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Devwudfw

Zh h{soruh dowhuqdwlyh dssurdfkhv wr qxphulfdo vroxwlrqv ri odujh udwlrqdo h{shf0
wdwlrqv prghov1 Zh glvfxvv dqg frpsduh vhyhudo fxuuhqw dowhuqdwlyhv/ irfxvvlqj rq wkh
wudghr�v lq dffxudf|/ vsdfh/ dqg vshhg1 Wkh prghov udqjh iurp uhsuhvhqwdwlyh djhqw
prghov zlwk pdq| jrrgv dqg fdslwdo vwrfnv/ wr prghov ri khwhurjhqhrxv djhqwv zlwk
frpsohwh ru lqfrpsohwh dvvhw pdunhwv1 Wkh phwkrgv glvfxvvhg lqfoxgh shuwxuedwlrq
dqg surmhfwlrq phwkrgv1 Zh vkrz wkdw wkhvh phwkrgv duh fdsdeoh ri dqdo|}lqj prg0
hudwho| odujh prghov hyhq zkhq zh xvh rqo| hohphqwdu|/ jhqhudo sxusrvh qxphulfdo
phwkrgv1
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Wkh vwxg| ri pdfurhfrqrplf g|qdplfv kdv ehfrph vxevwdqwldoo| pruh vrsklv0
wlfdwhg ryhu wkh sdvw wzhqw| |hduv1 Wkh �uvw prghov zhuh vlpsoh prghov zlwk rqh
frpprglw|/ vhuylqj dv erwk wkh frqvxpswlrq dqg lqyhvwphqw jrrg/ dqg zlwk rqh w|sh
ri djhqw dv lq wkh �uhsuhvhqwdwlyh djhqw� prghov/ ru yhu| vlplodu djhqwv/ dv lq wzr0
shulrg ryhuodsslqj jhqhudwlrqv prghov zkhuh djhqwv gl�huhg rqo| dv wr djh1 Zkloh
wkhvh vlpsoh prghov surylghg lqvljkwv rq pdq| lvvxhv/ wkhlu olplwdwlrqv duh ehfrplqj
pruh dssduhqw dqg zh qrz zdqw wr pryh eh|rqg wkhp1 Lq sduwlfxodu/ lw lv ghvlu0
deoh wr dgg pxowlsoh jrrgv/ pxowlsoh fdslwdo vwrfnv/ khwhurjhqhrxv djhqwv/ pxowlsoh
dvvhwv/ khwhurjhqhrxv wd{dwlrq/ h{whuqdolwlhv/ lpshuihfw frpshwlwlrq/ dqg dv|pphwulf
lqirupdwlrq wr wkh frqyhqwlrqdo prghov1 Rxwvlgh ri d ihz vshfldo dqdo|vhv/ wkhuh duh
qr h{dpsohv ri jhqhudo g|qdplf/ pxowl0djhqw/ pxowl0jrrg/ vwrfkdvwlf/ udwlrqdo h{shf0
wdwlrqv prghov zklfk kdqgoh kljk0 dqg orz0iuhtxhqf| hfrqrplf pryhphqwv/ erwk ri
zklfk duh fulwlfdo iru xqghuvwdqglqj gdwd dqg dqdo|}lqj srolflhv1 Zh qhhg wr wxuq wr
qxphulfdo phwkrgv wr vroyh wkhvh prghov1 Wkh phwkrgv glvfxvvhg lq wklv sdshu pryh
xv d vwhs lq wkdw gluhfwlrq1

Lq wklv sdshu zh dgguhvv wkh sureohp ri frpsxwlqj htxloleuld ri odujh udwlrqdo
h{shfwdwlrqv prghov1 Zh vkrz krz h{whqvlrqv ri phwkrgv xvhg lq wkh vlpsoh prghov
fdq eh xvhg wr vroyh pruh frpsoh{ prghov1 Wkh idfw wkdw wkh jhqhudo prghov frqvlg0
huhg ehorz fdq eh vroyhg qxphulfdoo| lv reylrxv vlqfh rqh fdq wdnh dq| ri wkh pdq|
phwkrgv zklfk kdyh ehhq ghyhorshg dqg dsso| wkhp wr wkhvh prghov1 Wkdw lv qrw
dq lqwhuhvwlqj revhuydwlrq vlqfh prvw ri wkhvh phwkrgv* wlph dqg vsdfh uhtxluhphqwv/
vxfk dv glvfuhwh vwdwh vsdfh g|qdplf surjudpplqj/ zrxog pdnh wkhp lpsudfwlfdo wr
vroyh rq dq| frpsxwhu1 Wkh sureohp lv wr ghyhors phwkrgv zklfk fdq vroyh odujhu
prghov lq uhdvrqdeoh wlph xvlqj dffhvvleoh uhvrxufhv1

Wklv sdshu irfxvvhv rq wkh dssolfdwlrq ri erwk shuwxuedwlrq dqg surmhfwlrq phwk0
rgv wr pxowlglphqvlrqdo g|qdplf prghov1 Lq suhylrxv sdshuv/ Mxgg dqg Jxx+4<<6/
iruwkfrplqj, h{dplqhg shuwxuedwlrq phwkrgv zklfk jr eh|rqg wkh vwdqgdug olq0
hdul}dwlrq phwkrg/ dqg Mxgg+4<<5, h{dplqhg surmhfwlrq phwkrgv iru vroylqj udwlrqdo
h{shfwdwlrqv prghov1 Erwk sdshuv irfxvvhg rq dssolfdwlrqv wr d uhsuhvhqwdwlyh djhqw/
vlqjoh jrrg prgho1 Wkh uhdghu lv uhihuuhg wr wkhvh sdshuv dqg wkhlu pdwkhpdwlfdo
vrxufhv iru nh| gh�qlwlrqv dqg lqwurgxfwlrqv wr wkhvh phwkrgv1 Lq wklv sdshu/ zh zloo
rxwolqh krz wkhvh phwkrgv fdq eh dgdswhg wr kdqgoh pxowl0djhqw jhqhudol}dwlrqv> lq
wkh fdvh ri surmhfwlrq phwkrgv zh vwd| zlwk wkh vlqjoh0jrrg/ vlqjoh0dvvhw dvvxpswlrqv
ri wkh uhsuhvhqwdwlyh djhqw prgho/ exw wkh shuwxuedwlrq dqdo|vlv lqfoxghv pxowlsoh
jrrgv dqg pxowlsoh fdslwdo vwrfnv1 D wkhph ri Mxgg+4<<5, lv wkdw wkhuh duh pdq|
zd|v wr vroyh udwlrqdo h{shfwdwlrqv prghov/ wkh ehvw zd| ghshqglqj rq d ydulhw| ri
frqvlghudwlrqv1 Lq wklv sdshu zh frqwlqxh wkdw wkhph dwwhpswlqj wr ghwhuplqh wkh
uhodwlrqvkls ehwzhhq wkh prvw h!flhqw phwkrg dqg wkh fkdudfwhulvwlfv ri wkh sureohp1
Zh jlyh h{dpsohv ri ydulrxv phwkrgv/ wkhlu wlph dqg vsdfh qhhgv/ dqg wkh dffxudf|
ri wkh uhvxowv1
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Rxu uhvxowv srlqw wr d �surgxfwlrq srvvlelolwlhv iurqwlhu� ri phwkrgv iru vroylqj
udwlrqdo h{shfwdwlrqv prghov1 Li wkh prgho lv vwdeoh zlwk dq hujrglf glvwulexwlrq frq0
fhqwudwhg lq wkh qhljkerukrrg ri vrph ghwhuplqlvwlf vwhdg| vwdwh/ wkhq wkh Wd|oru
vhulhv h{sdqvlrq surgxfhg e| shuwxuedwlrq phwkrgv zloo olnho| surgxfh d jrrg ds0
sur{lpdwlrq dqg/ dffruglqj wr vhyhudo h{lvwlqj h{dpsohv/ surgxfh vroxwlrqv zklfk duh
uholdeoh iru d qrqwulyldo uhjlrq1 Li wkh qrqolqhdulwlhv duh vxevwdqwldo dqg2ru zh qhhg d
pruh joredo dssur{lpdwlrq/ zh zloo olnho| xvh vrph nlqg ri surmhfwlrq phwkrg�1

Wkh uhvxowv ehorz jlyh vrph jxlgdqfh dv wr zklfk phwkrgv duh prvw h!flhqw
lq whupv ri wkh wudgh0r� ehwzhhq dffxudf| dqg uxqqlqj wlph1 Wkh| lqglfdwh wkdw
shuwxuedwlrq phwkrgv duh wkh prvw h!flhqw phwkrgv zkhq wkh| zrun/ dqg wkh rqo|
ihdvleoh phwkrg iru wkh odujhvw sureohpv1 Dprqj wkh surmhfwlrq phwkrgv/ wkh ehvw
fkrlfh iru prghudwh0vl}h prghov dsshduv wr xvh frpsohwh sro|qrpldo dssur{lpdwlrqv
ri wkh xqnqrzq ixqfwlrqv/ dqg d yhuvlrq ri vxffhvvlyh dssur{lpdwlrq lqwurgxfhg e|
Pludqgd dqg Khopehujhu+4<;;, wr vroyh iru wkh xqnqrzq frh!flhqwv1 Wkh grplqdqfh
ri frpsohwh sro|qrpldo uhsuhvhqwdwlrq lv qrw vxusulvlqj/ exw wkh vxffhvv ri vxffhvvlyh
dssur{lpdwlrq lv d elw vxusulvlqj vlqfh lw lv qrw hyhq orfdoo| frqyhujhqw lq jhqhudo1
Krzhyhu/ lwv frqvlghudeoh frpsxwdwlrqdo dgydqwdjhv ryhu Qhzwrq phwkrgv iru vroy0
lqj qrqolqhdu htxdwlrqv frpelqhg zlwk rxu idyrudeoh h{shulhqfh +ehorz dqg lq hduolhu
sdshuv, lqglfdwhv wkdw lw vkrxog jhqhudoo| eh frqvlghuhg1 Rqh vkrxog nhhs lq plqg/
krzhyhu/ wkdw doo wkh prghov zh h{dplqh ehorz kdyh vwurqj phdq uhyhuvlrq surshuwlhv
lq htxloleulxp/ d surshuw| zklfk pd| khos h{sodlq wkh vxffhvv ri vxffhvvlyh dssur{0
lpdwlrq1 Ehfdxvh wkhvh h{shulphqwv lqglfdwh wkdw vxffhvvlyh dssur{lpdwlrq lv riwhq
ydoxdeoh/ ixwxuh zrun vkrxog irfxv rq h{dfwo| zkhq lw lv vwdeoh1

