Overheads for presentation at

2005 Instutite on Computational Economics

University of Chicago / Argonne National Lab

by

Myrna Wooders

Vanderbilt University and University of Warwick



Introduction

e Motivation for cooperative game theoretic solutions

e Economies with many agents and small effective groups.

e The agenda:
— Definition of a cooperative game and the core.
— An example of a production economy.
— Introduction to parameterized collections of games.

— Equal treatment, monotonicity, and comparative
statics.

— An example of matching hospitals and interns.



— The relationship of parameterized collections of
games to ‘pregames’ satisfying small group effec-
tiveness.



GAMES

(N, v) —a game, where N is a finite set and v, called the
characteristic function, maps subsets of N to R with

v(¢) = 0.
Nonempty subsets of /N are called groups.

A payoff vector € R for (N, v) is feasible if

z(N) det > b < Zv(Sk)

1€N

for some partition {S1, ..., SX} of N.

Given € > 0, the payoff vector x is in the e-core of the
game if it is feasible and if, for all groups S C N,

z(S) = v(S) —¢€lS|.



An example of a production economy

bl € Z™ — the resources of a player of type t, t =
1,...T.

n = (ny,...,ny) € Zz — — (a profile) listing a number
of players of each type. Each player of type ¢ owns the
resouces b.

>~ s¢b! 1= e(s) — the resources owned by a group of play-
t

ers with profile s. In the special case where each player’s
endowment consists of himself, his labor or simply a unit
of his type it will hold that e(s) = s.

Assume that all coalitions have access to the same tech-

nology N for production of a good which sells at the price
of $1.00 per unit.



Given

n = (ny,...,n7)

define NV and a game (N, v) where
N ={(t,q):t=1,....,T and g =1, ..., ft},

v(S) = Ae(s)),

and s is defined by

St = |S M {(ta Q) - q = 17 "'7St}|

Note: We could define another function directly on pro-
files of players, where the payoff function is given by

WO (s) := A(e(s)).

The pair (T, V) is a pregame.



The attribute core — a set of prices for resources/ com-
modities/attributes p* € R’ such that

p* - e(n) = N(n)
and

p* -z > N(z) for all z < e(n).



Example Two endowment vectors b = (1, 0) and
b* = (0,2).

A(x,y) = min{z,y}.

Given s € Z_%, V(s) = min{51782}

N ={1,2}. e({1}) =b!, e({2}) = ¥? =
v(N) =1

v({1}) = v({2}) = 0.

The core of the game is the set of points

{(u1,u2) € RT :ug +up =1},



The attribute core prices solve the following minimization
problem:

minimize p1 + 2po
subject to

p1+p2 = 1,

which has the unique solultion:

p1=1, p5=0

and gives equilibrium utilities of {u; = 1, up = 0}.



Back to games

(N, v) is essentially superadditive if a group S can divide
into subgroups and achieve the total payoff realizable by
the subgroups.

The superadditive cover (N, v®) of the game (INV, v) where:
v3(S) def max » v(SF)
k

and the maximum is taken over all partitions {S*} of
S. Our results apply to both superadditive games and to
superadditive cover games.

Given 0 > 0, two players ¢ and j are d-substitutes if for
all groups S C N with 4,7 € S, it holds that

[v(SU{i}) —v(SULG})] < 0.

When 0 = 0O, players 7 and j are exact substitutes.



Parameterized collections of games

0—substitute partitions A partition {N [t]} of N is a
d-substitute partition if all players in each subset are d-

substitutes for each other. The set N [t] is interpreted as
an approximate type.

(6,T7)- type games. Let 6 > 0 and let T' € Z4. A game
(N,v) is a (8§, T)-type game if there exists a T-member
d-substitute partition {N [t] : t =1,..,T} of N.

profiles. Profiles of player sets are defined relative to par-

titions of player sets into approximate types.

Let {N[t]:t=1,.,T} be a partition of N into -
substitutes.



A profile relative to {N [t]} is a vector of f € ZI.

Given S C N the profile of S is a profile, say s € Zf_,
where sy = [S N N [t]|.

Let ||f|| denote the number of players in a group de-
scribed by f, thatis, || f|| =X f+.



B-effective B-bounded groups. Groups of players contain-

ing no more than B members are (-effective if, by re-
stricting coalitions to having fewer than B members, the
per capita loss is no more than 5.

Let 8 > 0, and let B € Z4. A game (N, v) has (-
effective B-bounded groups if for every S C N there is
a partition {Sk} of S into subgroups with |Sk| < B for
each k£ and

v(S) =Y v(S*) < 8IS

k
When 8 = 0, O-effective B-bounded groups are called
strictly effective B-bounded groups.



parametrized collections of games I'((8,T), (5, B)). Let
T, B € Z4 and let 6,8 > 0. Define

r((s,7),(8,B))

to be the collection of all (§,7')-type games that have
[-effective B-bounded groups.



Example A /-substitute partition and 3-effective B-
bounded groups.

Suppose that players can be ranked in the [0, 1] interval
sothatifz,57 € N and ¢ > j then ¢ has a higher rank. We
consider three different games, all with the same player
set and the same ranking.

Let (IV,v) be a game where the payoff to any two play-
ers is the sum of their ranks. Suppose also that the pay-
off v(S) to any other group S is zero. Then for any
B > 0 and any B > 2, the game has [-effective B-
bounded groups. Given 0 > 0, if the distance between
the ranks of players ¢ and j is less than ¢, then ¢ and j
are d-substitutes, both for the game (IV,v) and for the
superadditive cover game (N, v¥).



Consider another game (N, v’) but where the payoff v/({i})
to player 7 is equal to his rank and the payoff to any other
coalition is the given by the superadditive cover of v'.
Here for any 8 > 0 and any B > 1, B-bounded groups
are effective and if the distance between the ranks of 2
and j less than 9, then ¢ and j are d-substitutes.

Or, let the payoff to any group consisting of two players
be the square of the sum of the ranks of the members of
the group. If the distance between the ranks of players ¢
and j is less than & then i and j are §2 + 4§ substitutes.



Equal treatment s-core

the core and e-cores. Take € > 0. A payoff vector x is
in the e-core of (N, v) if and only if it is feasible, that is,

Y za < v(N)

acN

and
> x> v(S) —elS]
acS

forall S C V.

the equal treatment e-core. Given €, 6 > 0, the equal

treatment e-core of (IN, v) relative to a d-substitute par-
tition { N [t]} is the set of payoff vectors x in the e-core
such that for each t and all ¢ and j in N [t], it holds that



For our comparative statics and monotonicity results, we
restrict to payoffs in equal treatment e-cores.

Lemma. Let (N, v) be a not-necessarily superadditive
game and let (IV,v®) be its superadditive cover. Let
g > 0 be given. Then if x is a payoff vector in the e-core
of (IV,v), then z is in the e-core of (IV, v¥).

Proposition. Let (N,v) € I'((6,7),(0,B)). Let z €
R]J\rf be in the core of (IV,v). Suppose that there are
more than B J-substitutes for each player in the game.
Then if 2,7 € N and ¢ and j are o-substitutes, it holds
that

Zq — Zj‘ S 20.



Laws of scarcity
Forz,y e RL, ¢y := Zle T4t

Lemma. Let (N,v) be in I'((5,7),(8,B)) and let
(SL,v), (S2,v) be subgames of (N, v). Let {N[t]} de-
note a partition of IV into types and, for kK = 1, 2, let fk
denote the profile of S¥ relative to { N[t]}. Assume that
fﬁ > B for each k and each ¢. For each k, let z¥ € RT
represent a payoff vector in the equal treatment e-core of

(S, v). Then
(¢t =a?) < e+ o+ 8) |1
Proof: Since (N, v) has (-effective B-bounded groups,

there exists a partition {Gw} of S, such that ‘Gw‘ <
B for any £ and

> (G = u(sh) - B 1.
14



Denote the profiles of G1¢ by g¢. Observe that 3"y g* =
I

Since ft2 > B for each t, it holds that gE < f2for each
¢. Therefore for each ¢ there exists a subset G2¢ ¢ S2
with profile g¢. Observe that since both G¢ and G2¢
have profile g, it holds that

o6 (e <]

Since 22 represents a payoff vector in the equal treatment
e-core of (S2,v) and G2¢ C 52 has profile g*, the total
payoff x2 ~g£ cannot be improved on by the coalition G2t

by more than ¢ ngH Thus, for each set G2¢ ¢ 52 with
profile g%, it holds that

22 g

1V

oG~ ||
> w(GY) — (e +9) o]

Adding these inequalities we have



22 123 u(GY) — (e +9) | £
1
It then follows that

22 f1>o(Sh) — (e +6+8) | .

Since ! represents a payoff vector in the equal treatment

e-core of (S1,v), z1 - f1is feasible for (S1,v), that is,
zl . f1 < v(S1). Combining these inequalities we have

(at —2?)- fL < (e+6+8) Y.



Approximate cyclic monotonicity

We derive an exact bound on the amount by which an
approximate core payoff vector for a given game can devi-
ate from satisfying exact cyclic monotonicity. The bound
depends on:

d, the extent to which players within each of T types
may differ from being exact substitutes for each other;

B, the maximal loss of per capita payoff from restrict-
ing effective coalitions to contain no more than B
players; and

g, a measure of the extent to which the e-core differs
from the core.



Proposition 1. Let (N,v) be in '((6,7), (3, B)) and
let (S1,v),..,(S¥,v) be subgames of (N, v).

Let {IN[t]} denote a partition of N into types and for
each k let f* denote the profile of S¥.

Assume that ff > B for each k and each t.

For each k, let k¢ RT represent a payoff vector in the
equal treatment e-core of (5%, v). Then

(! —2%) - f1+ (2% = 2%) - f2 4+ 4 (e —al) - fR

<(e+6+8) 1+ 24+ 1K

and

1.2y, [t 2 3y, f? K .1y,
(" = 2%) -y + @ =)y 4+ @0 = 27) g

< K(e+ 46+ B).



That is, the equal treatment e-core correspondence ap-
proximately satisfies cyclic monotonicity both in terms

of numbers of players of each type and percentages of
players of each type.



Remark. When K = 2, Proposition 1 implies that

(at =) - (F = ) < (e + 5+ 8) 11+ 12

This form of monotonicity is typically called simply monotonic-
ity or weak monotonicity.

Note that weak monotonicity does not imply cyclic monotonic-
ity.



Corollary. When K = 2, Proposition 1 implies that

(2t —a?) (fL = ) < e+ 5+ 8) |1+ 1
and

L 2
(z! — z°) - (||le — Hsz) <2(e+ 6+ pB).

That is, the equal treatment e-core correspondence is
approximately monotonic.

Note that the bound of Proposition 1 and its Corollary
holds for any partition of the player set into d-substitutes.



Comparative statics

Let ¢/ € RY such that e{ — 1 for [ = 5 and 0 otherwise.

Proposition 2. Let (N, v) be in I'((8,7), (3, B)) and
let (S1,v), (S?,v) be subgames of (N, v).

Let {IN[t]} denote a partition of N into types and for
each k let % denote the profile of S¥.

Assume that ff > B for each k and each t.

