’ I>

2)
65 9_(3),I> |

(2) (1)
02y 16,0 1) ,

(
(
P (9(3) 0%y 05%5) f) '
(
(

Section 4.3.1 pp. 120-122
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The general step in the Gibbs sampler is

(m) (m) p(m—1)
Oy ~Pp (9(5) | 9<(b)’9>(b) ’I)

forb=1,...,Band m=1,2,....

This defines the Markov chain

B
m m—1 _ (m)  g(m) g(m—1)
p (60 | 6 ),G)_bljlple(b) 16U 00V, 1|

Key property:
00 ~p(0 1) = 0™ ~p(8 I

Monte Carlo Methods for Econometric Inference | 42



Institute on Computational Economics 2006

Potential problems:

Section 4.3.1 pp. 120-122

(b) Vertex of closed set support

—— Closed support set
+  Absorbing vertex

(a) Disjoint support
------ Support subset @1
— Support subset &,
3+
ol .
2 -
51 4
1 -
@' 0r | =
D -
2t i
At
A b 7
2R
F I 1 1 1 1 3
5 4 2 0 2 4 B ?
gf
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The Metropolis-Hastings Algorithm

What it does: 6* ~ ¢ (9* | H(m_l),H)

Then
P(e(m):e*) — a<0*|0(m_1),H>,
P(e™ =om 1)) = 1-a(6*| 6" Y H)

where

oY (9* | H(m—l),H> = min { p(0711)/q (0* | H(m_l)’H) ),1} .

p (00" V | 1) /q (60| 6% H
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Some aspects of the Metropolis-Hastings algorithm

If we define

w (0% | 0,H) = q(6* | 0,H) (6% | 0, H)

then

P (60™) = g(m=1) | g(m—1) = 6, ) = r (6 |H) = 1—/eu (6% | 0,H) dv (6%).

Notice that

P60 e Al60mD) =gH) = /A(e* | 0,H) dv (6%)+r (0 |H) I, (6).
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w(0* | 0,H) = q(0* | 0,H) (6% | 6, H)

We can write the transition density in one line making use of the Dirac delta

function, an operator with the property
[, 30(6") £ (6%)dv (") = £ (8) L (6) .
Then

D (g(m) | g(m—1)7H) — w (g(m) | g(m—l),H>
+r (80D | H) 8 pm—1y (60™)).
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Special cases of the Metropolis-Hastings algorithm

p(0*|1)/q (660" H) 1
(60D 1) /q (6 | 6%, H)

o* H(m—l)’ i
a( | H) mln{p

Special case 1, original Metropolis (1953):

q (0" | 6,H) =q(0|6%,H)
= o (6% | 0D, H) = min [p(8* | 1) /p (6" V)| 1),1]

Important example: random walk Metropolis chain

q(0" | 6,H)=q(0"—6 [H),

where g (- | H) is symmetric about zero.
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Special cases of the Metropolis-Hastings algorithm

e amel) o | 2@ 1) /q (6% [0tV H)
< (9 |0 ’H> — min {p (g(m—l) | ]) /q (g(m—l) | 9*,H>71

Special case 2, Metropolis independence chain:
q(0" | 0,H) =q (6" | H)

o (6% 1 g(m—1) — min p(6°|1)/q(6" | H)
— (9 | 6 ’H> {p<9(m—1) | ]) /q (9(m—1) | H)’l}

— min w (67) 1
=™ (DY

where w (0) =p (0 |I) /q (6 |H).
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Why does the Metropolis-Hastings algorithm work?

A two part argument — Part 1:

Suppose any transition probability density function p (H(m) | H(m_l), T) sat-
isfies the reversibility condition

D <9(m—1) | [) D <9(m) | g(m—1)7T> —p (g(m) | [) D <9(m—1) | g(m),T>

with respect to p (@ |I). Then
/@p (g(m—l) | ]) D (g(m) | g(m—1), T) dv (g(m—1)>
= [ p (69 1)p (60D | 60", 7) a (60D
=p (6| 1) /@ p (6071 |90, T) dv (9("—1)) = p (80" | )

and so p (0 |I) is an invariant density of the Markov chain.
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Part 2 of the argument (How Hastings did it):

Suppose we don't know the probability « (9* | H(m_l), H) but we want

D <H(m) | g(m—1), H) to be reversible with respect to p (0 |1):

D (g(m—l)u) D (g(m) | g(m—1), H) — (g(m)|]> D (g(m—l) 1 o(m), H) _

Trivial if 9(m—1) = g(m)  For g(m—1) + 00"™) we need
p (00" D 1)q(6% |0 H)a (6|61 H)
= p(6* | 1)q (0 V6% H)a (60" V6% H).
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p (00" D 1)q (6% |0 H)a (6|61, H)
= p(6* | 1)q (0 V6% H)a (60" |6 H)

Suppose without loss of generality that

D (e(m—1> [ 1) q (6" | g(m—1) H) >p(6*|1I)q (e(m—l) 6%, H) .

Set « (H(m_l) | 9*,H) =1 and

p(0* | I)q (601 | 6%, 1)
D (e(m—l) | ]) q (9* | H(m—l)’H>'

o (6% 601 H) =
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