Zkloh wkhvh frqfoxvlrqv duh edvhg rq wkh dqdo|vlv ri vlpsoh h{dpsohv/ zh ihho wkdw
wklv h{shulhqfh lv olnho| wr eh urexvw wr rwkhu prghov dqg wkdw lwv frqfoxvlrqv fdq
vhuyh dv d uhdvrqdeoh jxlgh wr fkrrvlqj phwkrgv iru vroylqj odujh prghov1 Krshixoo|
wkh phvvdjh khuh lv hqfrxudjlqj hqrxjk wkdw dqdo|vwv zloo ihho iuhh wr dqdo|}h odujh
prghov ri wkhlu fkrrvlqj1

41 Qxphulfdo Udwlrqdo H{shfwdwlrqv Sureohpv

Ehiruh zh glvfxvv ydulrxv vshfl�f udwlrqdo h{shfwdwlrqv prghov/ zh vkrxog srlqw rxw
wkh ihdwxuhv zklfk duh lqkhuhqw lq qxphulfdo udwlrqdo h{shfwdwlrqv prghoolqj1 Dzduh0
qhvv ri wkhvh ihdwxuhv zloo khos xv irup uhdvrqdeoh prghoolqj jrdov dqg srlqw lq wkh
gluhfwlrq ri dssursuldwh qxphulfdo phwkrgv1

Lq wkhru|/ udwlrqdo h{shfwdwlrqv prghov uhvhpeoh g|qdplf lqwhusuhwdwlrqv ri Duurz0
Gheuhx jhqhudo htxloleulxp dqdo|vlv1 Wkh fhqwudo irfxv ri Duurz�Gheuhx prghov duh
wkh wlph0 dqg vwdwh0frqwlqjhqw htxloleulxp sulfhv dqg frqvxpswlrq sdwwhuqv1 Wkh
ghwhuplqdwlrq ri htxloleulxp sulfhv lv wkh irfxv ri vwdqgdug FJH phwkrgv1 Krzhyhu/
wklv lv dq xquhdvrqdeoh qxphulfdo dssurdfk lq wkh fdvh ri udwlrqdo h{shfwdwlrqv prg0
hov1 Lq wkh Duurz0Gheuhx dssurdfk wr lq�qlwh0krul}rq g|qdplf vwrfkdvwlf prghov/ wkh
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sulfh ri hdfk jrrg lv frqwlqjhqw rq wkh gdwh dw zklfk lw dsshduv dqg wkh hqwluh klvwru|
ri wkh h{rjhqrxv vkrfnv xs wr wkdw gdwh1 Lq wkh fdvh ri glvfuhwh0wlph dqg lq�qlwh0
krul}rq/ li wkhuh duh h{rjhqrxv vkrfnv lq hdfk shulrg dqg wkh vxssruw ri wkhvh vkrfnv
frqwdlqv dw ohdvw wzr srlqwv/ wkh qxpehu ri glvwlqfw klvwrulhv lq dq lq�qlwh0krul}rq
prgho kdv wkh fduglqdolw| ri wkh frqwlqxxp/ lpso|lqj wkdw wkh qxpehu ri glvwlqfw
sulfhv lv dovr wkh vl}h ri wkh frqwlqxxp dqg wkdw wkh frqyhqwlrqdo FJH dssurdfk lv
lqihdvleoh1

Wkhvh sureohpv fdq eh dyrlghg li wkh vwuxfwxudo ihdwxuhv ri wkh hfrqrplf prgho
duh vwdwlrqdu|/ wkdw lv/ gr qrw ghshqg rq fdohqgdu wlph/ dqg li zh irfxv rq vwdwlrq0
du| udwlrqdo h{shfwdwlrqv htxloleuld ri wkrvh vwdwlrqdu| lq�qlwh krul}rq prghov1 Vxfk
htxloleuld fdq eh h{suhvvhg lq whupv ri ghflvlrq uxohv iru wkh djhqwv +vhh Vwrnh| dqg
Oxfdv+4<;<, iru d irupdo glvfxvvlrq ri uhfxuvlyh prghoolqj,/ dqg wkh qxphulfdo ds0
surdfk lv wr frpsxwh dssur{lpdwlrqv ri wkhvh xqnqrzq ixqfwlrqv1 Iru h{dpsoh/ d
vlpsoh glvfuhwh0wlph sureohp h{soruhg lq wkh frpsxwdwlrqdo olwhudwxuh lv
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|'f q
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&|n� ' 8 E&|c w|�� S|

*? w|n� ' 4 *? w| n "|n�

+4,

zkhuh &| lv wkh ehjlqqlqj0ri0shulrg fdslwdo vwrfn/ w| lv d vwdwlrqdu| DU+4, pxowlsolfd0
wlyh surgxfwlylw| sdudphwhu +wkh surgxfwlylw| vkrfnv "| � �Efc j2� duh lqghshqghqw,/
dqg 8 E&c w� lv wkh jurvv +wkdw lv/ qhw surgxfwlrq soxv lqlwldo fdslwdo vwrfn, surgxfwlrq
ixqfwlrq1 Lq wklv sureohp/ erwk & dqg w duh qhhghg iru d vx!flhqw ghvfulswlrq ri
wkh vwdwh1 Khqfh/ frqvxpswlrq lv d ixqfwlrq ri erwk & dqg wc �E&c w�/ dqg wkh Hxohu
htxdwlrq lv

�� E�E&c w�� ' q . i��E�E8 E&c w�� �E&c w�c �w��8&E8 E&c w�� �E&c w�c �w� m wj +5,

Wklv lv wkh sureohp lqyhvwljdwhg lq wkh Wd|oru�Xkolj v|psrvlxp +4<<3, dqg lq Mxgg+4<<5,1
Zkloh zh zloo irfxv rq jhqhudol}dwlrqv ri +5,/ rxu uhvxowv dsso| dovr wr wkh frp0
prglw| sureohpv vwxglhg lq hduolhu frpsxwdwlrqdo udwlrqdo h{shfwdwlrqv dqdo|vhv e|
Jxvwdivrq+4<8;,/ Zuljkw dqgZlooldpv+4<;7/ 4<<4,/ dqgPludqgd dqg Khopehujhu+4<;;,1

Dw �uvw/ irfxvvlqj rq wkh ixqfwlrqdo htxdwlrq lq +5, dsshduv wr eh qr ehwwhu vlqfh
zh pryh iurp wkh lq�qlwh�glphqvlrqdo vsdfh ri frqwlqjhqw sulfhv wr wkh lq�qlwh0
glphqvlrqdo vsdfh ri ghflvlrq uxohv1 Wkhuh lv lpsuryhphqw/ krzhyhu/ vlqfh wkhuh duh
jrrg �qlwh0glphqvlrqdo dssur{lpdwlrqv ri wkh htxloleulxp srolf| ixqfwlrqv vxfk dv
�E&c w� zkhq wkh| duh �uhdvrqdeoh� ixqfwlrqv/ zkhuhdv zh nqrz ri qr vxfk zd| wr ds0
sur{lpdwh wkh frqwlqxxp ri frqwlqjhqw sulfhv1 Qxphulfdo udwlrqdo h{shfwdwlrqv phwk0
rgv/ ehjlqqlqj zlwk Jxvwdivrq+4<8;,/ wkhuhiruh irfxv rq �qlwh0glphqvlrqdo dssur{l0
pdwlrqv ri srolf| ixqfwlrqv dqg rwkhu lpsruwdqw ixqfwlrqv1 Wkh �qlwh�glphqvlrqdo
dssur{lpdwlrqv w|slfdoo| sdudphwhul}h wkh xqnqrzq srolf| ixqfwlrq2 dqg uhvwulfw lw
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wr olh lq vrph �qlwh0glphqvlrqdo vsdfh/ dv lq

e�E&c w� ' ?[
�'f

@���E&c w�

zkhuh wkh �� frpsulvh d edvlv iru doo fdqglgdwh ixqfwlrqv1 Zh pxvw �uvw pdnh d fkrlfh
ri edvlv/ dqg wkhq vroyh iru wkh xqnqrzq frh!flhqwv/ @1 Wkhuh duh vhyhudo zd|v wr �{
wkhvh xqnqrzq frh!flhqwv1 Surmhfwlrq phwkrgv �{ @ e| vroylqj d vhw ri surmhfwlrq
htxdwlrqv zklfk wu| wr lghqwli| @ zklfk zloo qhduo| vroyh +5,1 Shuwxuedwlrq phwkrgv
frqvwuxfw d Wd|oru vhulhv h{sdqvlrq durxqg d srlqw E&fc wf�/ vxfk dv

e�E&c w� ' ?[
�'f

?[
�'f
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dqg xvh lpsolflw ixqfwlrq wkhruhpv wr lghqwli| wkh xqghuwhuplqhg @�� frh!flhqwv1
Wkh ydulrxv dssurdfkhv wr vroylqj udwlrqdo h{shfwdwlrqv prghov gl�hu lq wkuhh edvlf

zd|v> �uvw/ lq wkh fkrlfh ri �qlwh0glphqvlrqdo dssur{lpdwlrqv wr ixqfwlrqv/ vhfrqg/
lq wkh zd| wkh h{shfwdwlrq lq +5, lv frpsxwhg/ dqg/ wklug/ lq wkh phwkrg xvhg wr
�qg dq dssur{lpdwh vroxwlrq1 Wkh zrun glvfxvvhg ehorz wrxfkhv rq wzr ri wkh wkuhh
fulwlfdo hohphqwv � wkh phwkrg xvhg wr dssur{lpdwh � dqg wkh phwkrg iru vroylqj
wkh lghqwli|lqj frqglwlrqv1 Lq wklv sdshu zh zloo irfxv rq ydulrxv frpelqdwlrqv ri
dssur{lpdwlrq dqg vroxwlrq phwkrgv zklfk dsshdu wr eh surplvlqj lq wkh frqwh{w ri
odujh udwlrqdo h{shfwdwlrqv prghov1

Zh zloo glvfxvv erwk shuwxuedwlrq dqg surmhfwlrq phwkrgv1 Wkh| vkduh pxfk lq
frpprq> vhh Mxgg+4<<9, iru dq h{whqghg glvfxvvlrq ri wklv revhuydwlrq1 Zh zloo irfxv
rq dssolfdwlrqv ri shuwxuedwlrq phwkrgv wr frqwlqxrxv0wlph prghov dqg dssolfdwlrqv
ri surmhfwlrq phwkrgv wr glvfuhwh0wlph prghov1 Wkh g|qdplf hfrqrplfv olwhudwxuh
erxqfhv ehwzhhq frqwlqxrxv0 dqg glvfuhwh0wlph dssolfdwlrqv ghshqglqj rq zkhwkhu
rqh exlogv rq wkh Eurfn dqg Wxuqryvn|+4<;4, dqdo|vlv ri g|qdplf pdfurhfrqrplf
htxloleulxp/ ru wkh Eurfn dqg Plupdq+4<:5, vwrfkdvwlf jurzwk prgho1 Wkhuh lv qr
vxevwdqwlyh hfrqrplf gl�huhqfh vlqfh wkh glvfuhwh wlph xqlw fdq eh pdgh duelwudulo|
vpdoo1 Zh pdnh rxu fkrlfhv wr irfxv rq wkh vlpsoh fdvhv> erwk phwkrgv duh dssolfdeoh
wr erwk w|shv ri prghov/ exw shuwxuedwlrq dqdo|vlv ri glvfuhwh0wlph prghov lv pxfk
pruh frpsoh{ qrwdwlrqdoo|/ dqg surmhfwlrq dqdo|vlv ri frqwlqxrxv0wlph prghov zrxog
uhtxluh xv wr lqwurgxfh ixqfwlrqdo dqdo|wlf pdwhuldo ri olwwoh lqwhuhvw wr wkh lqwhqghg
uhdghu1 Zh ohdyh wkhvh ghyhorsphqwv wr ixwxuh zrun1