For each k, let z* € RT represent a payoff vector in the
equal treatment e-core of (Sk,v). Then the following
holds:



(A) If f2 = f1 4 meJ for some positive integer m (i.e.,
the second game has more players of approximate
type 7 but the same numbers of players of other
types) then




(B) If

DN
S

for some p € (0,1) (i.e., the second game has pro-
portionally more players of approximate type j but
the same proportions between the numbers of players
of other types) then

(22— 2l) < (e + 6+ B) 2

That is, approximately the equal treatment e-core cor-
respondence provides lower payoffs for players of a type
that is more abundant.



Proof: (A): Applying Corollary we get (22 —z1)-mel <

45+ 8) |+ 72| Since | 2] = [£2] + m. thi
inequality implies our first result.

(B): From Lemma 1 we have (1 — p)(z! — z2)- Hﬁn <
(1 — p)(e + 8 + B) and similarly (22 — 1) - H§—§H <

(e+6+ ). Summing these inequalities we obtain (22 —
1)(||§—§|| (1 M)||f1||)<(2 1)(e+d+3). Thus

we get that (22 —zl) - pel < (2—pu)(e+ 5+ B). This
inequality implies our second result. =

Obviously, again the bounds provided by Proposition 2
are independent of the specific partition of the player set
into J-substitutes.



Further Remarks.

2. Note that the bounds on the closeness of all our results
are computable for a given game and depend only on the
parameters describing the game.

3. Fore = 8 = 6 = 0 the bounds on the closeness
of all our approximation results equals zero. Thus for
games with finite number of player types and strictly ef-
fective small groups (e.g. for matching games with types)
the equal treatment core satisfies cyclic monotonicity and
when a type becomes more abundant, players of that type
receive (weakly) lower payoffs.

4. The results stated all require that there be at least B
players of each type in each game under consideration.
With other notions of approximate cores, specifically, the
e-remainder core and the ei-remainder £5-core, which
allow a small percentage of players to be ignored, it may



only be required that there are many substitutes for most
players in the game.

5. Results similar to those herein could be obtained for
the strong e-core. This approximate core notion requires
that no group of agents can improve on a given payoff
by € in total, that is, given a game (N,v) and € > 0, a
payoff vector x is in the strong e-core of (N, v) if and
only if

Y zqa < v(N)

acN
and Y ,c5Za > v(S) —¢eforall S C N.



Matching hospitals and interns; an example

Consider the assignment of a set of interns Z = {1, ..,4¢,.., [}
to hospitals.

The set of hospitals is H = {1, .., h,.., H}.

N =TUH.

Each hospital h has a preference ordering over the interns
and a maximum number of interns I(h) that it wishes to
employ.

Interns also have preferences over hospitals.

Assume I(h) < 9 for all h € H. This gives us a bound
of 10 on the size of strictly effective groups (8 = 0).



Assume that both hospitals and interns can be ordered
by the real numbers so that players with higher numbers
in the ordering are more desirable. The rank held by a
player will be referred to as the player's quality.

Assume that the total payoff to a group consisting of a
hospital and no more than nine interns is given by the
sum of the rankings attached to the hospital and to the
interns. The rank assigned to any intern is between O
and 1 and the rank assigned to any hospital is between
1 and 2. Thus, if the hospital is ranked 1.3 for example
and is assigned 5 interns of quality .2 each, then the total
payoff to that group is 2.3.

Since all interns have qualities in the interval [0,1) and
similarly, all hospitals have qualities in the interval [1, 2],
given any positive real number 6 = % for some posi-

tive integer n we can partition the interval [0, 2] into

2n intervals, [0, %), o [%, %), o [%, 2], each of mea-

sure % Assume that if there is a player with rank in the



7th interval, then there are at least 10 players with ranks
in the same interval.

Given € > 0, let 21 represent a payoff vector in the e-
core that treats all interns with ranks in the same interval
equally and all hospitals with ranks in the same interval
equally (that is, T equal treatment relative to the
given partition of the total player set into types). Let
us now increase the abundance of some type of intern
that appears in N with rank in the jth interval for some
7. We could imagine, for example, that some university
training medical students increases the number of type j
interns by admitting more students from another country.
Let 22 represent an equal treatment payoff vector in the
g-core after the increase in type j interns. It then holds,
from result (A) of Proposition 2 that




This is not the most general application of our results —
we could increase the proportions of players of one type
by reducing the numbers of players of other types. Then
part (B) of our Proposition could be applied.

The parameter values that we have used in this example
were chosen for convenience and simplicity. In principle,
these could be estimated and various questions addressed.
For example, are payoffs to interns approximately com-
petitive? Do non-market characteristics such as ethnic

background or gender make significant differences to pay-
offs?



Note that our results imply a certain continuity of com-
parative statics results with respect to changes in the
descriptors of the total player set. In particular, the re-
sults are independent of the exact partition of players
into approximate types. Specifically, given a number T
of approximate types and a measure of the required close-
ness of the approximation, subject to the condition that
players of each type are approximate substitutes for each
other, our results apply independently of exactly where
the boundary lines between types are drawn.

Note that the bounds obtained are exact bounds, in terms
of the parameters describing a game.



Attribute games

One interpretation of a game with side payments, com-
mon in the literature, is to regard the players in the game
as commodities or inputs. We call this an attribute game
and the equal treatment core is called the attribute core.
Our results immediately apply to attribute games.

For a simple example, consider a glove game where each
player is a RH glove or a LH glove and the payoff to a
coalition consisting of n; RH glove players and ny LH
glove players is W(ni,n2) := min{ni,no}. Suppose
that in total, there are f1 RH gloves and f> left hand
gloves. Our laws of scarcity apply equally well to this in-

terpretation of a game. Note that this game is a member
of the collection I'((0, 2), (0, 2)).

If ownership of bundles of commodities is assigned to
individual units (teams or divisions within a firm in the



literature on subsidy-free pricing or endowments of indi-
vidual consumers of commodities in the exchange econ-
omy interpretation), then another cooperative game is
generated. In this game, essentially some players in the
original game are “syndicated,” glued together to become
one player.

From the data given above, we can construct games
where players may be endowed with bundles of gloves.
By endowing players in this game with various numbers
of RH gloves and LH gloves, we create another game with
possibly several types of players. For specificity, suppose:

1. mq players of type 1 are endowed with two right
hand gloves each;

2. mo players of type 2 are endowed with a RH glove
and;

3. m3 players of type 3 are endowed with a LH glove.



For consistency, it must hold that 2my + mo> = f1 and
m3 = fo. From the data given, with the three pos-
sible endowments of gloves given by 1-3 above, we can
determine a number of types 1" and a bound B so that
the game constructed, say (M, w), is a member of the
collection I'((0,7), (0, B)). It is immediate that T' = 3.

It is fairly obvious that B = 3 suffices; the largest coali-
tions that need form in realizing all gains to collective
activities consist of one player of type 1 and two players
of type 3.

Thus, we have that (M, w) € I'((0,3),(0,3)) and our
comparative statics and monotonicity results apply to the
games in I'((0, 3), (0, 3)).



Small Group Effectiveness

Recall that pregame (7, W) is a finite number of types T
and a function W from Zz to Ry

A pregame (7T, V) satisfies small group effectiveness, (SGE),
if for each positive real number 8 > 0 there is an inte-
ger 11(B) such that for each profile f, for some partition

{f} of £

(a) |If*|| < n1(B) for each profile f* in the partition,
(b) W(f) — ZpW(f*) < Bl

Let (7, W) satisfy small group effectiveness and let 3
and n1(3) satisfy the condition of the definition of SGE.
Then it is immediate that any game generated by the
pregame has (S-effective n1(5)-bounded groups. Since T’
IS a compact metric space it holds that given o > 0 we



can partition T into a finite number T’ of subsets so that
all players with attributes in each subset are d-substitutes.
Thus, all games derived from (7", W) are in the collection

r((s,T), (8, B))-

When games are required to have many substitutes for
each player, small group effectiveness is equivalent to
per capita boundedness. A pregame (7T, W) satisfies per
capita boundedness if there is a constant A such that

v(f) < A for all profiles f € P(T).

1£1

The following result holds more generally but is proven
for the case where 1" is a finite set.



Theorem. With “thickness,” SGE=PC(B.

(1) Let (7T, W) be a pregame satisfying SGE. Then the
pregame satisfies PCB.

(2) Let (T, W) be a pregame satisfying PCB. Then given
any positive real number p, construct a new pregame
(T, W,) where the domain of W, is restricted to profiles
f where, foreacht =1,---,T, either ﬁ >por ff =0
(thickness).

Then (7', V,) satisfies SGE on its domain.

SGE requires that almost all feasible gains to collective
activities can be achieved by groups bounded in absolute
size. A pregame (T, W) satisfies small group effectiveness



for improvement if for each positive real number ¢ > 0O
there is an integer 75(€) with the following property:

For any profile f and any payoff function = : o(f) — R+
if z(f)+ €||f|| < W(f) then there is a subprofile g of f such tl

gl < ma(e) and z(g) + 5 |lgll < W(g).

These two concepts are equivalent.

The pregame framework may also hide what makes the
results work — the facts that there are many close sub-
stitutes for most players and that groups bounded is size
can nearly exhaust gains to collective activities. In ad-
dition, since the pregame framework specifies payoffs for
all groups, no matter how large, in general it is difficult,
if not impossible to estimate the pregame function W.
In contrast, within the framework of parameterized col-
lections, there are only four parameters to be estimated
—9,T, 3, and B. The notion of 3-effective B-bounded
groups makes explicit how close coalitions bounded in size
by B are to being able to realize all gains to collective
activities for a given game.



Motivation for cooperative game theoretic solutions.

Standard models of price taking equilibrium are highly
stylized. For example, as mentioned already several times
during the last two days, typically convexity (or concavity)
Is required to ensure existence of solutions. But many
interesting economic problems are inherently nonconvex,

for example:

1. Production. (Think of the standard intermediate
micro economics production function example.)

2. Coalition production, where all groups of economic
actors may have a different production set avail-
able to them, depending on the characteristics of
the members of the group.

3. Economies with indivisibilities and nonmonotonici-
ties.



4. Economies with clubs or local public goods subject
to congestion — there may be an optimal club or
jurisdiction size smaller than the entire economy.

One approach to these sorts of problems is to assume
that there is a continuum of agents, study properties of
an equilibrium in this economy, and then use this equi-
librium to estimate properties of equilibrium of large fi-
nite economies. In this presentation, I'd like to introduce
you to another approach, currently in development. This
will be done in the context of economies with quasi-linear
utilities (or, in game theoretic terms, cooperative games
with side payments). More general models exist in the
literature (for example, papers of mine with John Conley
and Alexander Kovalenkov in Journal of Economic The-

ory 2001 and 2003).



In effect, a few apparently very mild assumptions drive
many of the features of large economies. Game theoretic
solution concepts such as the core (in various forms) can
represent the competitive equilibrium and be applied to

diverse situations.

What may be lost is uniqueness of solutions. Is this a
problem? If it is a problem in reality, then highly styl-
ized models with unique equilibrium outcomes are not a

solution.



Games with player types

Let (N, v) be a game and suppose that, for some vector
n & ZT,

N=A(t,q):t=1,...,T, q=1,....n4}

and, for each t, all players of type t are substitutes for
each other. Then (IV,v) is a game with types and n is
the profile of N.

Let S C N. Define the profile of S as s = (s1,...,87) €
Z{ where, for each ¢,

St = ‘{(tac.ﬁ - q = 1,,7’Lt}mS|

Define a function W by

V(s) = v(S)



for all groups S C N where S has profile s.

We can describe the e-core of the game as a solution to
the following linear programming problem.

minimize p - n

subject to

p-s > W(s) for all profiles s < n.