51 Shuwxuedwlrq Phwkrgv

Zh zloo �uvw h{soruh dq h{dpsoh ri shuwxuedwlrq phwkrgv dssolhg wr wkh fdqrqlfdo
frqwlqxrxv0wlph/ vwdeoh rswlpdo frqwuro sureohp1 Zh zloo qrw gh�qh shuwxuedwlrq lq
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jhqhudo khuh/ qru zloo zh suhvhqw wkh pdwkhpdwlfdo irxqgdwlrqv zklfk mxvwli| wkh iru0
pdo/ dojheudlf pdqlsxodwlrqv suhvhqwhg ehorz> vhh Mxgg+iruwkfrplqj/ 4<<9, dqg Ehq0
vrxvvdq+4<;;, iru jhqhudo glvfxvvlrqv dqg iru flwdwlrqv ri wkh irupdo ghyhorsphqw ri
shuwxuedwlrq phwkrgv iru frqwuro sureohpv1 Khuh zh zloo wdnh d �olqhdul}h durxqg wkh
vwhdg|0vwdwh� dssurdfk wr odujh udwlrqdo h{shfwdwlrqv prghov dqg h{whqg lw/ yld shu0
wxuedwlrq phwkrgv/ wr lqfoxgh qrqolqhdu whupv ri wkh Wd|oru vhulhv h{sdqvlrq1 Zkloh
wkh olqhdul}dwlrq dssurdfk lv frpprq/ jhqhudo shuwxuedwlrq phwkrgv kdyh ehhq xvhg
rqo| wr d olplwhg h{whqw lq hfrqrplfv1 Wkhuh duh vhyhudo uhdvrqv iru wklv1 Iluvw/ wkhuh lv
olwwoh djuhhphqw lq wkh olwhudwxuh� dv wr zkdw frqvwlwxwhv �olqhdul}dwlrq1� Vhfrqg/ hyhq
wkrvh zkr �olqhdul}h� ghwhuplqlvwlf prghov fruuhfwo|e jhqhudoo| idlo wr frpsxwh wkh
wuxh �uvw0rughu Wd|oru vhulhv dssur{lpdwlrq zkhq wkh| dssur{lpdwh vwrfkdvwlf prg0
hov> zh pdnh wklv suhflvh ehorz1 Wklug/ wkhuh lv yhu| olplwhg phqwlrq lq wkh hfrqrplfv
olwhudwxuh ri wkh kljkhu�rughu whupv lq wkh h{sdqvlrq lpsolflwo| ehlqj frqvwuxfwhg1 Lq
idfw/ Pdufhw+4<<8, vwdwhv wkdw �shuwxuedwlrq phwkrgv ri rughu kljkhu wkdq rqh duh
frqvlghudeo| pruh frpsolfdwhgD wkdq wkh wudglwlrqdo olqhdu0txdgudwlf fdvh 111� Ehorz
zh vkrz wkdw zkloh frpsxwlqj wkh wudglwlrqdo olqhdu0txdgudwlf dssur{lpdwlrq lqyroyhv
vroylqj d Ulffdwl0olnh htxdwlrq/ frpsxwlqj wkrvh guhdghg kljkhu0rughu whupv lqyroyhv
vroylqj rqo| olqhdu htxdwlrqv/ dqg/ wkhuhiruh/ wkdw frpsxwlqj vrph kljkhu0rughu whupv
lv lq idfw ohvv ghpdqglqj frpsxwdwlrqdoo| wkdq frpsxwlqj wkh lqlwldo olqhdu whup1

Kljk0rughu h{sdqvlrqv duh xvhixo iru wzr uhdvrqv1 Iluvw/ kljkhu0rughu whupv duh
qhfhvvdu| iru dqdo|}lqj wkh �uvw0rughu surshuwlhv ri pdq| dvshfwv ri wkh prgho> dq
h{dpsoh ri wklv zrxog eh wkh f|folfdo surshuwlhv ri ulvn suhpld zklfk fohduo| lqyroyhv
krz wkh ulvn dyhuvlrq frh!flhqw pryhv ryhu wlph/ d wklug0rughu surshuw| ri xwlolw|1
Wkh vhfrqg uhdvrq/ dqg wkh irfxv ri wklv vhfwlrq/ lv wkdw Wd|oru vhulhv h{sdqvlrqv
zklfk lqfoxgh qrqolqhdu whupv pd| surylgh jrrg dssur{lpdwlrqv ryhu d odujhu uhjlrq
wkdq wkh olqhdu dssur{lpdwlrq zrxog1 Wkh idfw wkdw pxfk h�ruw kdv ehhq h{whqghg
wr frpsxwh qrqolqhdu vroxwlrqv wr g|qdplf jurzwk prghov/ vxfk dv lq Wd|oru dqg
Xkolj+4<<3,/ lqglfdwhv wkdw zh gr qrw eholhyh wkdw olqhdu dssur{lpdwlrqv duh dozd|v
dghtxdwh1

Lq wklv vhfwlrq/ zh suhvhqw wkh vwdqgdug pdwkhpdwlfdo surfhgxuh iru olqhdul}lqj
d prgho durxqg d vwdeoh vwhdg| vwdwhS/ iru frpsxwlqj kljkhu0rughu whupv lq wkh h{0
sdqvlrq/ dqg iru frpsxwlqj wkh h{wud whupv qhfhvvdu| iru dq dv|pswrwlfdoo| ydolg
h{sdqvlrq lq vwrfkdvwlf prghov1 Zh zloo euhdn grzq wkh phwkrg lqwr wkh uhohydqw
frpsxwdwlrqdo vwhsv/ dqg hydoxdwh wkh frpsxwdwlrqdo frvw ri odujh prghov1 Lq wklv sd0
shu zh irfxv rq wkh phfkdqlfv ri frpsxwlqj Wd|oru vhulhv h{sdqvlrqv iru odujh/ jhqhudo
g|qdplf surjudpplqj sureohpv dqg wkh dvvrfldwhg frpsxwdwlrqdo ghpdqgv1 Ixwxuh
zrun zloo h{dplqh wkh txdolw| ri wkh dssur{lpdwlrq lq ydulrxv vshfl�f frqwh{wv/ dqg
rq jhqhudol}lqj wkh dqdo|vlv wr wkh fdvh ri frpshwlwlyh htxloleulxp1

Ehiruh frqwlqxlqj/ zh vkrxog zduq wkh uhdghu ri wkh qrqwulyldo qrwdwlrqdo fkdo0
ohqjh zklfk dzdlwv klp lq wkh vhfwlrqv ehorz1 Diwhu ehlqj lqwurgxfhg wr whqvru qr0
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wdwlrq dqg lwv dssolfdwlrq wr pxowlyduldwh vwrfkdvwlf frqwuro/ wkh uhdghu pd| ghflgh
wkdw wklv dssurdfk lv idu wrr exughqvrph wr eh ri ydoxh1 Li rqh kdg wr jr wkurxjk
wkhvh pdqlsxodwlrqv iru hdfk dqg hyhu| dssolfdwlrq/ zh pljkw djuhh1 Iruwxqdwho|/
doo ri wkh dojheud glvfxvvhg ehorz fdq eh dxwrpdwhg1 Ixuwkhupruh/ wkh dxwkruv duh
zulwlqj xvhu0iulhqgo| surjudpv zklfk zloo wdnh vshfl�fdwlrqv ri wdvwhv dqg whfkqro0
rj| +uhsuhvhqwhg e| vrph xvhu0zulwwhq vxeurxwlqhv, dqg zloo dxwrpdwlfdoo| shuirup
doo wkh qhfhvvdu| frpsxwdwlrqv/ lqfoxglqj ghulydwlyhv/ dqg surgxfh wkh Wd|oru vhulhv
dssur{lpdwlrq glvfxvvhg ehorz1 Wklv zloo uholhyh wkh xvhu ri h{hfxwlqj doo wkh dojh0
eud zh glvfxvv ehorz1 Wklv vriwzduh zloo eh dydlodeoh dw wkh dqrq|prxv iws vlwh dw
exfn|1vwdqirug1hgx1 Wkh suhvhqwdwlrq ehorz lv phdqw wr idploldul}h wkh uhdghu zlwk
wkh pdwkhpdwlfdo vwuxfwxuh ri wkh sureohp1 Wr khos lqwhuhvwhg uhdghuv ehwwhu xqghu0
vwdqg wkh dojheudlf ghwdlov/ zh kdyh dovr zrunhg rxw d wzr0glphqvlrqdo h{dpsoh lq
frpsohwh ghwdlo1 Lw zrxog frqvxph derxw wzhqw| sdjhv lq wklv sdshu/ vr zh dovr zloo
sxw wkdw dw exfn|1vwdqirug1hgx1

5141 Xvhv ri Wd|oru Vhulhv Dssur{lpdwlrqv1 Wr prwlydwh wkh iroorzlqj frp0
sxwdwlrqv/ zh qh{w lqglfdwh zkdw zh fdq gr zlwk wkhvh Wd|oru vhulhv dssur{lpdwlrqv1
Iluvw/ wkh irfxv ri wklv sdshu/ zh fdq xvh wkhp wr vhuyh dv joredo +ru/ pruh suhflvho|/
qrqorfdo, dssur{lpdwlrqv1 Wklv pd| vhhp lqdssursuldwh vlqfh wkh Wd|oru vhulhv frq0
vwuxfwlrq lv rqo| orfdo.1 Krzhyhu/ wkh joredo dffxudf| h{shulphqwv frqgxfwhg vr idu
+iru h{dpsoh/ vhh Mxgg dqg Jxx +4<<6/ iruwkfrplqj, lqglfdwh wkdw wkhvh orfdo phwkrgv
gr zhoo lq qrqwulyldo qhljkerukrrgv ri wkh vwhdg| vwdwh lq g|qdplf hfrqrplf sureohpv
dv orqj dv wkh xwlolw| dqg surgxfwlrq ixqfwlrqv duh dqdo|wlf lq d qhljkerukrrg ri wkh
ghwhuplqlvwlf vwhdg| vwdwh1 Vhfrqg/ zh fdq surgxfh olqhdu wkhrulhv ri dq| lqwhuhvwlqj
hfrqrplf skhqrphqrqH1 Olqhdu dssur{lpdwlrqv ri srolf| ixqfwlrqv zloo surgxfh olq0
hdu wkhrulhv derxw htxloleulxp fkrlfhv/ vxfk dv frqvxpswlrq/ lqyhvwphqw/ dqg rxwsxw1
Krzhyhu/ li zh zdqw wr surgxfh d olqhdu wkhru| iru rwkhu dvshfwv ri htxloleulxp zh
zloo riwhq qhhg kljkhu rughu whupv1 D olqhdu wkhru| iru wkh pryhphqw ri wkh htxlw|
ulvn suhplxp ryhu wkh exvlqhvv f|foh/ ru d vlplodu olqhdu wkhru| ri wkh whup vwuxfwxuh
ri lqwhuhvw udwhv/ uhtxluhv kljkhu0rughu Wd|oru h{sdqvlrqv ri wkh htxloleulxp ghflvlrq
uxohv1

Wklug/ wkhvh dssur{lpdwlrqv duh wkh �uvw vwhs lq srwhqwldo hpslulfdo surfhgxuhv
vlqfh d olqhdu wkhru| ri dq hfrqrplf txdqwlw| fdq eh xvhg wr frpsduh wkhru| dqg gdwd1
Iru h{dpsoh/ Pdjloo+4<::, vkrzhg krz wr xvh olqhdu dssur{lpdwlrqv ri d vwrfkdvwlf
jurzwk prgho wr frpsxwh wkh lpsolhg vshfwuxp iru frqvxpswlrq/ dqg vxjjhvwhg wkdw
frpsdulqj vxfk wkhruhwlfdo vshfwud zlwk hpslulfdo vshfwud fdq eh d xvhixo hpslulfdo
dssurdfk wr exvlqhvv f|foh lqyhvwljdwlrqv1 Odwhu zrun e| N|godqg dqg Suhvfrww+4<;5,
xvhg Pdjloo*v dssurdfk wr frpsduh gdwd dqg d sduwlfxodu vwrfkdvwlf jurzwk prgho1
Wkh Wd|oru vhulhv zh frpsxwh ehorz fdq eh vlploduo| xvhg wr frpsduh wkhru| dqg
gdwd vlqfh wkhvh h{sdqvlrqv fdq dovr eh xvhg wr frpsxwh orfdoo| ydolg dssur{lpdwlrqv
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ri olnholkrrg ixqfwlrqv dqg wkhlu ghulydwlyhv1 Irxuwk/ wkhvh shuwxuedwlrq phwkrgv
kdyh ehhq xvhg lq srolf| hydoxdwlrq h{huflvhv1 Vhh Mxgg+4<<9, iru d pruh h{whqvlyh
glvfxvvlrq ri wkhvh wrslfv1

5151 Wkh Jhqhudo G|qdplf Rswlpl}dwlrq Sureohp1 Iru wkh sxusrvhv ri wklv
glvfxvvlrq/ lw lv dgydqwdjhrxv wr glvfxvv wkh frqwlqxrxv0wlph g|qdplf surjudpplqj
fdvhb1 Zh frxog xvh wkh htxlydohqfh ehwzhhq frpshwlwlyh htxloleulxp dqg Sduhwr
h!flhqf| wr ghulyh dssur{lpdwlrqv wr frpshwlwlyh htxloleulxp ghflvlrq uxohv1 Wkhvh
phwkrgv fdq kdqgoh glvwruwlrqv/ exw zlwk vrph dgghg frpsoh{lw| zklfk wkh dxwkruv
ohdyh iru ixwxuh zrun1 Lq jhqhudo/ li zh kdyh pdq| djhqwv/ pdq| jrrgv/ dqg pdq|
fdslwdo vwrfnv/ lqfoxglqj �vwrfnv� lq wkh xwlolw| ixqfwlrqv/ wkh g|qdplf rswlpl}dwlrq
sureohp lv

T E%f� � 4@ �E|�
U"
f e34| ZE%c �� _|

�
%' sE%c ��

%Ef� ' %f

+6,

zkhuh % 5 -? lv wkh vwdwh yhfwru/ � 5 -6 lv wkh yhfwru ri frqwurov/ sE%c �� lv wkh
odz ri prwlrq/ dqg ZE%c �� lv d frqfdyh vrfldo zhoiduh ixqfwlrq1 Wklv sureohp kdv
wkh Kdplowrqldq ME%cbc �� ' ZE%c �� n bsE%c ��/ lpso|lqj wkh gl�huhqwldo�dojheudlf
v|vwhp1

�
% ' s E%c �� ' Mb
�

b ' 4b� Ebs%E%c �� n Z%� ' 4b �M%

f ' Z�E%c �� n bs�E%c �� ' M�

+7,

Zkhq zh vxevwlwxwh wkh frqwuro odz XE%c b�/ lpsolflwo| gh�qhg e| f ' Z�E%cXE%c b��n
bs�E%cXE%c b��/ lqwr +7, zh duulyh dw wkh g|qdplf v|vwhp

�
% ' s E%cXE%c b��
�

b ' 4b� Ebs%E%cXE%cb�� n Z%E%cXE%c b��� +8,

Ixuwkhupruh/ zh duh rqo| lqwhuhvwhg lq dv|pswrwlfdoo| erxqghg vroxwlrqv wr wklv htxd0
wlrq zlwk wkh lqlwldo frqglwlrq %Ef� ' %f1 Wklv lv wkh w|slfdo nlqg ri ghwhuplqlvwlf
g|qdplfdo v|vwhp zh ehjlq zlwk lq rxu olqhdul}dwlrq h{huflvhv1

5161 Orfdo G|qdplfv1 Wr olqhdul}h v|vwhpv vxfk dv +8,/ rqh lqyrnhv edvlf ru0

glqdu| gl�huhqwldo htxdwlrq wkhru|1 Ohw ~ '

#
%
b

$
� Vxssrvh zh kdyh d g|qdplf

v|vwhp
�~ ' }E~� +9,

zlwk d vwdwlrqdu| srlqw dw ~W> wkdw lv/ }E~W� ' f� Wkhq wkh orfdo ehkdylru ri +9, iru
~ qhdu ~W lv olqhduo| dssur{lpdwhg e| wkh olqhdu v|vwhp

�5 ' � 5 +:,
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zkhuh � ' }~E~
W� dqg 5 � ~ � ~W1 Wkh vroxwlrq wr +:, lv 5E|� ' e�| 5f�

Lq wkh whuplqrorj| ri olqhdu udwlrqdo h{shfwdwlrqv prghov/ dv lq Eodqfkdug dqg
Ndkq^6`/ wkh yhfwru % frqwdlqv wkh suhghwhuplqhg yduldeohv dqg b frqwdlqv wkh ydul0
deohv zlwk iuhh ydoxhv dw | ' f1 Vxssrvh wkdw wkhuh lv d vwdwlrqdu| srlqw dw ~W '#
%W

bW

$
1 Wkhq wkh orfdo ehkdylru ri wkh v|vwhp lv olqhduo| dssur{lpdwhg e| +:, dqg

wkh vroxwlrq wr wkh olqhdu dssur{lpdwlrq lv 5E|� ' e�|
#
%Ef� � %W

bEf� � bW

$
/ zkhuh %Ef� ' %f

lv d jlyhq lqlwldo frqglwlrq dqg bEf� lv fkrvhq wr nhhs 5E|� erxqghg dv|pswrwlfdoo|1
Ohw \E%f� eh wkh vhw ri doo srvvleoh ydoxhv iru wkh iuhh yduldeohv lq b zklfk wrjhwkhu
zlwk wkh suhghwhuplqhg yduldeohv ehlqj htxdo wr %f zloo lpso| d erxqghg sdwk iru 5E|�1
\E%f� pd| eh d vlqjoh ydoxh ru d vhw ri ydoxhv1 Zh zloo dvvxph wkdw lw lv vlqjoh�ydoxhg/
wkh fdvh ri ghwhuplqdf|1 Zh zloo vhh zkhuh wkdw lv qhfhvvdu| lq rxu fdofxodwlrqv1

Wr frpsxwh \E%f�/ zh mxvw dsso| vwdqgdug olqhdu dojheud1 Zh irup wkh Mrugdq

ghfrpsrvlwlrq ri � ' �3�(� zkhuh ( '

#
(� f
f (2

$
zlwk(� kdylqj doo wkh vwdeoh

hljhqydoxhv ri � +wkdw lv/ wkh hljhqydoxhv zlwk qhjdwlyh uhdo sduwv, dqg (2 kdylqj wkh

xqvwdeoh hljhqydoxhv/ dqg � '

#
��� ��2

�2� �22

$
euhdnv � lqwr htxdo vl}h eorfnv1 Li wkh

qxpehu ri vwdeoh hljhqydoxhv htxdov wkh ohqjwk ri %f/ vwdelolw| ri wkh vroxwlrq wr +:,
lpsolhv

\E%f�� bW ' ��3�
22 �2� E%f � %W� +;,

Zh fdq dsso| wklv vdph dssurdfk wr glvfuhwh0wlph v|vwhpv1 Vxssrvh wkdw zh
kdyh d v|vwhp/ ~|n� ' }E~|�/ zlwk d vwhdg| vwdwh gh�qhg e| ~W ' }E~W�� Gh�qh
� ' }~E~W� dqg 5 � ~ � ~W1 Wkhq wkh htxdwlrq iru 5 ehfrphv 5|n� ' �5|c wkh
vroxwlrq ri zklfk lv 5| ' �|5f/ zklfk lq wxuq fdq eh dqdo|}hg lq wkh vdph Mrugdq
ghfrpsrvlwlrq idvklrq zlwk wkh glvwlqfwlrq wkdw qrz wkh vwdeoh hljhqydoxhv duh wkrvh
zlwk prgxoxv ohvv wkdq rqh1 Xqiruwxqdwho|/ wkh jhqhudo glvfuhwh0wlph fdvh lv pruh
frpsoh{ wkdq ~|n� ' }E~|�> vhh Mxgg dqg Jdvsdu+4<<:, iru d frpsohwh wuhdwphqw ri
wkh glvfuhwh0wlph fdvh1