Let p* satisfy

p*-n=minp-n

subject to the constraints. Then p* represents an equal
treatment payoff (one that treats all players of the same
type equally) if and only if

p*-n=W(n).



It holds that, given a pregame (7', W), and £ > 0, all de-
rived games with sufficiently many players have nonempty
e-cores. (Wooders 1983, ...., Kovalenkov and Wooders —

recent papers in MOR, JET, and GEB).



Some of the main references are:
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formation. An advantage of the framework of cooperative games over detailed mod-
els of economies is that models of games can accommodate the entire spectrum
from games derived from economies with only private goods to games derived
from economies with pure public goods. Thus, it is of interest to determine con-
ditions on games ensuring that they are ‘market-like’ — that they satisfy analogues
of well known properties of competitive economies. Important papers in this di-
rection include Shubik [21], which introduced the study of large games as models
of large private-goods economies, Shapley and Shubik [20], which demonstrated
an equivalence between markets and totally balanced games and Wooders [26,27]
demonstrating that games with many players are market games. Further motivation
for the framework of cooperative games comes from Buchanan [2], who stressed
the need for a general theory, including as extreme cases both purely private and
purely public goods economies and the need for “a theory of clubs, a theory of
cooperative membership.”

The current paper employs the framework of parameterized collections of games
and obtains Laws of Scarcity, analogues of the celebrated Laws of Demand and
of Supply of general equilibrium theory. Roughly, the Law of Demand states that
prices and quantities demanded change in the opposite directions while, with inputs
signed negatively, the Law of Supply states that quantities demanded as inputs
and produced as outputs change in the same direction as price changes.! In the
framework of a cooperative game, supply and demand are not distinct concepts.
Thus, following [26] we refer to our results for games as Laws of Scarcity. Roughly,
our results state that, if almost all gains to collective activities can be realized by
groups of players bounded in size, then numbers of players who are similar to
each other and core payoffs respond in opposite directions. If player types are
thought of as commodity types while payoffs to players are thought of as prices
for commodities, our Laws of Scarcity are closely related to comparative statics
results for general equilibrium models with quasi-linear utilities. As we discuss in a
section relating our paper to the literature, our results extend the literature in several
directions.

As in our prior papers on parameterized collections of games,” a game is de-
scribed by certain parameters: (a) the number of approximate types of players and
the goodness of the approximation and (b) the size of nearly effective groups of
players and their distance from exact effectiveness. An equal treatment payoff vec-
tor is defined to be a payoff vector that assigns the same payoff to all players of the
same approximate type. We show that equal treatment e-cores satisfy the property
that numbers of players who are similar to each other and equal treatment e-core
payoffs respond in nearly opposite directions; specifically, we establish an exact
upper bound on the extent to which equal treatment e-core payoffs may respond
in the same direction and this bound will, under some conditions, be small. We
actually demonstrate a stronger result — equal treatment e-core vectors and vectors

! The Law of Demand therefore rules out “Giffen goods” or treats compensated demands; see Mas-
Colell, Whinston and Green [12], Sections 2.F and 4.C. This volume also provides a very clear exposition
and further references.

2 [6-8] and [28].
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of numbers of players of each approximate type satisfy cyclic monotonicity.? In
addition to cyclic monotonicity, we demonstrate a closely related comparative stat-
ics result: When the relative size of a group of players who are all similar to each
other increases, then equal treatment e-core payoffs to members of that group will
not significantly increase and may decrease.

The conditions required on a game to obtain our results are that (i) each player
has many close substitutes (a thickness condition) and (ii) almost all gains to col-
lective activities can be realized by groups of players bounded in size (small group
effectiveness — SGE). The first condition is frequently employed in economic the-
ory. The second condition may appear to be restrictive, but in fact, if there are
sufficiently many players of each type, then per capita boundedness (PCB) — finite-
ness of the supremum of average payoff — and SGE are equivalent.* Our results
yield explicit bounds, in terms of the parameters describing the games, on the maxi-
mal deviation of equal treatment e-core payoffs from satisfying exact monotonicity.
Moreover, our framework allows some latitude in the exact specification of approx-
imate types. These two considerations suggest that in principle our results can be
well applied to estimate the effects on equal treatment e-core payoffs of changes in
the composition of the total player set. Note that all the bounds we obtain are exact,
and depend on the parameters describing the games and on the ¢ of the e-core.

For our results characterizing e-cores of games to be interesting, it is impor-
tant that under some reasonably broad set of conditions, e-cores of large games
are nonempty. Since Shapley and Shubik [19] showing nonemptiness of approxi-
mate cores of exchange economies with many players and quasi-linear utilities and
Wooders [23,24], showing nonemptiness of approximate cores of game with many
players with and without side payments, there has been a number of further results.
For parameterized collections of games, such results are demonstrated in [6—8] and
[28]. The interest of our monotonicity results is further enhanced by results showing
that approximate cores have the equal treatment property; in this regard, note that
[26] shows that approximate cores of large games treat most similar players nearly
equally. In research in progress, similar equal treatment results are demonstrated
for parameterized collections of games (see [10] for a first result).

In the next section we define parameterized collections of games. In Section 3,
the results are presented. Section 4 consists of an example, applying our results to
a matching model with hospitals and interns. Section 5 further relates the current
paper to the literature and concludes the paper. In the Appendix we prove that the
bounds cannot be tightened.

2 Cooperative games

Let (IV, v) be a pair consisting of a finite set NV, called the player set, and a function
v, called the characteristic function, from subsets of N to the non-negative real

3 Cyclic monotonicity relates to monotonicity in the same way as the Strong Axiom of Revealed
Preference relates to the Weak Axiom of Revealed Preference (see, for example, Richter [13,14]).

4 This is shown for “pregames” in [27], Theorem 4. Per capita boundedness and small group effec-
tiveness were introduced into the study of large games in Wooders [24,25] respectively.
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numbers with v((}) = 0. The pair (N, v) is a game (with side payments or a TU
game). Non-empty subsets of N are called coalitions or groups. A game (N, v)
is superadditive if v(S) > >, v(S*) for all groups S C N and for all partitions
{S*} of S. For the current paper we restrict our attention to superadditive games.
This is slightly more restrictive than required, but simplifies notation and shortens
the proof.

2.1 Parameterized collections of games

d—substitute partitions. In our approach we approximate games with many players,
all of whom may be distinct, by games with player types.

Let (N, v) be a game and let § > 0 be a non-negative real number. Informally,
a §-substitute partition is a partition of the player set N into subsets with the
property that any two players in the same subset are “within §” of being substitutes
for each other. That is, if players in a coalition are replaced by J-substitutes, the
payoff to that coalition changes by no more than ¢ per capita. Formally, given a
partition { N [t] : ¢ = 1,..,T} of N, a permutation 7 of N is fype consistent if, for
any ¢ € N, 7(i) belongs to the same element of the partition {N [t]} as 3. A ¢-
substitute partition of N is a partition {N [¢] : ¢ = 1,.., T} of N with the property
that, for any type-consistent permutation 7 and any coalition S,

[0(S) = v(7(5))] < 415].

Note that in general a §-substitute partition of NV is not uniquely determined. More-
over, two games, say (IN,v) and (IV,v’), may have the same partitions into J-
substitutes but have no other relationship to each other (in contrast to games derived
from a pregame).

(6,T)- type games. The notion of a (§,T)-type game is an extension of the notion
of a game with a finite number of types to a game with approximate types.

Let § be a non-negative real number and let 7" be a positive integer. A game
(N,v) is a (6, T)-type game if there exists a T-member §-substitute partition
{N[t]:t=1,..,T} of N. The set N [t] is interpreted as an approximate type.
Players in the same element of a J-substitute partition are J-substitutes. When
0 = 0, they are exact substitutes.

profiles. Profiles of player sets are defined relative to partitions of player sets into
approximate types.

Let § > 0 be a non-negative real number, let (N, v) be a game and let {N [¢] :
t =1,..,T} be a partition of N into d-substitutes. A profile relative to { N [t]} is a
vector of non-negative integers f € ZI. Given S C N the profile of S is a profile,
say s € ZT, where s; = |S N N [t]|. A profile describes a group of players in terms
of the numbers of players of each approximate type in the group. Let || || denote
the number of players in a group described by f, that is, || f]| = >_ f:-

(B-effective B-bounded groups. The following notion formulates the idea of small
group effectiveness, SGE, in the context of parameterized collections of games.
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Informally, groups of players containing no more than B members are J-effective
if, by restricting coalitions to having fewer than B members, the per capita loss is
no more than f3.

Let (3 be a given non-negative real number, and let B be a given integer. A
game (N, v) has -effective B-bounded groups if for every group S C N there is
a partition { 5%} of S into subgroups with | S*| < B for each k and

v(S) = > w(s¥) < B8]
k

When 3 = 0, 0-effective B-bounded groups are called strictly effective B-bounded
groups.

parametrized collections of games I'((6,T),(8, B)). Let T and B be positive
integers, let § and 3 be non-negative real numbers. Define

r'((6,T),(8,B))

to be the collection of all (8, T')-type games that have 3-effective B-bounded groups.

2.2 Equal treatment -core

the core and e-cores. Let (N, v) be a game and let € be a nonnegative real number.
A payoff vector x is in the e-core of (N,v) if and only if ) x4, < v(IN) and
Y aecs Ta > v(S) — eS| forall S C N. When € = 0, the e-core is the core.

the equal treatment e-core. Given nonnegative real numbers € and 9§, we will define
the equal trearment e-core of a game (N, v) relative to a §-substitute partition
{N [t]} of the player set as the set of payoff vectors x in the e-core with the
property that for each ¢ and all ¢ and j in N [¢], it holds that z; = x;.

With the definition of the equal treatment e-core in hand, we can next address
monotonicity properties and comparative statics for this concept. In the present
paper we simply assume nonemptiness of the equal treatment e-core of games.
With SGE along with per capita boundedness, for ¢ > 0 this assumption is satisfied
for all sufficiently large games in parameterized collections. Such a result appears
in [7,9]. Notice that we treat the equal treatment e-core as a “stand-in” for the
competitive equilibrium in the general context of the cooperative game theory.
This motivates our use of the equal treatment e-core and not the e-core in the main
subject of the present paper.

3 Laws of scarcity

A technical lemma is required. For =,y € RT letz - y denote the scalar product
of rand y,ie. -y := 23:1 TiYs-

Lemma. Let (N,v) bein I'((6,T), (3, B)) and let (S!,v), (S?,v) be subgames
of (N, v). Let {N[t]} denote a partition of N into types and, for k = 1,2, let f*
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denote the profile of S* relative to {N[t]}. Assume that ff > B for each k and
each t. For each k, let z¥ € RT represent a payoff vector in the equal treatment
e-core of (S*¥,v). Then

(xt —2?) - f1 < (€+5+ﬂ)|{f1||-

Proof. Since (N,v) has [(-effective B-bounded groups, there exists a partition
{G"} of S', such that |G**| < B for any {and ", (G”) > o(SY) = B
Let us denote the profiles of G'* by g*. Observe that > ¢ ' = fh.