5171 Kljkhu�Rughu Dssur{lpdwlrqv1 Zh zloo qh{w glvfxvv wkh frpsxwdwlrqdo
ghpdqgv ri frpsxwlqj kljkhu0rughu whupv wr wkh pxowlyduldwh Wd|oru vhulhv dssur{l0
pdwlrq edvhg dw wkh ghwhuplqlvwlf vwhdg| vwdwh1 Wklv pd| vhhp iruplgdeoh1 Wr vroyh
wkh �uvw0rughu whupv zh kdg wr vroyh dq hljhqydoxh0hljhqyhfwru sureohp1 Lq idfw/ li rqh
zhuh wr orrn dw wkh ghwdlov/ rqh zrxog �qg wkdw wkh sureohp lv yhu| vlplodu wr d Ulffdwl
htxdwlrq/ wkdw lv/ d txdgudwlf pdwul{ htxdwlrq1 Zkhq glvfxvvlqj wklv sureohp zlwk
pdfurhfrqrplvwv/ zh kdyh riwhq khdug wkh frqmhfwxuh wkdw frpsxwlqj kljkhu�rughu
whupv zrxog uhtxluh vroylqj kljkhu rughu pdwul{ sro|qrpldo sureohpv1 Wkh edvlf idfw
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vkrzq ehorz lv wkdw doo wkh kljkhu�rughu whupv ri wkh Wd|oru vhulhv h{sdqvlrq/ hyhq
lq wkh vwrfkdvwlf pxowlglphqvlrqdo fdvh/ duh vroxwlrqv wr olqhdu sureohpv rqfh rqh
frpsxwhv wkh �uvw�rughu whupv1 Wklv lpsolhv wkdw wkh kljkhu�rughu whupv duh hdv| wr
frpsxwh1 Lqlwldo h{shulphqwv lqglfdwh wkdw wkh| duh dovr jrrg dssur{lpdwlrqv zhoo
eh|rqg wkh vwhdg| vwdwh ydoxhv1 Wkhvh surfhgxuhv kdyh qrw ehhq h{sorlwhg/ exw fdq
eh reylrxvo| dssolhg wr sureohpv lq wkh uhdo exvlqhvv f|foh/ �qdqfh/ sxeolf �qdqfh/
dqg g|qdplf jhqhudo htxloleulxp olwhudwxuhv1

Whqvru Qrwdwlrq1 Wr ghdo zlwk wkh qrwdwlrqdo sureohpv zklfk dulvh zlwk pxo0
wlglphqvlrqdo h{suhvvlrqv/ zh h{whqg wkh Hlqvwhlq whqvru qrwdwlrq/ dgdswlqj lw iru rxu
frqwuro wkhruhwlf sureohpv1 Lq jhqhudo/ d whqvru lv dq| lqgh{hg froohfwlrq ri qxpehuv1
Wkh vhfrqg surshuw| lv wkdw zh xvh wkh srvlwlrq dqg uhshwlwlrq ri lqglfhv wr lqglfdwh
vxppdwlrq1 Vxssrvh wkdw @� lv d froohfwlrq ri qxpehuv lqgh{hg e| � ' �c ���c ?/ dqg
wkdw %� lv dovr d vlqjo| lqgh{hg froohfwlrq ri uhdo qxpehuv1 Wkhq

@� %
� � P� @� %

�

Lq wklv zd| zh holplqdwh wkh P v|pero lq h{suhvvlqj yhfwru surgxfwv1 Vlploduo|/
vxssrvh wkdw @�� lv d froohfwlrq ri qxpehuv lqgh{hg e| �c � ' �c ?/ dqg wkdw %� dqg +�

duh vlqjo| lqgh{hg froohfwlrqv ri uhdo qxpehuv1 Wkhq

@�� %
� +� � P�P� @�� %

� +�

Lq wklv zd| zh djdlq holplqdwh wkh P v|perov1 Wkh jhqhudo uxoh vkdoo eh wkdw zh
holplqdwh P v|perov e| xqghuvwdqglqj wkdw/ lq d surgxfw/ li dq lqgh{ dsshduv dv erwk
d vxevfulsw dqg d vxshuvfulsw/ wkhq zh vxp ryhu lw1 Li zh wklqn ri @�� dv d pdwul{/
%� dv d urz yhfwru/ dqg +� dv d froxpq yhfwru/ wkhq wkh surgxfw %�+� uhsuhvhqwv wkh
lqqhu surgxfw ri wkh yhfwruv % dqg +/ dqg @��%�+

� lv wkh txdgudwlf irup ri wkh pdwul{
@ zlwk wkh yhfwruv % dqg +1 Zh fdq dovr irup qhz lqgh{hg froohfwlrqv ri qxpehuv
iurp surgxfwv1 Iru h{dpsoh/ wkh surgxfw @��%� fdq eh wkrxjkw ri dv d vlqjo| lqgh{hg
froohfwlrq ri qxpehuv/ 5�1 Xvlqj rxu yhfwru dqdorj| deryh/ 5� fdq dovr eh wkrxjkw ri
dv d urz yhfwru1 Zkloh wkh dqdorjlhv zlwk pdwulfhv dqg yhfwruv duh xvhixo/ rqh vkrxog
qrw irfxv rq wkhp ehfdxvh zh zloo eh frqvwuxfwlqj pruh frpsoh{ froohfwlrqv ri uhdo
qxpehuv zklfk duh qhlwkhu yhfwruv qru pdwulfhv1

Dv orqj dv lqglfhv duh qrw wkh vdph/ duelwudu| surgxfwv duh doorzhg1 Iru h{dpsoh/
%�+� lv wkh grxeo| lqgh{hg vhw ri qxpehuv/ K�� / zkhuh wkh E�c �� whup htxdov wkh surgxfw
ri %� dqg +�> K�� lv wkh rxwhu surgxfw ri %� dqg +�1 Dovr/ wkh �vxp ryhu uhshdwhg lqglfhv�
uxoh hyhq dssolhv zlwklq d vlqjoh whup1 Iru h{dpsoh/ @�� � P�@��> li zh wklqn ri @ dv d
pdwul{/ wkhq @�� lv wkh wudfh ri @1 Vlploduo|/ @�� lv dovr wkh wudfh ri wkh whqvru @��1

Zh zloo dovr ydu| wkh qrwdwlrq lq rughu wr glvwlqjxlvk ehwzhhq dq dujxphqw ri d
yhfwru dqg d ghulydwlyh/ dqg ehwzhhq vwdwhv dqg frqwurov lq dq h!flhqw idvklrq1 Lq
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wkh qrwdwlrq ehorz/ vxshuvfulswv zloo uhihu wr gl�huhqw frpsrqhqwv ri d yhfwru0ydoxhg
ixqfwlrq/ zkhuhdv vxevfulswv zloo uhihu wr ghulydwlyhv ri wkrvh frpsrqhqw ixqfwlrqv1
Ixuwkhupruh/ lq rughu wr glvwlqjxlvk ehwzhhq vwdwhv dqg frqwurov/ zh vkdoo ohw Urpdq
ohwwhuv/ �c �c &c ����/ lqgh{ vwdwhv/ dqg Juhhn ohwwhuv/ kc qc �c ���/ lqgh{ frqwurov1 Wkhuh0
iruh/ li s E%c �� lv d yhfwru0ydoxhg ixqfwlrq ri wkh vwdwh yduldeohv % dqg wkh frqwurov �/
wkhq s lv wkh froxpq yhfwru

s '

3EEEEC
s�E%c��
s2E%c��

111
s?E%c ��

4FFFFD
zkrvh �*wk frpsrqhqw ixqfwlrq lv ghqrwhg s �1 Lwv ghulydwlyhv zlwk uhvshfw wr wkh vwdwh
yduldeohv duh uhsuhvhqwhg e| wkh whqvru

s �� E%c �� �
Ys �

Y%�
E%c ��

dqg lwv ghulydwlyhv zlwk uhvshfw wr wkh frqwuro yduldeohv duh uhsuhvhqwhg e| wkh whqvru

s �kE%c�� �
Ys �

Y�k
E%c ��

Zh zloo iuhtxhqwo| gurs wkh dujxphqw E%c �� dv orqj dv lw fdq eh xqghuvwrrg iurp
frqwh{w1

Vr idu/ doo ri wklv orrnv idploldu vlqfh lw lv mxvw d zd| ri uhzulwlqj vwdqgdug pdwul{
dqg yhfwru rshudwlrqv1 Krzhyhu/ wulso| lqgh{hg froohfwlrqv ri qxpehuv/ vxfk dv @���/
duh dovr whqvruv/ dqg dulvh qdwxudoo| lq pxowlyduldwh fdofxoxv1 Iru h{dpsoh/ Wd|oru*v
wkhruhp iru } G -? $ - dw 5 ' f lv qrupdoo| zulwwhq dv

sE5� � sEf� n
?[
�'�

Ys

Y5�
Ef�5� n

�

2

?[
�'�

?[
�'�

Y2s

Y5�Y5�
Ef�5�5�

n
�

S

?[
�'�

?[
�'�

?[
�'�

Y�s

Y5�Y5�Y5�
Ef�5�5�5� n � � �

zkhuhdv e| xvlqj whqvru qrwdwlrq lw fdq eh zulwwhq dv

s E5� � sEf� n s�Ef�5
� n

�

2
s��Ef�5

�5� n
�

S
s���Ef�5

�5�5� n � � �

Li zh gurs wkh dujxphqwv ri sc dqg xqghuvwdqg wkdw s dqg lwv ghulydwlyhv duh hydoxdwhg
dw % ' f/ wkh Wd|oru h{sdqvlrq fdq eh zulwwhq dv

sE5� � s n s�5
� n

�

2
s��5

�5� n
�

S
s���5

�5�5� n � � �
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Wklv pruh frpsdfw h{suhvvlrq lv d frqvlghudeoh lpsuryhphqw ryhu wkh frqyhqwlrqdo
qrwdwlrq zlwk wkh h{wudqhrxv vxppdwlrq v|perov dqg wkh foxpv| sduwldo ghulydwlyh
qrwdwlrq1 Zlwk wklv qrwdwlrq/ zh zloo eh deoh wr pruh fohduo| vhh wkh vwuxfwxuh ri rxu
sureohp1

Frpsxwlqj Wd|oru Vhulhv H{sdqvlrqv iru Rswlpdo Frqwuro Sureohpv1

Wkh jhqhudo ghwhuplqlvwlf sureohp +6, lqfoxghv dq duelwudu| frpsohwh pdunhw g|0
qdplf htxloleulxp zlwk pxowlsoh frqvxpswlrq jrrgv +uhsuhvhqwhg e| frpsrqhqwv ri
�,/ pxowlsoh fdslwdo vwrfnv +uhsuhvhqwhg e| frpsrqhqwv ri %, dqg pxowlsoh djhqwv
zkrvh djjuhjdwh xwlolw| ixqfwlrq lv uhsuhvhqwhg e| ZE%c ��1 Zh zloo qrz surfhhg zlwk
d g|qdplf surjudpplqj dssurdfk wr wklv dqdo|vlv1 Wkh Ehoopdq htxdwlrq iru wkh
ydoxh ixqfwlrq/ T E%�/ lv

f ' 4@ 
�

ZE%c �� n T�E%� s
�E%c ��� 4T E%� +<,

zkhuh/ uhfdoo/ Z lv wkh sd|r�  rz dqg s lv wkh odz ri prwlrq iru wkh vwdwh %1 Wkh
�uvw0rughu frqglwlrq zlwk uhvshfw wr �kc k ' �c � � � c 6/ lv

f ' ZkE%c �� n T�E%� s
�
kE%c �� +43,

Htxdwlrqv +43, lpsolflwo| gh�qh wkh rswlpdo frqwuro/ � ' L E%�/ dqg lpso| wkh v|vwhp

f ' ZkE%c LE%�� n T�E%� s
�
kE%cLE%�� +44,

Lq frpelqdwlrq/ zh kdyh wkh v|vwhp

f ' ZE%c LE%�� n T�E%� s
�E%cL E%��� 4T E%� +45,

f ' ZkE%c LE%�� n T�E%� s
�
kE%cLE%�� +46,

zklfk gh�qhv wkh ydoxh ixqfwlrq/ T E%�/ dqg wkh srolf| ixqfwlrq/ L E%�1
Rxu remhfwlyh khuh lv wr vroyh iru erwk wkh ydoxh ixqfwlrq dqg wkh srolf| ixqfwlrq1