Since f2 > B for each t, it holds that ¢* < f2 for each {. Therefore for
each ¢ there exists a subset G2 C S? with profile ¢g°. Observe that since both
G** and G** have profile g%, it holds that [v(G*) — v(G*)| < §]|¢*||. Since 2
represents a payoff vector in the equal treatment e-core of (S2,v) and G** C S?
has profile g, the total payoff 22 - g* cannot be improved on by the coalition G2
by more than ¢ H g* || Thus, for each set G2¢ C S? with profile ¢¢, it holds that
2% g > v(G¥) — ¢ ||g*]| = v(G*) = (e + 0) ||¢*||. Adding these inequalities
we have 22 - f1 > 3, v(GY) — (¢ 4 &) || f*||. It then follows that 22 - f! >
v(SY) = (e+5+8) ||

Since ! represents a payoff vector in the equal treatment e-core of (S*,v),
al. f1is feasible for (S*, v), thatis, 2! - f1 < v(S'). Combining these inequalities
we have (z — 2?) - f1 < (e + 6+ ) || f]- O

Now we can state and prove our main results.

3.1 Approximate cyclic monotonicity

We derive an exact bound on the amount by which an approximate core payoff
vector for a given game can deviate from satisfying exact cyclic monotonicity. The
bound depends on:

0, the extent to which players within each of T" types may differ from being exact
substitutes for each other;

[, the maximal loss of per capita payoff from restricting effective coalitions to
contain no more than B players; and

€, a measure of the extent to which the e-core differs from the core.

Our result is stated both for absolute numbers and for proportions of players of
each type. If exact cyclic monotonicity were satisfied, then the right hand sides of
the equations (1) and (2) below could both be set equal to zero.

Proposition 1. Let (N,v) be in I'((§,T), (3, B)) and let (S*,v), .., (S¥,v) be
subgames of (N, v). Let { N[t]} denote a partition of N into types and for each k let
f* denote the profile of S* relative to { N|[t]}. Assume that ¥ > B for each k and
each t. For each k, let 2 € R” represent a payoff vector in the equal treatment
e-core of (S*,v). Then

(@' =) [l (@ =a®) P 4 @ =2t (1)
<(Ee+0+B) || + 2+ + 1K
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and

(xl—x2)~f—l+(x2—a:3) I +. 4+ (2 —2h)- " K(e+4d+0).
(bl ||f2|\ ||fK|| - o

That is, the equal treatment -core correspondence approximately satisfies cyclic
monotonicity both in terms of numbers of players of each type and percentages of
players of each type.

Proof. From Lemma we have (2% — **1) . f& < (e + 6 + B) || f*|| for k =
1,.,K—1and (2 —2')- fK < (e +6+3) || f¥]|. Summing these inequalities
we get (1).

Alternatively we have (z* — xF+1) . H}c:” <(e+d+0) fork=1,.,K—1

and (z% — 21)- ﬁ < (e + 6 + ). Summing these inequalities we obtain (2).
O

Remark. When K = 2, Proposition 1 implies that
(@' =a?) - (f1 = ) < e+ + B |71+ 2]

This form of monotonicity is typically called simply monotonicity or weak mono-
tonicity.

Note that weak monotonicity does not imply cyclic monotonicity.

Corollary. When K = 2, Proposition 1 implies that
(@' =2?) - (T =) < e+ o+ D) £ + /2]

1 2
||§1|| |§2||’ Aeto+p).

and (2! —2%) - (

That is, the equal treatment e-core correspondence is approximately monotonic.

Note that the bound of Proposition 1 and its Corollary holds for any partition
of the player set into d-substitutes.

3.2 Comparative statics

For j = 1,..,T let us define ¢/ € R” such that ¢/ = 1 for [ = j and 0 otherwise.
Our comparative statics results relate to changes in the abundances of players of a
particular type.

Proposition 2. Let (N,v) bein I'((8,T), (8, B)) and let (S*,v), (S?,v) be sub-
games of (N,v). Let {N[t]} denote a partition of N into types and for each k let
f* denote the profile of S* relative to { N|[t]}. Assume that ff > B for each k and
each t. For each k, let 2% € R” represent a payoff vector in the equal treatment
e-core of (S*,v). Then the following holds:
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(A) If f2 = f1 4+ me’ for some positive integer m (i.e., the second game has more
players of approximate type j but the same numbers of players of other types)
then

£+ 7]
12 = 11
(B) If% =(1- u)ﬁ + ue? for some p € (0,1) (i.e., the second game has

proportionally more players of approximate type j but the same proportions
between the numbers of players of other types) then

2 _
(+5+ﬂ)2’|fﬂ”1 =

(z?fz})g(eJréJrﬂ)

— i

(2 —2}) < (e +5+0)2

That is, approximately the equal treatment e-core correspondence provides lower
payoffs for players of a type that is more abundant.

Proof. (A): Applying Corollary we get (22 — ') -mel < (+6+ ) || f* + f?]|.
Since || f2|| = || f*|| + m. this inequality implies our first result.

(B): From Lemma we have (1 — p)(z! — 22) - ﬁ <(I-p(+d+0)
and similarly (2% — 1) - ﬁ < (¢ + 6 + ). Summing these inequalities we

obtain (2% — ') - (phar — (1= p)hep) < (2 = 1) (e + 8 + 3). Thus we get that
(22 — 2') - pe? < (2 — p)(e + 6 + B). This inequality implies our second result.

O

Obviously, again the bounds provided by the Proposition are independent of
the specific partition of the player set into J-substitutes. Note that all the bounds
are exact; see Appendix.

4 Matching hospitals and interns: an example

Given the great importance of matching models (see, for example, Roth and So-
tomayor [16] for an excellent study and numerous references to related papers), we
present an application of our results to a model of matching interns and hospitals.
Our example is highly stylized. For a more complete discussion of the matching
interns and hospitals problem, we refer the reader to Roth [15].

The problem consists of the assignment of a set of interns Z = {1, ..,4,.., I}
to hospitals. The set of hospitals is H = {1, .., h, .., H }. The total player set N is
given by N = Z|JH. Each hospital  has a preference ordering over the interns
and a maximum number of interns I (k) that it wishes to employ. Interns also have
preferences over hospitals. We’ll assume 1(h) < 9 for all h € H. This gives us a
bound of 10 on the size of strictly effective groups (5 = 0). For simplicity, we’ll
assume that both hospitals and interns can be ordered by the real numbers so that
players with higher numbers in the ordering are more desirable. The rank held by
a player will be referred to as the player’s quality. More than one player may share
the same rank in the ordering. In fact, we assume that the total payoff to a group
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consisting of a hospital and no more than nine interns is given by the sum of the
rankings attached to the hospital and to the interns. Let us also assume that the rank
assigned to any intern is between 0 and 1 and the rank assigned to any hospital is
between 1 and 2. Thus, if the hospital is ranked 1.3 for example and is assigned 5
interns of quality .2 each, then the total payoff to that group is 2.3.

Since all interns have qualities in the interval [0, 1) and similarly, all hospi-
tals have qualities in the interval [1, 2], given any positive real number 6 = %
for some positive integer n we can partition the interval [0, 2] into 2n intervals,
0,4), .., [=2F, 1), [22=L 2], each of measure L. Assume that if there is a player
with rank in the jth interval, then there are at least 10 players with ranks in the
same interval.

Given ¢ > 0, let 2' represent a payoff vector in the e-core that treats all interns
with ranks in the same interval equally and all hospitals with ranks in the same
interval equally (that is, ! is equal treatment relative to the given partition of the
total player set into types). Let us now increase the abundance of some type of
intern that appears in N with rank in the j¢h interval for some j. We could imagine,
for example, that some university training medical students increases the number
of type j interns by admitting more students from another country. Let 22 represent
an equal treatment payoff vector in the e-core after the increase in type j interns. It
then holds, from result (A) of Proposition 2 that

I+ 72l

1f2 = £

Of course this is not the most general application of our results — we could increase
the proportions of players of one type by reducing the numbers of players of other
types. Then part (B) of our Proposition could be applied.

Itis remarkable that our results apply so easily. For this simple sort of example, it
is probably the case that a sharper result can be obtained. This is beyond the scope of
our current paper, however. Research in progress considers whether sharper results
are obtainable with assortative matching of the kind illustrated by this example
— that is, where players can be ordered so that players with higher ranks in the
orderings are superior in terms of their marginal contributions to coalitions.

Finally, the parameter values that we have used in this example were chosen
for convenience and simplicity. In principle, these could be estimated and various
questions addressed. For example, are payoffs to interns approximately compet-
itive? Do non-market characteristics such as ethnic background or gender make
significant differences to payoffs?

(a:J2 —x]l) <(e+ %)

5 Relationships to the literature and conclusions

Our results may be viewed as a contribution to the literature on comparative statics
properties of solutions of games. As noted by Crawford [3], the first suggestion of
the sort of results obtained in this paper may be in Shapley [18], who showed that
in a linear optimal-assignment problem the marginal product of a player on one
side of a market weakly decreases when another player is added to that side of the
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market and weakly increases when a player is added to the other side of the market.
Kelso and Crawford [5], building on the model of Crawford and Knoer [4], show
that, for a many-to-one matching market with firms and workers, adding one or
more firms to the market makes the firm-optimal stable outcome weakly better for
all workers and adding one or more workers makes the firm-optimal stable outcome
weakly better for all firms. Crawford [3] extends these results to both sides of the
market and to many-to-many matchings.’ In contrast to this literature, our results
are not restricted to matching markets and treat all outcomes in equal treatment -
cores. Moreover, we demonstrate cyclic monotonicity. Instead of the assumptions
of “substitutability” of Kelso and Crawford [5], however, we require our thickness
condition and SGE. Unlike [5] and [3], our current results are limited to games with
side payments — we plan to consider this limitation in future research.

Note that our results imply a certain continuity of comparative statics results
with respect to changes in the descriptors of the total player set. In particular, the
results are independent of the exact partition of players into approximate types.
Specifically, given a number 7' of approximate types and a measure of the required
closeness of the approximation, subject to the condition that players of each type are
approximate substitutes for each other, our results apply independently of exactly
where the boundary lines between types are drawn. Suppose, for example, that we
wished to partition candidates for positions as hospital interns into three categories
— say “good”, “better” and “best”. It may be that there is more than one way to
partition the set of players into these categories while retaining the property that all
players in each member of the partition are approximate substitutes for each other;
the exact partition does not affect the results. Relating this feature of our work to
general equilibrium theory, a finite set of commodities is typically considered to be
an approximation to the real-world situation that all units of each commodity may
differ. Descriptions of commodities are incomplete and a “commodity” is a group of
objects that satisfy the description. For example, models of labor markets may have
two types of workers, “skilled” and “unskilled” but no two workers (or two loaves of
bread, or two oranges) may be exactly identical. In the differentiated commodities
literature, results addressing this problem show that prices are continuous functions
of attributes of commodities (cf., Mas-Colell [11]). Since our framework does not
require a topology on the space of player types, continuity takes a different but
valid form and is more directly apparent.