Lq idfw/ zh duh jrlqj wr frpsxwh Wd|oru vhulhv h{sdqvlrqv

T E%� ' T E%f� n T�E%� %f�� n �
2
T��E%� %f��E%� %f��

n �
�-
T���E%� %f��E%� %f��E%� %f�� n � � �

LkE%� ' LkE%f� n Lk
� E%� %f�� n �

2
Lk
��E%� %f��E%� %f��

n �
�-
Lk
���E%� %f��E%� %f��E%� %f�� n � � �

+47,

Wkhvh sro|qrpldov duh dv|pswrwlfdoo| ydolg dssur{lpdwlrqv li wkh huuru frqyhujhv wr
}hur dw d kljkhu ghjuhh wkdq wkh rughu ri wkh sro|qrpldo1 Iru h{dpsoh/ wkh olqhdu
dssur{lpdwlrq T E%f�nT�E%�%f�� kdv dq huuru zklfk lv txdgudwlf lq wkh frpsrqhqwv
ri E%�%f�/ zklfk phdqv wkdw dv % frqyhujhv wr %f wkh huuru jrhv wr }hur txdgudwlfdoo|1
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Wr frpsxwh wkhvh Lk
� / L

k
��/ L

k
���/ T�/ T��/ dqg T��� frh!flhqwv zh mxvw gl�huhqwldwh

wkh xqghuo|lqj v|vwhp/ +45/46,/ zlwk uhvshfw wr wkh %�/ dqg vroyh iru wkh xqghwhuplqhg
frh!flhqwv1 Li zh gl�huhqwldwh +45, zlwk uhvshfw wr %� dqg xvh wkh hqyhorsh wkhruhp
zh �qg

4T� ' Z� n T��s
� n T�s

�
� +48,

Lq rughu wr nhhs grzq wkh foxwwhu/ zh riwhq gurs wkh dujxphqwv ri Z/ T / dqg L / dqg
wkhlu ghulydwlyhv zkhq wkh| duh wkh vdph dv lq wkh edvlf v|vwhp/ +45/46, dqg duh fohdu
iurp frqwh{w1

Wkh vwhdg| vwdwh ydoxhv iru %/ �/ dqg T� duh ghwhuplqhg e| wkh frqglwlrqv

f ' s �E�c %�
f ' ZkE�c %� n T�E%�s �kE�c %�
4T�E%� ' Z�E�c %� n T��E%�s �E�c %� n T�E%�s ��E�c %�

+49,

zklfk |lhog wkh vwhdg|0vwdwh txdqwlwlhv �rrc %rrc T�E%rr�1 Qrwh wkdw wkh T�E%rr� ydoxhv
duh wkh olqhdu frh!flhqwv lq wkh h{sdqvlrq ri T lq +47,/ dqg nqrzlqj wkh vwhdg| vwdwh
zloo dovr |lhogT E%rr� dqg L E%rr�/ wzr pruh whupv lq +47,1

Zh qh{w frpsxwh wkh T�� dqg Lq
� whupv/ dqg wkhq frpsxwh pdq| kljk0rughu

ghulydwlyhv1 Zh dvvxph wkdw wkhvh ghulydwlyhv h{lvw/ zklfk ohdgv xv wr dvvxph wkdw
doo surgxfwlrq dqg xwlolw| ixqfwlrqv duh �"1 Zh dvvxph wkh gl�huhqwldelolw| ri wkh
ydoxh dqg srolf| ixqfwlrqv lq wkh qhljkerukrrg ri wkh ghwhuplqlvwlf vwhdg| vwdwh1 Iru
ghwhuplqlvwlf sureohpv/ wklv lv xvxdoo| suryhq e| dsso|lqj wkhruhpv derxw wkh vprrwk
ghshqghqfh ri gl�huhqwldo htxdwlrq vroxwlrqv rq sdudphwhuv/ dqg Iohplqj+4<:4, ghdov
zlwk wkh vwrfkdvwlf sureohp1 Zh zloo surfhhg xqghu wkh dvvxpswlrq wkdw wkh lqglfdwhg
ghulydwlyhv h{lvw1

Li zh gl�huhqwldwh +46, zlwk uhvshfw wr wkh %� zh �qg

f ' Zk� n Zk� L
�
� n T�� s

�
k n T�Es

�
k� n s �k�L

�
� � +4:,

Qrwh wkdw +4:, lv d v|vwhp ri frqglwlrqv/ rqh iru hdfk k� sdlu1 Lq wklv fdvh/ zh fdq
h{suhvv L�

� lq whupv ri wkh ghulydwlyhv ri T

L�
� ' �EZk� n T�s

�
k��

3� EZk� n T��s
�
k n T�s

�
k�� +4;,

zkhuh EZk� n T�s �k��
3� ghqrwhv wkh lqyhuvh whqvru +pdwul{,1 Gl�huhqwldwlqj +48, zlwk

uhvshfw wr %� lpsolhv

4T�� ' Z�� n Z��L
�
� n T���s � n T��Es �� n s ��L

�
� �

nT��s
�
� n T�Es

�
�� n s ���L

�
� �

+4<,

Vxevwlwxwlqj +4;, lqwr +4<, |lhogv

4T�� ' Z�� n T���s
� n T��s

�
� n T��s

�
� n T�s

�
��

�EZ�� n T��s
�
� n T�s

�
��� EZk� n T�s

�
k��

3� EZk� n T��s
�
k n T�s

�
k��

+53,
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Wkh v|vwhp ri htxdwlrqv lq +53, krog dw hdfk vwdwh %1 Li zh hydoxdwh +53, dw wkh vwhdg|
vwdwh/ wkhq s � ' f dqg +53, ehfrphv wkh Ulffdwl0olnh htxdwlrq

4T�� ' Z�� n T��s
�
� n T��s

�
� n T�s

�
��

�EZ�� n T��s
�
� n T�s

�
��� EZk� n T�s

�
k��

3� EZk� n T��s
�
k n T�s

�
k��

+54,

Vroylqj wkh Ulffdwl htxdwlrq dw wkh vwhdg| vwdwh |lhogv wkh vwhdg| vwdwh ydoxhv ri T��
dqg/ wkurxjk +4;,/ wkh vwhdg|0vwdwh ydoxhv ri L�

� 1 Exw zh douhdg| kdyh wkh vroxwlrqv iru
wkh vwhdg|0vwdwh ydoxhv ri L�

� ehfdxvh wkh L�
� whqvru fdq eh ghulyhg iurp wkh gh�qlwlrq

ri X E%c b� dqg wkh olqhdu dssur{lpdwlrq frpsxwhg lq +;,1 Wklv dssur{lpdwlrq zdv
frpsxwhg gluhfwo| iurp hljhqydoxh ghfrpsrvlwlrq phwkrgv1 Wkhuhiruh/ zh xvh wkh
hduolhu dssurdfk wr frpsxwh wkh hohphqwv ri wkh whqvru +pdwul{, L �

� � Zkloh zh kdyh
qrw dffrpsolvkhg dq|wklqj qhz dw wklv srlqw/ wklv od|v wkh irxqgdwlrq iru wkh kljkhu0
rughu whupv1

Zh qrz �qg rxw krz hdv| lw lv wr frpsxwh wkh kljkhu�rughu whupv1 Gl�huhqwldwlqj
+4<, zlwk uhvshfw wr %6 dqg lpsrvlqj wkh vwhdg| vwdwh frqglwlrq s � ' f lpsolhv wkh
iroorzlqj htxdwlrq iru wkh vwhdg| vwdwh ydoxhv ri T��6 dqg Lq

�6=

4T��6 ' Z��6 n Z���L�
6 n Z��6L

�
� n Z��BL B

6L
�
� n Z��L

�
�6

n T���Es �6 n s ��L
�
6� n T��6Es �� n s ��L

�
� �

n T��Es ��6 n s ���L
�
6 n s ��6L

�
� n s ��BL

�
� L

B
6 n s ��L

�
�6�

n T��6s �� n T��Es ���L
�
6 n s ��6� n T�6Es ��� n s ���L

�
� �

n T�Es
�
��6 n s ����L

�
6 n s ���6L

�
� n s ���BL

�
� L

B
6 n s ���L

�
�6�

+55,

Zkhq zh uhzulwh +4:, dv

f ' EZkq n T�s
�
kq�L

q
� n EZk� n T��s

�
k n T�s

�
k��

dqg gl�huhqwldwh wklv h{suhvvlrq zlwk uhvshfw wr %6/ dqg lpsrvh wkh vwhdg| vwdwh
frqglwlrq zh �qg

f ' EZkq n T�s
�
kq�L

q
�6

nEZkq�L�
6 n Zkq6 n T�6s �kq n T�s �kq6 n T�s �kq�L

�
6�L

q
�

nZk�6 n Zk��L �
6 n T��6s �k n T��Es �k6 n s �k�L

�
6�

nT�6s �k� n T�Es �k�6 n s �k��L
�
6�

+56,

Zh kdyh qrz uhdfkhg dq lpsruwdqw srlqw lq wkh dqdo|vlv1 Dw wklv srlqw/ zh nqrz
wkh vwhdg| vwdwh ydoxhv ri wkh Lq

� dqg T�6 whqvruv dv zhoo dv wkh vwhdg| vwdwh ydoxhv
ri wkh ghulydwlyhv ri Z dqg s zklfk dsshdu1 Zh vhh wkdw wkh vwhdg| vwdwh ydoxhv ri
T��6 dqg Lq

�6 dsshdu olqhduo| lq +56/55, dqg wkdw wkh| duh wkh rqo| xqnqrzqv1 Wkh
v|vwhp lv qrw fxelf qru txdgudwlf/ exw olqhdu lq wkhvh xqnqrzqv1
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Wkh vhfrqg lpsruwdqw srlqw lv wkdw vroylqj wklv olqhdu v|vwhp lv hdvlhu wkdq lw
lqlwldoo| dsshduv1 Dq h!flhqw zd| wr frpsxwh wkh vwhdg| vwdwh ydoxhv ri T��6 dqg
Lq
�6 lq +56/55, lv lpphgldwho| dssduhqw1 Wkh nh| revhuydwlrq lv wkdw zh fdq vroyh

wkh v|vwhp iru hdfk �{hg �6 sdlu/ doorzlqj xv wr euhdn grzq wkh odujh v|vwhp lqwr
d froohfwlrq ri vpdoohu rqhv1 Frqvlghu +56, iru d �{hg �6 sdlu1 Wkh Zkq n T�s