Besides the matching literature, our results are related to prior results obtained
within the context of a pregame, cf. [23,26]. A pregame specifies a set of compact
metric space of player types and a single worth function, assigning a worth to
each finite list of attributes (repetitions allowed). Since there is only one worth
function, all games derived from a pregame are related and, given the attributes
of the members of a coalition, the payoff to that coalition is independent of the
total player set in which the coalition is embedded; widespread externalities are not
allowed. In contrast, our results apply to given games and, as in the earlier results
for matching models, there is no requisite topological structure on the space of
players types. While our results for a given game hold for all games in a collection

5 And also to pair-wise stable outcomes but this is apparently not so directly related to our paper.
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described by the same parameters, there are no necessary relationships between
games. For example, consider the collection of games where two-player coalitions
are effective and there are only two types of players. This collection includes two-
sided assignment games, such as marriage games and buyer-seller games, and also
games where any two-player coalition is effective. There appears to be no way
in which one pregame can accommodate all the games in the collection. These
considerations indicate that the framework of parameterized collections of games
is significantly broader than that of a pregame.®

A major advantage of our approach over the prior approach using pregames
is that, except for the special case of pregames satisfying strict small group effec-
tiveness (or, in other words, ‘exhaustion of gains to scale by coalitions bounded in
size’) with a finite number of exact types, the conditions used in the prior literature
cannot be verified for any finite game.” That is, since the conditions are stated on
the worth function of the entire pregame, which includes specification of the worths
of arbitrarily large groups, or on the closeness of the worth function to the limiting
per capita utility function, it is not possible to determine whether the conditions are
satisfied. In contrast, given any game, values of parameters describing that game
can be computed.’

Another major advantage of our approach is that we provide exact bounds,
in terms of the parameters describing a game, on the amounts by which equal
treatment e-core payoff vectors can differ from satisfying cyclic monotonicity. We
are unaware of any comparable results in the literature. The prior literature does
not indicate the sensitivity of the results to specifications of bounds on group sizes
and of types of players. Such an analysis is important for empirical testing since,
in fact, few commodities are completely standardized. (This may be especially
true in estimating hedonic prices.) Nor does the prior literature provide empirically
testable conclusions on approximate monotonicity or comparative statics.

Numerous examples of games derived from pregames may lead one to expect
our comparative statics result. Consider a glove game, for example where the payoff
function can be written as u(z,y) = min{z, y}. Suppose initially that the number
of RH gloves, say x, is equal to the number of LH gloves, y, and both x and y
are greater than one. Then the equal-treatment core can be described by the set
{(ps,py) € Rf_ : pz + py = 1}; each RH glove is assigned p, and each LH
glove is assigned p, and a pair of gloves is assigned 1. Now increase the number
of players with RH gloves. The equal treatment core is now described by {(0,1)};
each RH glove is assigned 0 and each LH glove is assigned 1.

6 A short survey discussing parameterized collections of games and their relationships to pregames
appears in [29].

7 Strict small group efectiveness dictates that all gains to coalition formation can be realized by
partitioning the total player set, no matter how large, into coalitions bounded in size. This condition was
introduced in Wooders [23] (condition *) and, for NTU games, in Wooders [24], where it was called
‘minimum efficient scale.”

8 Since there may be many but a finite number of coalitions, in fact determining the required sizes of
dand T, 3 and B may be time-consuming but it is possible. In contrast, to verify that a pregame satisfies
SGE or PCB requires consideration of an infinite number of payoff sets or, even more demanding, a
limiting set of equal treatment payoffs.
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In games with a finite set of player types, defining the core via linear program-
ming also leads to a law of scarcity, quite immediately. Let (N, v) be a game with
a finite number 7" of player types and with m, players of type ¢, ¢t = 1,...,T. We
take v as a mapping from subprofiles s of m (s € Z1, s < m). Then, following
Wooders [23], consider the following LP problem:’

minimize,>q p-m
subjecttop - s > v(s) forall s <m

If the game has a nonempty core, then the solution p* satisfies v(m) = p* - m. Now
consider the same problem but with an increased number of players of type tin the
objective function for some € {1,...,T}. Assume that the same inequalities are
the only constraints; this imposes a form of strict small group effectiveness on the
game — only groups with profiles s < m are effective. It is clear that the payoff to
players of type t will not increase with the increase in the number of players of that
type in the objective function since the constraint set has not changed — the payoff
to type t can only decrease. This suggests some of the initial intuition underlying
comparative statics results for games. Under conditions roughly equivalent to those
of Wooders [23] —that all gains to coalition formation can be exhausted by coalitions
bounded in size — a proof of the comparative statics result and weak monotonicity
of core payoff vectors was provided in [17]. We provide a more comprehensive
discussion of the literature in [10].

6 Appendix

We construct some sequences of games to demonstrates that all the bounds we
obtained in our results are exact, that is, the bound cannot be decreased.

I). Let us concentrate first on the central case 6 = § = 0. Consider a game (N, v)
where any player can get only 1 unit or less in any coalition and there are no gains
to forming coalitions. This game has strictly effective 1-bounded groups and all
agents are identical. Formally, however, we may partition the set of players into
many types. Thus (N,v) € I'((0,7),(0,1)) for any integer 7, 1 < 7 < |N|.
Notice also that for any € > 0 the e-core of the game is nonempty and very simple:
it includes all payoff vectors that are feasible and provide at least 1 — ¢ for each
of the players. All the games that we are going to construct will be subgames of a
game (N, v).

a). For the bound in Lemma we can present even a single game with two payoffs
vectors that realize this bound. Namely, let 7 = 1 (all players are of one type) and
let us consider any two subgames S*, 52 with the same number of players and the
equal treatment payoffs ! = 1 and 22 = 1 — ¢. Then (2! — 2?) - fl = ¢ Hf1 ||

b). For the bound in Proposition 1, for K < |N| and some nonnegative integer
| <|N|— K, letus consider 7 = K and the subgroups S, .., SX with the profiles

9 The core has been described as an outcome of a linear programming problem since the seminal
works of Gilles and Shapley. Wooders [23] introduces the linear programming formulation with player
types (see also [26]).
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fY, .., f% where ff =1+ 1fort = k and 1 otherwise. Let also consider payoff
vectors x* where 2F = 1 for t = k and 1 — ¢ otherwise. Then (z° — 27) - f? = &l
for any ¢ # j. Hence

(o= a?) [t (@2 = 2%) P @t e

—elK—€||f1+f2+ +fK||l+K

fl 9 3 f2

R B e (el F
17411 172l

It is straightforward to verify that for any fixed K both our bounds in Proposition

2 can not be improved for sequences of games (N, v), with | N| going to infinity,
for subgames constructed as above with [ going to infinity.

K—QEI) fK — Ke l
£ I+ K

¢). For the bound in Proposition 2 it is enough to concentrate on (A) since it is a
special case of the result (B). For |N| > 2 let us consider 7 = 2 and [ < |[N| — 2.
Then consider the subgroups St 52 with the profiles f* = (1,1) and f? = (I+1,1)
and payoff vectors ' = (1 —¢,1) and 2% = (1, 1). Then

BN il I
NSRS
It follows that both our bounds in Proposition 2 can not be improved for sequences

of games (IV,v), with |N| going to infinity, for subgames constructed as above
with [ going to infinity.

(af — 1) =

I). It is easy to modify our example to allow for non-zero ¢ and [ in a such a way
that we will have the same profiles as in Part I, but will use the payoffs of 1 4+ + (3
and 1 — ¢ instead of 1 and 1 — &. This will lead us to the appearance of ¢ + § + 3
on the places of ¢ in all bound in Part I. We leave it as a simple exercise for the
interested reader.
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EQUIVALENCE OF GAMES AND MARKETS!

By MyrnA HorLTz WoODERS?

The author proves an equivalence between large games with effective small groups of
players and games generated by markets. Small groups are effective if all or almost all
gains to collective activities can be achieved by groups bounded in size. A market is an
exchange economy where all participants have concave, quasi-linear payoff functions. The
market approximating a game is socially homogeneous—all participants have the same
monotonic nondecreasing, and 1-homogeneous payoff function. Our results imply that any
market (more generally, any economy with effective small groups) can be approximated by
a socially homogeneous market.

Keyworps: Games, markets, market-game equivalence, small group effectiveness,
social homogeneity.

1. SMALL GROUP EFFECTIVENESS AND SOCIALLY HOMOGENEOUS MARKETS

THIS PAPER ESTABLISHES AN EQUIVALENCE between socially homogeneous mar-
kets with payoff-constant returns and large games with effective small groups of
players. Small groups are effective if all or almost all gains to collective activities
can be realized by the activities of groups of players bounded in absolute size. A
market is defined as a private-goods economy where all participants have
concave payoff functions that are linear in money. The market is socially
homogeneous if all participants have the same payoff function; the market
satisfies payoff-constant returns if the payoff functions are 1-homogeneous. The
market approximating a large game with effective small groups also has the
property that the payoff function is continuous. When the continuity assumption
is relaxed at the boundaries of the commodity space, an equivalence of large
games and markets holds with only the apparently mild requirement of per
capita boundedness of payoffs.> The economies to which the results apply
include ones with nonmonotonicities, nonconvexities, and consumption sets
unbounded from above and below. Also, the economies may have public goods,

! Previous versions of this paper include parts of C.O.R.E Discussion Paper No. 8842, “Large
Games are Market Games” (1988) and University of Toronto Department of Economics Working
Paper 1904 “Equivalence of Perfect Competition and Effective Small Groups” (1992).

2 The author gratefully acknowledges the support and hospitality of the Department of Mathe-
matics, Hebrew University, C.O.R.E., the University of Bonn through Sonderforschungsbereich 303,
and the Humboldt Foundation through a ‘Forschungspreis for Ausldndische Geisteswissenschaftler.’
She has also benefited from research support awarded by the Social Sciences and Humanities
Research Council of Canada, and by the University of Toronto, through a Connaught Fellowship.
The author is grateful to Robert J. Aumann, Mamoru Kaneko, Bob Anderson, and Joseph Ostroy
for stimulating discussions and helpful comments on an earlier version of this paper. She is also
grateful to an editor for advice which significantly improved the presentation of the paper, and to
Roma Jakiwiczyk, Martine Quinzii, Jean-Frangois Mertens, Roger Myerson, John Roemer, and Jian
Kang Zhang for helpful comments.

The condition of per capita boundedness was introduced in the study of large games in
Wooders (1979); see Kannai (1992) or Wooders (1992b) for a discussion of the model and the main
result. Small group effectiveness was introduced in Wooders (1992a).
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collectively consumed and produced goods, and other deviations from the
Arrow-Debreu model of an exchange economy.

Our results are obtained in the framework of a model of games with a finite
set of player types and side payments. A game consists of a set of players and a
function, called the characteristic function, which assigns an amount of surplus
to each group of players. The characteristic function is intended to provide an
abstract summary description of economic data and is not intended to describe
economic behavior; there is no presumption of cooperation.

Our first market-game equivalence result states that the class of large games
with effective small groups and the class of continuous, socially homogeneous
markets with payoff-constant returns are approximately equivalent. Our second
market-game equivalence result establishes that per capita boundedness suffices
to ensure the equivalence of large games and socially homogeneous markets
with payoff-constant returns. Note that with only per-capita boundedness, the
markets are not required to be continuous. Since games generated by markets
satisfy per capita boundedness, our result establishes that large markets are
approximated by socially homogeneous markets with payoff-constant returns.
We also establish that with thickness of the player set, bounding the percent-
ages of players of each type away from zero, per capita boundedness and small
group effectiveness are equivalent, thus relating our two conditions and our two
market-game equivalence results.

Since the conditions of continuity, social homogeneity, and payoff-constant
returns appear restrictive, our first market-game equivalence result indicates the
power of the condition of small group effectiveness. Since per capita bounded-
ness simply bounds average payoffs away from infinity and thus clearly permits a
variety of economic structures, our second market-game equivalence result
indicates the broad applicability of small group effectiveness.