�
kq

whqvru dsshduv uhshdwhgo| iru hdfk �6 sdlu1 Khqfh/ zh fdq xvh wkh
�
Zkq n T�s

�
kq

�3�
whqvru +dq lqyhuvlrq zklfk lv grqh mxvw rqfh dqg xvhg iru hdfk �6 sdlu, wr h{suhvv Lq

�6

olqhduo| lq whupv ri wkh nqrzq vwhdg| vwdwh ydoxhv ri ydulrxv vwhdg| vwdwh ghulydwlyhv
dqg T��61 Diwhu zh jdwkhu whupv/ lw wdnhv mxvw wzr pdwul{ pxowlsolfdwlrqv iru hdfk �6
sdlu wr ghwhuplqh wkh frh!flhqwv ri wkh d!qh uhsuhvhqwdwlrq

Lq
�6 ' �EZkq n T�s �kq�

3� � dEZkq�L �
6 n Zkq6 n T�6s �kq n T�s �kq6 n T�s �kq�L

�
6�L

q
�

nZk�6 n Zk��L�
6 n T��Es �k6 n s �k�L

�
6�

nT�6s �k� n T�Es �k�6 n s �k��L
�
6�o

�EZkq n T�s
�
kq�

3�s �kT��6
+57,

Iru d �{hg �6 sdlu/ wkhvh uhsuhvhqwdwlrqv ri wkh Lq
�6 fdq wkhq eh vxevwlwxwhg lqwr wkh

vwhdg| vwdwh ydoxh ri +55, wr surgxfh d v|vwhp ri htxdwlrqv olqhdu lq wkh T��6� Khqfh/
zh vhh wkdw wkh vhfrqg0rughu whupv fdq eh frpsxwhg lq d vhtxhqwldoo| olqhdu idvklrq
rqfh wkh �uvw0rughu whupv kdyh ehhq frpsxwhg1 Li wkhuh duh ? vwdwhv dqg 6 frqwurov/
wkh wrwdo frpsxwdwlrqdo exughq lv wkh 2?�2? hljhqydoxh�hljhqyhfwru ghfrpsrvlwlrq/
rqh 6�6 lqyhuvlrq/ 6E6� ��*2 hydoxdwlrqv ri wkh h{suhvvlrq lq +57,/ dqg vroylqj
d olqhdu v|vwhp ri vl}h ?E?� ��E?� 2�*S1

Wkh �qdo lpsruwdqw idfw lv wkdw zh fdq uhshdw wklv wr frpsxwh wkh wklug0 dqg
kljkhu0rughu whupv ri L lq d vlplodu vhtxhqwldoo| olqhdu idvklrq1 Zh vxvshfw wkdw wkh
uhdghu zloo eholhyh xv rq wklv srlqw zlwkrxw vhhlqj wkh dojheudlf ghwdlov1 Zh pd|
dvn krz elj fdq zh jr lq wklv idvklrq1 Fohduo|/ wkh juhdwhu wkh glphqvlrq/ wkh ihzhu
kljkhu�rughu whupv zh fdq dgg wr wkh h{sdqvlrq1 Zh zloo lqyhvwljdwh ihdvlelolw| lvvxhv
ehorz1

Wklv pd| dsshdu frqixvlqj dqg vxusulvlqj vlqfh vwdqgdug lqwxlwlrq vd|v wkdw
kljkhu0rughu whupv duh pruh gl!fxow wr frpsxwh1 Wkh edvlf h{sodqdwlrq lv wkdw wkh
lqlwldo olqhdul}dwlrq vwhs pxvw ghdo zlwk wkh pxowlsolflw| zklfk dulvhv gxh wr wkh vwhdg|
vwdwh o|lqj rq erwk wkh vwdeoh dqg xqvwdeoh pdqlirogv/ d pxowlsolflw| pdqlihvwhg e| wkh
pxowlsoh vroxwlrqv wr wkh Ulfdwwl0olnh htxdwlrq zklfk dulvhv1 Wklv pxowlsolflw| dulvhv
vlqfh rxu phwkrgv xvhv rqo| wkh �uvw0rughu frqglwlrqv/ frqglwlrqv zklfk ghvfuleh wkh
xqvwdeoh dv zhoo dv wkh vwdeoh pdqlirog dv zhoo dv pdq| rwkhu pdqlirogv1 Rqfh wkh olq0
hdu h{sdqvlrq whup pdnhv d fkrlfh ri zklfk pdqlirog wr iroorz/ d wdvn dffrpsolvkhg
lq +;,/ zh kdyh �{hg rxu dwwhqwlrq rq wkh vwdeoh pdqlirog dqg kljkhu0rughu whupv
lqyroyh rqo| hdv| olqhdu sureohpv1



Vroylqj Odujh Vfdoh Udwlrqdo H{shfwdwlrqv Prghov
W 4:

Pxowlvhfwru/ Vwrfkdvwlf Jurzwk1 Zh qh{w h{dplqh wkh vwrfkdvwlf jhqhudo0
l}dwlrq ri +6,/ zklfk lv

4@ .iU"f e34| ZE%c �� _|j
_%� ' s �E%c �� _|n

s
2" U _5

+58,

zkhuh _5 lv d yhfwru ri l1l1g1 zklwh qrlvhv ri xqlw yduldqfh/ U lv wkh yduldqfh�fryduldqfh
pdwul{/ dvvxphg khuh wr eh d frqvwdqw wr uhgxfh wkh qrwdwlrqdo exughq/ dqg " lv d
sdudphwhu h{suhvvlqj wkh devroxwh pdjqlwxgh ri wkh yduldqfhv1 Djdlq/ dq| g|qdplf/
frpsohwh pdunhw jhqhudo htxloleulxp fdq eh uhsuhvhqwhg e| wkh vroxwlrq wr vxfk d
sureohp1 Wkh vroxwlrqv wr wklv sureohp fdq eh xvhg wr uhsuhvhqw frqvxpswlrq doorfd0
wlrq surfhvvhv/ lqyhvwphqw dqg frqvxpswlrq surfhvvhv/ dv zhoo dv dvvhw sulfh surfhvvhv1

Wkh Ehoopdq htxdwlrq wr +58, lv

f ' 4@ 
�

ZE%c �� n T� s
� n "T�� � 4T +59,

dqg wkh �uvw0rughu frqglwlrq lv djdlq

f ' Zk n T� s
�
k +5:,

Djdlq/ zh duh wu|lqj wr frpsxwh Wd|oru vhulhv dssur{lpdwlrqv wr T dqg L / exw
khuh zh wdnh lqwr dffrxqw qrw rqo| ghyldwlrqv ri % iurp wkh ghwhuplqlvwlf vwhdg| vwdwh/
%f � %/ exw dovr ghyldwlrqv iurp wkh ghwhuplqlvwlf fdvh/ dv phdvxuhg e| "� Khuh wkh
h{sdqvlrqv duh

T E%c "� ' T E%rrcf� n T�E%
rrc f�E%� � %�f� n T"E%

rrc f�" +5;,

nT�"E%
rrc f�E%� � %�f�"n

�

2
T��E%

rrc f�E%� � %�f�E%� � %
�f�

n
�

2
T""E%

rrcf�"2 n � � � +5<,

LkE%c "� ' LkE%rrc f� n Lk
� E%

rrc f�E%� � %�f� n Lk
" E%

rrc f�"

nLk
�"E%

rrc f�E%� � %�f�"n
�

2
Lk
��E%

rrc f�E%� � %�f�E%� � %
�f�

n
�

2
Lk
""E%

rrc f�"2 n � � � +63,

zkhuh doo ri wkh ixqfwlrqv rq wkh UKV duh hydoxdwhg dw E%rrc f�� Wkh dqdo|vlv ri
wkh ghwhuplqlvwlf sureohp surgxfhg doo ri wkh Lk

� / L
k
�� / L

k
���/ T�/ T�� / dqg T��� hwf1

frh!flhqwv1 Zh qrz zdqw wr ghulyh wkh Lk
�"/ L

k
��"/ T�"/ T��"/ L

k
�""/ L

k
��""/ hwf1 frh!flhqwv1

Qrwh dgglwlrqdo whupv gxh wr wkh vwrfkdvwlf sdudphwhu "1 Wkh xvxdo dssurdfkhv
+vxfk dv lq N|godqg dqg Suhvfrww/ 4<;5/ dqg Fkulvwldqr/ 4<<3, wdnh d olqhdu dssur{0
lpdwlrq wr wkh ghwhuplqlvwlf/ " ' f/ prgho/ zklfk khuh lv LkE%c "� ' LkE%rrc f� n
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Lk
� E%

rrc f�E%� � %�f�/ dqg wkhq xvh wkdw olqhdu uxoh dv dq dssur{lpdwh vroxwlrq wr d
vwrfkdvwlf yhuvlrq ri wkh prgho1 Wklv ljqruhv wkh dgglwlrqdo Lk

" E%
rrc f�" whup zklfk

lv vxjjhvwhg e| wklv Wd|oru vhulhv dssurdfk1 Vlqfh wkh remhfwlyh ri doo wkhvh phwk0
rgv lv wr dssur{lpdwh wkh ydoxh ri � dw vwdwh % 9' %rr lq d prgho zkhuh " 9' f dqg
edvh lw rq wkh % ' %rrdqg " ' f vlwxdwlrq/ wkdw lv/ wkh vwhdg| vwdwh/ wkh wuxh olq0
hdu dssur{lpdwlrq ri wklv ydoxh lqfoxghv wkh Lk

" E%
rrc f�" whup1 Li wkh prgho kdv wkh

fhuwdlqw|0htxlydohqfh surshuw| wkhq wklv whup lv }hur> rwkhuzlvh/ wklv whup lv sduw ri
wkh olqhdu dssur{lpdwlrq ri LkE%c "� edvhg dw % ' %rr dqg " ' f1

Gl�huhqwldwlqj +59, zlwk uhvshfw wr " |lhogv

f ' T�" s � n T�� n "T��" � 4T" +64,

Dw wkh vwhdg| vwdwh ri wkh ghwhuplqlvwlf fdvh vwxglhg lq wkh suhylrxv vhfwlrq/ +64,
uhgxfhv wr

f ' T�� � 4T" +65,

zklfk jlyhv xv rxu �uvw fruuhfwlrq/ T"/ whup iru yduldqfh1
Zh qrz pryh rq wr wkh rwkhu fhuwdlqw| qrqhtxlydohqfh fruuhfwlrq whupv1 Gl�hu0

hqwldwlrq ri +64, zlwk uhvshfw wr %� lpsolhv

f ' T��" s
� n T�" s

�
� n T�" s

�
k L

k
� n T��� n "T���" � 4T�" +66,

zklfk dw wkh vwhdg| vwdwh ehfrphv

f ' T�" s
�
� n T�" s

�
k L

k
� n T��� � 4T�" +67,

zklfk lv d ?� ? olqhdu v|vwhp lq wkh T�" xqnqrzqv1 Gl�huhqwldwlqj +5:, zlwk uhvshfw
wr " lpsolhv

f ' ZkqL
q
" n T�" s

�
k n T� s

�
kqL

q
" +68,

zklfk/ dw wkh ghwhuplqlvwlf vwhdg| vwdwh/ uhgxfhv wr dqrwkhu olqhdu v|vwhp1 Frqwlq0
xhg gl�huhqwldwlrq vkrzv wkdw frpsxwlqj kljkhu�rughu whupv dovr uhgxfhv wr olqhdu
v|vwhpv1 Djdlq/ lw lv hdv| wr frpsxwh wkh kljkhu0rughu h{sdqvlrq whupv ri wkh Wd|oru
vhulhv1