In the approach of this author the set of marketed commodities is viewed as
endogenous. There may be many different definitions of commodities for a
market approximating a game. For example, for a game derived from an
economy, the commodities in an approximating market can be chosen to be the
same as those specified for the economy.* In this paper it is established that a
large game or a large economy, regardless of the number of types of commodi-
ties, is approximated by a market where the number of types of commodities is
no larger than the number of types of participants.

The asymptotic equivalence of markets and economies with effective small
groups is suggested by a number of other results. One such suggestion was made
by Tiebout (1956), who argued that economies with local public goods are
“market-like.” More recently several papers have shown that cores of such
economies converge to price taking equilibrium outcomes.”> Moreover, core
convergence holds in exchange economies even when coalitions are constrained

*An application using this approach appears in Wooders (1992c).
5See also Buchanan (1965). Results on convergence of cores in economies with public goods are
reviewed in Wooders (1994).
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to be small relative to the total economy.® Recall that Shapley and Shubik
(1969) showed that large exchange economies have nonempty approximate
cores. Wooders (1983) shows that large games satisfying per capita boundedness
and with a finite number of types have nonempty approximate cores and
Kaneko and Wooders (1986) show that continuum games with small (finite)
coalitions have nonempty cores. Shapley and Shubik (1966) showed an equiva-
lence between the class of totally balanced games, those with the property that
the game and every subgame have nonempty cores, and the class of games
derived from continuous markets. The nonemptiness of approximate cores of
large games implies approximate balancedness and thus implies that large
games are approximately market games. Shapley (1964) first showed that
Shapley values of replicated exchange economies converge ta core payoffs. With
a strong form of small group effectiveness (boundedness of individual marginal
contributions to coalitions), Wooders and Zame (1987) show that Shapley values
of large games are in approximate cores.” Moreover, the following “market-like”
properties of large games with effective small groups are shown in Wooders
(1992b): approximate cores of large games converge if and only if small groups
are effective; approximate cores of large games with small effective groups
satisfy a game-theoretic analogue of the “Law of Demand” (an increase in the
percentage of players of any type does not cause an increase and may cause a
decrease in core payoffs to each player of that type); approximate cores of large
games with effective small groups and many players of each type have an
approximate equal-treatment property—a core payoff assigns most players of
the same type approximately the same payoff.?

The research noted above raises the possibility not only that large games and
economies with effective small groups behave like competitive markets but also
that these games and economies are competitive markets or close to them. Such
observations suggest our equivalence result, which explains the similarities
between markets and games.

Some relaxation of the finite-type and side payment assumptions of this paper
is possible. Using familiar techniques of approximating a compact metric space
of types/attributes by finite sets of types, extensions of all our results can be
obtained with a compact metric space of player types and with differentiated
commodity markets, as in Mas-Colell (1975) or Jones (1984), for example.’
Indeed, no topological structure on the set of player types is necessary to make
apparent the closeness between a large game with effective small groups and a

%See Anderson (1992) for a survey including research on convergence of the core with restric-
tions on coalition size.

We conjecture that this result holds under the milder condition of small group effectiveness.
Wooders and Zame (1987) provide further references to related literature on the Shapley value of
large games and economies.

8 Further references to related literature are provided in Wooders (1992b).
°In fact, the first version of this paper, C.O.R.E Discussion Paper No. 8842 (1988), used a
compact metric space of player types. The framework with a compact metric space of player types
and the assumption of small group effectiveness is further studied in Wooders (1992, 1993b). The
later paper contains some extensions of the results of this paper.
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market game.' The formulation with a finite number of types of players,
however, is fundamental and permits a number of other questions to be
addressed. An advantage of the formulation with a metric space of attributes
(either finite or infinite) is that it facilitates the study of the continuum limit.
The restriction to games with side payments can also be relaxed and some
analogues of our results still obtain.!!

The results in this paper obviously apply to the special case of games and
economies with bounded effective group sizes, those when all gains to improve-
ment can be realized by strict subgroups of the population. Games with
bounded effective group sizes and a finite number of types are basic to the
research of this paper and other related works since they are especially tractable
and since they approximate games with effective small groups. Some special
properties of games with bounded effective group sizes include that for all
sufficiently large games, all core payoffs have the equal-treatment property
(Wooders (1983, Theorem 3)). For a discussion of the special properties of
games with bounded effective group sizes and a unified presentation of a
number of results, see Wooders (1992b).

It should be observed that we are not concerned here with game-theoretic
justification for the price-taking hypothesis of perfect competition. Rather than
showing any equivalence of outcomes of solution concepts, we establish a
game-theoretic equivalence between large games and large markets themselves.
We return to this in the concluding section.

2. GAMES AND PREGAMES

There is a given finite number T of types of players. Let ZT denote the
T-fold Cartesian product of the nonnegative integers. A profile f = (f,,..., f;)
€ ZT is a group of players, described by the number f, of players of each type ¢
in the group. The profile describing a group consisting of only one player of type
¢t and no other players is denoted by y,. Note that if f is a profile and r is a
positive integer, then rf is a profile. Also, if f and g are profiles, then so is
f +g. Given a profile f, define ||f|l=L,f,, called the norm of f; the norm of f
is the total number of players in the group f. The support of a profile f is the
set {te{1,...,T): f,#0}. A partition of a profile f is a collection of profiles
(f*), not necessarily all distinct, satisfying ¥, f* =f. A partition of a profile is
analogous to a partition of a set except that all members of a partition of a set
are distinct.

Let ¥ be a function from the set Z” of profiles to R, with ¥(0) = 0. The
pair (T, ¥) is called a pregame with characteristic function ¥. The value ¥(f)
is the total payoff a group of players f can achieve by collective activities of the

10See Wooders (1993a).
1 See Wooders (1983) for the model of games without side payments, some relevant results, and
Wooders (1991) for further results and references.
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group membership. The pregame is superadditive if

(21)  ¥w(f)=max } ¥(g),

geP

where P is a partition of f and the maximum is taken over all partitions of f.

A game determined by a pregame (T, V), called simply a game or a game in
characteristic form, is a pair [n, V] where n is a profile, interpreted as a
description of the total player set in the game, and the characteristic function ¥
is restricted to subprofiles of n. Note that a pregame specifies payoffs for every
profile whereas a game specifies a total population, and the only relevant
profiles are those no larger than the population. A payoff for the game is a
vector x in R”. A payoff x is feasible if x-n < ¥(n), and it is Pareto optimal if
x-n=Y(n).

A pregame (T, ¥) satisfies small group effectiveness if it is superadditive and
if, given any real number ¢ > 0, there is an integer m,(e) such that for each
profile f, for some partition (f*) of f:

(22)  lIf¥ll<mg(e)  for each subprofile f* in the partition, and
(23)  P(f)- L¥(fY) <elfl;
K

for every profile f, almost all (within £ per capita) of the gains to collective
activities can be realized by aggregating collective activities within group of
participants bounded in absolute size.'?

When a pregame satisfies small group effectiveness we say that it has effective
small groups. Note that this condition does not rule out effective large groups,
although it does imply that only smaller and smaller increases in per capita
payoff can be achieved by the formation of larger and larger groups. Elsewhere
the condition has been called “inessentiality of large groups;” collective activi-
ties of large groups are not essential for the realization of almost all gains to
group formation. The term “group” is used instead of the more commonly used
term ‘“coalition” since “coalition” may suggest cooperative behavior. Small
group effectiveness is intended to be a condition on economic and game-
theoretic primitives rather than on behavior.'?

3. MARKETS AND PREMARKETS

A premarket consists of a finite number of commodity types and of partici-
pant types. A participant type is described by two characteristics, a payoff
function and an endowment. Formally, a premarket is a pair (RY, A) where RY

12 Note that the profile f in the definition may be arbitrarily large relative to the bound n(e).
Thus, in “very large” coalitions, almost all gains to collective activities can be realized as the
aggregate of activities of “negligible’”” groups of participants. This suggests the f-core approach,
introduced in Kaneko and Wooders (1986), where finite coalitions are effective in games with a
continuum of players. !

The condition of small group effectiveness is less restrictive than boundedness of individual
marginal contributions to coalitions, as in Wooders and Zame (1987) for example.
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is the commodity space and A is the set of types of participants. A commodity
bundle x is a vector x € RY. The set A={a" i=1,...,I} is a finite indexed
collection of triples, a' = (o', u’), where each ' is a commodity bundle, called
the endowment of a participant of type i, and each u' is a concave, monotonic
nondecreasing function from the set of commodity bundles RY to the reals,
called the payoff function of a participant of type i.'* Assume that payoff
functions are normalized so that u‘(w’) > 0 for all i. The premarket is continu-
ous if the payoff functions of all participants are continuous and the premarket
satisfies payoff-constant returns if the payoff functions of all participants are
1-homogeneous. The premarket (R, A) is socially homogeneous if there is a
function u such that for all participants i, u’ = u.

A market determined by a premarket (RM, A4) is a pair [n, A] where n is the
market population profile, a vector in Z ! listing the number of participants with
attributes @’ for each i=1,...,1. We refer to participants with the same
endowments and payoff functions as participants of the same “type.”

REMARK 1: Socially homogeneous markets enjoy particularly pleasing proper-
ties. Since all participants have the same concave payoff function, competitive
prices are determined by the subgradients of the payoff function. For almost all
distributions of total endowments the competitive price system is uniquely
determined (up to a normalization). Moreover, from these observations and
from convergence of approximate cores to limiting competitive payoffs it follows
that cores and in a certain sense, approximate cores, of large socially homoge-
neous economies are typically small. Since large games with effective small
groups are approximately markets, they inherit these properties. See Wooders
(1992b) for further discussion.

4. ASYMPTOTIC MARKET-GAME EQUIVALENCE

We establish an approximate equivalence between large economies with
effective small groups, modeled as abstract games, and continuous, socially
homogeneous markets with payoff-constant returns. Proofs are given in Sec-

tion 7.
Let (R™, A) be a premarket with | 4| =I. For each profile f=(f,....f) €
Z', define A(f) by

I fi
(41)  A(f)=max ¥, Y u'(x"),

i=1j=1
where the maximum is taken over the set of commodity bundles {x"} satisfying

I fi B 1 )
(4.2) sz”=.‘_;1f,.w’.

i=1j=1

. 4 For interpretation, we may think of the payoff function of trader i as defined by U'(x, £) =
u'(x) + &£, where ¢ is a real number, to be thought of as “final money balance.” The money plays no
formal role in this paper.
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The pair (1, A) is the pregame induced by the premarket (R™, A). Any pregame
which can be induced by some premarket is a market pregame. We say that a
premarket satisfies small group effectiveness if its induced pregame satisfies small
group effectiveness.A )

Let (T, ¥) and (T, ¥) be two pregames. The pregames (T, ¥) and (T, ¥) are
asymptotically equivalent if T=T and if, given any real number ¢ > 0, there is
an integer m,(¢) such that for all profiles f with || fll> n,(e)

(43)  |#(fH)-v(f)l<elfl

Asymptotic equivalence of two pregames implies that for any large profile the
per capita payoffs assignable to that profile by the two characteristic functions
are approximately equal. A pregame (T, ¥) and a premarket (RY, 4) are said
to be asymptotically equivalent if the pregame is asymptotically equivalent to the
pregame determined by the premarket. This requires, of course, that the
number | A| of types of participants in the premarket equals the number of types
T of players in the pregame. The following two Theorems lead to our first
market-game equivalence result.

THeOREM 1: A continuous, socially homogeneous premarket with payoff-con-
stant returns satisfies small group effectiveness.

THEOREM 2: A pregame (T, V) has effective small groups if and only if there is
an asymptotically equivalent, continuous, and socially homogeneous premarket
(RM, A) satisfying payoff-constant returns.

Theorem 1 states that continuous, socially homogeneous market pregames
satisfy small group effectiveness. Theorem 2 states that the class of pregames
with effective small groups is asymptotically equivalent to the class of continu-
ous, socially homogeneous market pregames satisfying payoff-constant returns.
The following conclusion is the main result of this paper.

THeoreM 3 (Market-Game Equivalence): The class of continuous, socially
homogeneous premarkets with payoff-constant returns and the class of pregames
with effective small groups are asymptotically equivalent.

A market with many participants is the basic model of a perfectly competitive
market. Among other properties, large markets satisfy nonemptiness of the core
and convergence of the core to the Walrasian equilibrium payoffs. Our result
shows that large games with effective small groups are asymptotically equivalent
to market games. This implies that for any large game with effective small
groups, a Walrasian outcome of an approximating market is an approximately
feasible payoff for the game. Therefore, for the game, there are Pareto optimal
payoffs that are “close” to Walrasian payoffs of an approximating market. Since
these payoffs are close to Walrasian payoffs we can regard them as “approxi-
mate competitive equilibrium” payoffs. When the number of participants is
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large, economies with effective small groups have approximate competitive
outcomes; there is some set of commodities and a price system for these
commodities that constitutes an approximate competitive equilibrium. This
remark holds even for economies with public goods, as in Wooders (1980) for
example.

RemARrk 2: The condition of payoff-constant returns in Theorem 1 is in-
cluded for symmetry with the conditions of Theorem 2; it is not required for the
conclusion of the Theorem. In the next section, we show that provided the
percentages of players of each type are bounded away from zero, without any
additional assumptions market pregames satisfy small group effectiveness. The
condition of social homogeneity in Theorem 1 is important in limiting the effects
of “scarce” player types, those appearing in the total player set in vanishingly
small proportions.

ReMARK 3: Small group effectiveness is a natural and powerful condition,
and applies to diverse economies. As we show in the next section, if we ignore
boundaries of the commodity space, small group effectiveness is equivalent to
per capita boundedness. Thus, the more restrictive the conditions on the
premarkets approximating pregames with effective small groups, the more
striking the result. In the above theorems the conditions on the premarkets are
chosen to be restrictive. It can be demonstrated that if either continuity of social
homogeneity is relaxed, Theorem 2 no longer holds. Our results in this paper
imply that any premarket with effective small groups is asymptotically equivalent
to a socially homogeneous premarket. Other conditions ensuring asymptotic
social homogeneity of markets and economies more generally are discussed in
Wooders (1993b).

5. PER CAPITA BOUNDEDNESS AND THICK MARKETS

Collections of profiles with the property that the percentages of players of
each type are bounded away from zero are called “thick.” Formally, let p > 0 be
a real number and define

1
P(p)={feZl:foreach t=1,...,T either (”f—”)f,>p

1
or |——|f,=0;.
(Ilfll )f ‘ }
The set P(p) is called the set of p-thick profiles.
A pregame (T, W) satisfies per capita boundedness if there is a constant A4
such that for all profiles f it holds that

| w(f)
GD

The per capita boundedness condition was introduced in Wooders (1979, 1983).

<A.
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When profiles are required to be thick, per capita boundedness is equivalent to
small group effectiveness.

\

THEOREM 4: Let (T, V) be a pregame and let € > 0 and p > 0 be given positive
real numbers. Then

(5.2) there is an integer n,(¢, p) such that:
for each profile fin P(p), there is a partition ( f*) of f with

Ilf*ll< m,(e,p) for each subprofile f* in the partition and

v(f)- %W(f")<s||f||

if and only if there is a constant A such that (5.1) holds for all f in P(p).

Let (T, ¥) and (7, 117)A be two pregames. The two pregames are asymptotically
quasi-equivalent if T =T and if for each p > 0 (4.3) holds for all p-thick profiles,
that is,

given any positive real numbers € > 0 and p > 0 there is an integer

n,(&, p) such that for all profiles f in P(p) with [l > n,(¢,p),

lw(f) = &)l <elfl.

We say that a premarket is asymptotically quasi-equivalent to a pregame if the
pregame derived from the premarket is asymptotically quasi-equivalent to the
pregame. Also, two premarkets are asymptotically quasi-equivalent if their in-
duced pregames are asymptotically quasi-equivalent.

The next two Theorems are analogues of Theorems 1 and 2.

THEOREM 5: A market pregame satisfies per capita boundedness.

THEOREM 6: A pregame (T, V) satisfies per capita boundedness if and only if
there is a socially homogeneous premarket (R, A) with payoff-constant returns
such that (T, V) and (RY, A) are asymptotically quasi-equivalent.

Theorems 5 and 6 illustrate that besides ensuring boundedness of per capita
payoffs, the role of small group effectiveness in our results is to ensure that
arbitrarily small percentages of players of “scarce types’ cannot have significant
effects on per capita payoffs of large groups. Our second market-game equiva-
lence result follows.

THeoreM 7 (Quasi-Equivalence of Games Satisfying Per Capita Boundedness
and Socially Homogeneous Markets): The class of socially homogeneous premar-
kets with payoff-constant returns and the class of pregames satisfying per capita
boundedness are asymptotically quasi-equivalent.
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REMARK 4: With a finite number of types of participants-(or of commodities),
the condition of per capita boundedness appears extremely mild and easy to
apply. Moreover, similar conditions have a long history in economy theory.
Small group effectiveness has the advantage that besides ensuring that there are
continuous approximating markets, it is applicable to situations where all
players /commodities may differ, for example, situations with a compact metric
space of attributes (Wooders (1992a, 1993b), for example) and ones with no
topology on the space of player types (Wooders (1993c)).

6. THE NUMBER OF COMMODITIES

To show that a pregame with effective small groups is asymptotically equiva-
lent to a premarket a particular premarket is constructed. This premarket is
itself of interest as it has a natural interpretation and permits the statement of
another result. In the premarket constructed the commodities are the players
and the derived markets can be interpreted as ones where players hire the
participation of other players in groups. This interpretation is especially suited
to economies with production, economies with clubs, labor markets, and at-
tribute games in general, where, as in the cost allocation literature, the players
of a game are interpreted as commodities or as attributes of economic partici-
pants. The payoff function is constructed as follows. Let (T, ¥) be a pregame
with effective small groups. Define a function u by

61)  u(x) =lxl tim L)
vowo  |If7l

where {f*} is any sequence of profiles with the properties that
lxlllim, 1/l f*IDf* =x. Provided that the pregame (7,¥) satisfies small
group effectiveness the function u is well-defined. Our final Theorem estab-
lishes that whatever the number of types of commodities in a premarket, the
premarket can be approximated by another premarket with the number of
commodities no larger than the number of types of participants and the payoff
function of all the participants can be taken as that given by (6.1).

THEOREM 8: Let (RM, A) be a premarket satisfying small group effectiveness
and let |A| = 1. Let (I, A) denote the derived pregame. Then there is an asymptoti-
cally equivalent socially homogeneous premarket (RM', A') satisfying payoff-
constant returns and with the number of commodities M' equal to the number I of
types of players in the premarket (RY, A).

An analogous result holds for premarkets and asymptotically quasi-equivalent
premarkets.
7. PROOFS OF THE THEOREMS

Small group effectiveness dictates that all or almost all gains to collective
activities can be realized by groups bounded in absolute size. This implies that,



GAMES AND MARKETS 1151

in a certain sense, the games can be approximated by ones with bounded
effective group sizes. Most results on large games with effective small groups
referenced in this paper were first proven for games satisfying the stronger
requirement. We proceed here also by first proving a result for games with
bounded effective group sizes.

Let (T, ¥) be a pregame. The pregame satisfies bounded effective group sizes
if there is an integer B such that for each profile f there is a partition (f*) of f
satisfying

(7.1)  lif¥ll<B for each k and
(72)  w(f) - Zk‘.‘l’(fk) =0;

all gains to collective activities can be realized by groups bounded in size by B.

We will use the observation that from concavity, the value of the maximum in
(4.1) is unchanged when the allocation {x*} is required to have the equal-treat-
ment property, that is, for each i and for all j and j’, x¥ =x%/",

LemMA 1: Let (T, ¥) be a superadditive pregame with bounded effective group
sizes. Let {f*} and {g"} be sequences of profiles with the properties that

(7.3)  llf’ll>o and |lig”ll— = as v becomes large and
. 1 14 H 1 v

o i = ()

Then
;- 1 v 7 14

a5 fim (w0 = (i e,

Proor oF LEmmMA 1: We prove the result by contradiction. Suppose that
(T, W), {f*}, and {g"} satisfy the conditions of the Lemma. Let B denote a
bound on effective group sizes. Define 4 = max ¥(f), where the maximum is
taken over all profiles f with || f|l < B. Since (¥ (4) /||Al) <A for all profiles 4 it
holds that the sequence {¥(f*)/Ilf*} has a converging subsequence. Suppose
the sequences {¥(f*)/If*I} and {¥(g*)/llg"I}} both converge and there is a
positive real number & > 0 such that

W) ()
(7.6) 1/11—1330 & > Vll_l;l‘:o el +24.

Define f:=1lim,_ (1/lf*IDf*=1lim,_ . (1/lig”IDg”. Define the sequences of

profiles {#*} and {I*} by

(7.7 hy=fy if f,#0,
(78) h;=0 if f,=0, and
(19)  I=fr—h.
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From boundedness of effective group sizes it follows that
v(f*)—¥(h") <ABII|
and therefore, since (II”ll/IIf*I) =0 as v = o, lim,  (P(f)/If"ID=
lim, _, (P(h") /IR ]D.
Define L = lim,_, (Z(f*)/lf*ID. Let v, be sufficiently large so that for all
v > v, it holds that
(7.10 PR L-6
. ——>L -6.
) T
From (7.4) we can suppose without loss of generality that the support of #” is
contained in the support of g¥ for all » and v’ (that is, AY # 0 implies g; # 0).
It follows that there is an integer v, > v, such that for all sufficiently large terms
v, for some integer r,,
g’ >=r,h" and
(any DAL L2
. > ,
llg”ll L-6

that is, g” permits r, copies of 4”1, with only a small percentage of “leftovers.”
From superadditivity, (7.10) and (7.11),
V(g r,(h*) rle v(fr
(V) (V)' ” >(L—25)=lim——-—(fv)
llg”ll rdRl gl v |7l
for all v >v,, a contradiction to (7.6).

The result now follows from the fact per capita payoffs are bounded. Thus, in
general, the sequences {¥(f*) /Il f*I}} and {¥(g”)/llg”|l} have converging subse-
quences. Since any pair of converging subsequences converge to the same limit
both sequences must converge to the same limit. QO.E.D.

- 26,

=

LemmMma 2: Let (T, V) be a pregame satisfying small groups effectiveness. Let
{f*} and {g"} be sequences of profiles satisfying (71.3) and (7.4). Then (1.5) holds.

Proor oF LEMMA 2: We prove the result by contradiction. Suppose that
(T, w), {f"}, and {g"} satisfy the conditions of the Lemma but not (7.5). Since
small group effectiveness implies per capita boundedness (which is easy to
show), we can suppose without loss of generality that the sequences
{A/1f*ID¥(f*)} and {(1/11g*ID¥(g*)} both converge and that for some positive
real number ¢, > 0, for all terms f” and g" in the sequences,

1 1

From small group effectiveness we may choose an integer B with the property

that for each profile 4 there is a partition (h*) of h satisfying

llh*|| < B for each k and
Y(h) — L w(h*) <sliAll.
k

> 3g,.
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We next construct a pregame with effective group sizes bounded by B. For
each profile f define I'(f) by

I'(f) = max %q’(f"),

where the maximum is taken over all partitions (f*) of f with ||f*||<B for
each k. Note that for the choice of B it follows that ¥(h) — I'(h) < g,llAl| for all
profiles s. Then, by Lemma 1, there is an integer v sufficiently large so that,
for all v > v,

V() (g

£ llg”ll
Y1) LU | |TUY) T | | T ¥(s”)
NETA (§ad| (Fd| llg”ll llg”ll llg”ll
< 3gg,
a contradiction to (7.12). Q.E.D.

It is convenient to prove Theorem 4 next.

Proor or THEOREM 4: Let (T,¥) be a pregame with bounded per capita
payoffs and suppose that the conclusion of the Theorem is false. Then there are
real numbers p, and ¢, and a sequence of profiles {f*} such that

lf¥Il— oo as v —> o,

f?eP(p) foreachv,and
for each f7, for every partition (f**) of f* with || f**|| <» for each k, it holds
that

(7.13)  ¥(f) = LU(f) > 2ell£l.
k

Without loss of generality we can assume that for some Q< T, f” €RY,
x{0}7\2 for each v. By passing to a subsequence if necessary, we can suppose
that the sequence {(1/lf*IDf*} converges, say to f€ RY, X{0}"\2. Again pass-
ing to a subsequence if necessary, from per capita boundedness we can suppose
that the sequence {¥(f*) /I f*I} converges, say to the real number L. Since the
sequence {¥(f*)/IIf"I} converges, there is an integer v, sufficiently large so
that

v(f™)
£l
and for all v > v it holds that
V() W)
Il >l

<L +¢,

80.
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Let v, be sufficiently large so that for each v > v, for some integer r, and
profile m” it holds that

fr=r,f""+m”, and
llm” |l
&l (L +ep) <é&p;

this is possible since each term f? is in P(p). (A proof of this fact is provided in
Wooders and Zame (1987).) From the above inequalities, for all v sufficiently
large we obtain the estimate:

() W)

TE T
() P "I’(f”") ¥
NETE T T
(o) llml

<eg+ — T
SO el

llm”|
<£0+ (L +50)W < 280.

This yields a contradiction to (7.13) since for all » sufficiently large it follows
that

V() —r, L P(f0) - Xmi¥(x') <2&llfI
k t
We leave the other direction to the reader. Q.E.D.

Proor oF THEorReM 1: Let (I, A) be a market pregame derived from a
premarket (RY, 4) with I types of participants and where all participants have
the same 1-homogeneous and continuous payoff function, denoted by u. Sup-
pose (I, A) does not satisfy small group effectiveness. Then there is a positive
real number ¢, and a sequence of profiles {f”} with the property that for any
partition (f**) of f* where, for each k, || f**|l<v it holds that

(7.14)  A(f”) = LA(f) > 3ellf”Il.
k

Suppose, without loss of generality, that there is a vector f in R’ such that
@/lf*IDf* converges to f. Define the sequences {#”} and {/”} by equations
(7.7), (7.8), and (7.9). Since the sequence {h”} has the property that the
percentage of players of each type (that appears in the profiles) is bounded away
from zero, from Theorem 4 there is an integer B such that for each v, for some
partition (#*%) of h” with [|h*¥|| < B for each k,

(7.15)  A(R*) = L A(R%) <glin”Il.
k
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Note that since u is concave, for any profile g it holds that A(f) = u(L; g;@").
From Rockafellar (1972, Theorem 10.4), u is Lipschitzian on the simplex. Since
both u and A are 1-homogeneous, there is a constant A such that for each
integer v
S AR o

[Fdl 1Al ||f | |Ih I

Select an integer v suﬂiciently large so that

(7.16) <Al rll.

Allz ||f - ||h"||hv”

From superadditivity, (7.15) and (7.16), and the fact that ([2”ll/lIf*ID —> 1 as 7
becomes large, it follows that for all sufficiently large v

A A
(Nad! ez~ °
It now follows that for all sufficiently large v,

A(F") = TAR™) = TEACx)

<IA(F*) = AGR) | +|A(R) = TAG)

< 350“]‘””,
which is a contradiction. Q.E.D.

ProorF oF THEOREM 2: Let (T, ¥) be a pregame. From Lemma 2 the function
u, given by (6.1), is well-defined and continuous. Since it is 1-homogeneous and
superadditive, u is concave.

Now consider the premarket (R”, A) where |A| =T and

a'=(x,u)
for each t=1,...,T. The pair (R%, A) is a continuous, socially homogeneous
premarket with payoff-constant returns. From the constraints of u it follows
that the pregame (T, ¥) is asymptotically equivalent to the pregame derived
from (R”, A); we leave the details to the reader. This proves one part of the
Theorem.

Next, let (R¥, 4) be a socially homogeneous premarket with derived game
(T,A) and with the property that (T, A) and (T, ¥) are asymptotically equiva-
lent. Let u denote the payoff function of the participants in the premarket.
From Theorem 1 (7, A) has effective small groups. Thus, given & > 0 there is an
mteger no(s) such that for each profile f there is a partition of f, say (f*:
k= , K), satisfying

(7~17) lf¥kll < mp(e) and
(7.18)  A(f) — LA(f*) <elfll.
P
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From asymptotic equivalence there is an integer m,(e) > ny(e) such that for
each profile f with

(719) Il mn,(e)

it holds that

(7.20) 1¥(f) —A(H)l <éellfll.

The following Lemma leads to the conclusion of the proof.

Lemma 3: Let f be a profile and let (f*: k=1,...,K) be a partition of f
satisfying (7.17) and (7.18). Then there are integers 0 =my<m,; < ... <m, <
... <mgy =K such that, for each q=0,...,0 —1,

mgi

m(e) <l X fHl<4n(e).

k=mg+1

Proor oF LemMma 3: Suppose ||fll < 4n,(e). In this case, the partition (f)
satisfies the required properties. Therefore we suppose that || f]|> 4m,(e). Let
(f*) be a partition of f satisfying (7.17) and (7.18). There exists an integer m,
such that

m;—1

'Y f“ll<mn(e) and
k=1

LY F4I> mi(e).
k=1

It follows that

m m;—1
Y = T FEl+lfmll<m(e) +mo(e) <2my(e) and
k=1 k=1

K m

X A=A X ] = 4n(e) — 2my(e) =2my(e).
k=m;+1 k=1

Case I: If 27my(e) <ITE_,, +1 fAll<4ne) let g'=%71, and let g?=
ZIIc<=ml+1fk'

Case 2: If IC§_,, + f*Il> 4n(e), then there is an integer m, such that

r f*

k=m,+1

K
r f*

k=m,+1

vi(e) < <2n,(¢) and

>2my(e).
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m my

In this case, define g!= Y f* and g2= Y f~
k=1 k=m;+1

Next consider £f_,, ., f* Depending on whether

K K
Y f* r f*

k=m,+1 k=my+1

<4my(e) or > 4my(¢)

proceed as in Case 1 or 2 to determine m, and define g> =X m,+1 r*,
satisfying the required conditions.

We can argue repeatedly as above to determine integers m,,...,m, and
profiles g,..., g2 such that
m
gt =X rk
k=1
my
g*= Y f%..., and
k=m;+1
K
g= X fK
k=mQ-1+l

where 7,(¢) <llg?ll < 4n,(e) for all g=1,...,m,. This completes the proof of
the Lemma. O.E.D.

To complete the proof of the Theorem, from superadditivity, (7.17) and
(7.18), and Lemma 3 it now follows that

0
v(f)-L¥(g)

<|®(f) -AN) |+

Qo
NOEPWITD

+

0 0
4‘_:1/1(5"’) - X ¥(gY

g=1

< 3ellf1l,

where {g?} is defined as in the proof of Lemma 3. Thus, given any & > 0 the
integer 47,(¢) satisfies the properties required in the definition of small group
effectiveness applied to the pregame (T, ¥). This completes the proof of the
Theorem. O.E.D.

Theorem 5 is a standard result. With the appropriate construction of a
premarket from a pregame satisfying per capita boundedness, the proof of
Theorem 6 is essentially the same as the proof of Theorem 2. We note only that
for any x in RZ, the definition of the payoff function for the premarket
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approximating the pregame can be taken as that given by (6.1) with the
approximating profiles taken to have the same support as the commodity
bundle.

Theorem 8 was proved during the course of the proof of Theorem 2 so we
have reached the conclusion of this section.

8. DISCUSSION

Economic models with effective small groups may include ones with multiple
marketplaces, firms, communities, or clubs. Small group effectiveness ensures
that when there is in total a large number of participants, then there are, at
least potentially, “many” groups. The intuition underlying our results is that in
economies with effective small groups, competition within groups for shares of
the surplus generated by the group, and competition between groups for
participants, lead to a competitive outcome. This intuition emerges especially
from the study of economies with collectively produced and/or consumed
goods, such as ones with local public goods (see, for example, Tiebout (1956)
and Wooders (1980)). It follows from the results of the current paper that one
set of commodities for which an economy is approximately a market is the set of
participants themselves. Intuitively, participants sell their participation in groups
in return for a share of the surplus generated by the group.

Our concepts and results can be applied in a variety of contexts, for example,
in investigations of the “Coase Theorem” (Coase (1960)). One such investiga-
tion of the effects of property rights assignments is carried out in Wooders
(1992¢). Provided that assignments of property rights are bounded, small group
effectiveness of pregames (called “technologies” in this application, as in
Wooders and Zame (1987)) ensures convergence of approximate cores to
competitive prices for attributes of players and to approximate attribute core
payoffs. Other applications include ones to economies with collective production
and to economies with local public goods or shared goods more generally; some
such applications are reviewed in Wooders (1992b). Another application may be
to financial markets with unbounded short sales.

The approach of this paper is quite distinct from established theories of
competitive markets. Three major theories are Cournot’s noncooperative equi-
librium theory, Edgeworth’s contract theory, and Clark’s marginal productivity
theory, revived in Ostroy’s no-surplus. theory.!® The equivalence result of this
paper suggests that small group effectiveness may be a powerful condition for
the study of these theories; the theories have been applied to markets, and
asymptotically economies with effective small groups are markets. Some results

15 These ideas have been a reoccurring theme in the research leading to this paper. Ostroy (1984)
also stresses prices for participants.

16See Cournot (1938), and more recently, Shubik (1973), Hart (1979), and Novshek and
Sonnenschein (1978) for the Cournotian theory, Anderson (1992) for a survey of research on
Edgeworth’s contract theory and the equivalence of cooperation and equilibrium outcomes, and
Ostroy (1980, 1984) for the marginal productivity theory.
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in these directions include Hammond, Kaneko, and Wooders (1989) on the
equivalence of the core and the competitive outcomes in large economies with
widespread externalities and effective small groups (finite coalitions in the
continuum).

Dept. of Economics, University of Toronto, 150 St. George St., Toronto,
M55 1A1 Canada

Manuscript received July, 1989; final revision received December, 1993.
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