Zh kdyh ohiw rxw vhyhudo ghwdlov> lq sduwlfxodu/ zh qhhg wr yhuli| wkdw wkhvh olqhdu
v|vwhpv duh qrqvlqjxodu1 Dovr/ rqh qhhgv surriv wkdw wkh ydoxh ixqfwlrqv duh orfdoo|
gl�huhqwldeoh wr wkh h{whqw xvhg lq wkhvh irupxodv1 Wkhvh txhvwlrqv pxvw eh dgguhvvhg
rq d sureohp0vshfl�f edvlv1 Li wklv dssurdfk ohdgv wr d vlqjxodu v|vwhp/ wkhq lw euhdnv
grzq/ exw wkdw euhdngrzq lv fkhfndeoh1 Dssolfdwlrq ri lpsolflw ixqfwlrq wkhruhpv
vkrxog eh deoh wr suryh li wkh ydoxh ixqfwlrq lv orfdoo| gl�huhqwldeoh1 Zkdw zh kdyh
vkrzq lv wkdw wkh vwdqgdug olqhdul}dwlrq phwkrg iuhtxhqwo| xvhg lq udwlrqdo h{shfwd0
wlrqv dqdo|vlv fdq eh h{whqghg wr lqfoxgh kljkhu rughu whupv dqg fdq eh h{whqghg wr
prgho ghyldwlrqv iurp fhuwdlqw| htxlydohqwv/ dqg wkdw grlqj vr zloo riwhq eh vlpsoh
qxphulfdoo|1
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5181 Frpsxwdwlrqdo Frvwv ri Olqhdul}dwlrq dqgKljkhu0Rughu Whupv1 Wkh
frpsxwdwlrqv deryh kdyh vxffhhghg lq vkrzlqj xv wkh txdolwdwlyh qdwxuh ri wkh sure0
ohpv zklfk qhhg wr eh vroyhg1 Zh qh{w dvn krz odujh fdq zh jr zlwk wklv dssurdfk1
Wr vhh krz odujh zh fdq jr/ zh qhhg wr nqrz wkh wlplqj ghpdqgv ri wkh edvlf rs0
hudwlrqv lq wkh surfhgxuh1 Wkhvh h{huflvhv zhuh frqgxfwhg xvlqj Pdwode rq d <3
P} Shqwlxp1 Wkh dqdo|vlv ri dq ?0vwdwh/ 60frqwuro rswlpdo frqwuro sureohp fdq eh
eurnhq grzq lqwr wkh iroorzlqj vwhsv=

41 Frpsxwh vwhdg| vwdwh= wlph � REE2?n6���1

51 Frpsxwh Mdfreldq/ �/ ri g|qdplf v|vwhp dw vwhdg| vwdwh= wlph � REE2?�2�1

61 Frpsxwh Mrugdq fdqrqlfdo irup ri � ' �(�3�= wlph � REE2?���1

71 Frqvwuxfw dqg vroyh wkh olqhdu v|vwhpv iru kljkhu�rughu dqg vwrfkdvwlf whupv1

Zh qrz h{dplqh wkh frpsxwdwlrqdo frvw ri wkhvh vwhsv1 Wkh frpsxwdwlrq ri wkh
vwhdg| vwdwh ri dq ?0vwdwh/ 60frqwuro sureohp lv d qrqolqhdu htxdwlrq lq 2? n 6
yduldeohv/ zklfk lv qrw edg hyhq iru ? ' 6 ' �ff/ dqg ihdvleoh iru pxfk odujhu
sureohpv1 Lq idfw/ wkh vwhdg| vwdwh sureohp lv riwhq vlplodu wr FJH sureohpv/ khqfh
zh fdq xvh wkh vshfldo phwkrgv dydlodeoh iru FJH prghov1 Suhvxpdeo| wklv lv qrw d
gl!fxow sureohp> li frpsxwlqj wkh vwhdg| vwdwh ri wkh ghwhuplqlvwlf yhuvlrq lv gl!fxow/
wkhq lw lv xqolnho| wkdw dq| phwkrg fdq surgxfh d joredo vroxwlrq wr wkh vwrfkdvwlf
yhuvlrq1 Vlploduo|/ frpsxwlqj wkh Mdfreldq ri wkh g|qdplf v|vwhp lv dovr suhvxpdeo|
ihdvleoh1 Lq jhqhudo/ wkh wlph ghpdqgv ri wkhvh vwhsv ydulhv juhdwo| dfurvv sureohpv/
pdnlqj lw gl!fxow iru xv wr vd| dq|wklqj jhqhudoo|1 Khqfh/ zh zloo qrw frqvlghu wkhvh
vwhsv ixuwkhu/ dqg lqvwhdg irfxv rq wkh jhqhulf ihdwxuhv ri wklv dssurdfk1

Wkh fulwlfdo olplwdwlrqv ehjlq zlwk wkh wkh hljhqydoxh0hljhqyhfwru h{wudfwlrq sure0
ohp1 Wklv lv d qhfhvvdu| vwhs iru dq| dv|pswrwlfdoo| ydolg olqhdul}dwlrq phwkrg1 Wkh
olplwlqj idfwru lq frpsxwlqj wkh kljkhu0rughu dqg vwrfkdvwlf whupv lv wkh frvw ri frq0
vwuxfwlqj dqg vroylqj wkh olqhdu v|vwhpv zklfk dulvh1 Wkh frvw ri frqvwuxfwlqj wkh
olqhdu v|vwhpv ghshqgv rq wkh vshfl�f sureohp dqg ghshqgv rq wkh qxpehu ri qrq}hur
ghulydwlyhv zklfk dulvh lq wkh v|vwhpv +55,/ +56,/ dqg rwkhu htxdwlrqv/ dqg wkh pdqqhu
lq zklfk rqh frpsxwhv wkrvh ghulydwlyhv1 Zh pdnh qr dwwhpsw wr hvwlpdwh wkh frvw ri
frqvwuxfwlqj wkhvh v|vwhpv1 Zh fdq jlyh d uholdeoh hvwlpdwh ri wkh frvw ri vroylqj wkh
uhvxowlqj olqhdu dojheud sureohpv1 Wdeoh 4 frqwdlqv wkh uhvxowv ri vrph h{shulphqwv zh
udq wr ghwhuplqh wkh frvw ri wkhvh vwhsv1 Zh wrrn vhyhudo udqgrp ?�? pdwulfhv dqg
frpsxwhg hljhqydoxhv dqg hljhqyhfwruv/ iru ? ' �ffc 2ffc �ffc eff� Zh qh{w h{soruhg
wkh wlplqj iru vroylqj odujh olqhdu v|vwhpv ri htxdwlrqv/ wkh vhfrqg rshudwlrq1 Wdeoh
4 dovr lqglfdwhv wkh uhvxowv iru ?� ? pdwulfhv/ ? ' �ffc 2ffc Dffc �fff� Wkh wklug sdlu
ri froxpqv lq Wdeoh 4 glvsod| wkh phdq wlph iru vhyhudo udqgrp pdwul{ lqyhuvlrqv> zh
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gr qrw uhsruw wkh yduldwlrq lq dq| froxpq vlqfh wkhuh zdv olwwoh yduldwlrq1 Wkh hqwulhv
urxjko| uh hfw wkh rughu ?� rshudwlrq frxqw dvvrfldwhg zlwk vroylqj olqhdu v|vwhpv
dqg lqyhuwlqj pdwulfhv1

^LQVHUW WDEOH 4`

Wr ghwhuplqh wkh frvw ri frpsxwlqj ydulrxv rughu whupv lq wkh Wd|oru vhulhv h{0
sdqvlrq/ zh qhhg wr nqrz wkh qxpehu ri xqnqrzq frh!flhqwv ri ydulrxv rughuv1 Wdeoh
5 lqglfdwhv wkh vl}h ri wkh sureohp dvvrfldwhg zlwk ydulrxv rughuv ri wkh Wd|oru h{0
sdqvlrq iru ydulrxv glphqvlrqv> pruh suhflvho|/ lw lqglfdwhv wkh qxpehu ri frh!flhqwv
lq wkh ?*wk rughu whupv ri wkh Wd|oru h{sdqvlrq ri d glphqvlrq _ ixqfwlrq1 Qrwh wkdw
wkh erwwrp uljkw hqwu| jlyhv wkh jhqhudo irupxod iru wkh ?*wk rughu frh!flhqwv lq d _
glphqvlrqdo ixqfwlrq1

^LQVHUW WDEOH 5`

Wkhvh uhvxowv jlyh xv jrrg lqglfdwlrqv dv wr zkdw lv jhqhudoo| ihdvleoh1 Vlqfh wkh
olqhdul}dwlrq vwhs lqyroyhv frpsxwlqj d vwhdg| vwdwh/ d Mdfreldq/ dqg dq hljhqydoxh0
hljhqyhfwru ghfrpsrvlwlrq/ zh vhh wkdw prghudwho| odujh v|vwhpv fdq eh olqhdul}hg1
Wkh hljhqydoxh sureohp zrxog jhqhudoo| eh wkh prvw gl!fxow/ dqg zh vhh khuh wkdw d
43 vwdwh prgho zrxog ohdg wr d 530glphqvlrqdo hljhqyhfwru sureohp/ rqh zklfk wdnhv
xqghu d vhfrqg rq d Shqwlxp�f1 Wkh frpsxwdwlrq ri wkh txdgudwlf whupv lv dovr
srvvleoh1 Iluvw zh frpsxwh wkh T�� whupv xvlqj +4<,/ d olqhdu sureohp zlwk/ dffruglqj
wr Wdeoh 5/ 88 yduldeohv/ dqg zklfk fdq eh vroyhg xvlqj xqghu 14 vhfrqg��1 Zh wkhq
frqvwuxfw d olqhdu sureohp lqyroylqj wkh T��6/ d sureohp zlwk 553 yduldeohv/ zklfk
wdnhv urxjko| d vhfrqg wr vroyh1 Wkhvh ydoxhv jlyh xv wkh lqirupdwlrq qhfhvvdu| wr
frpsxwh wkh Lk

�6/ uhtxlulqj 88 pxowlsolfdwlrqv ri �f � �f pdwulfhv1 Wkh wklug�rughu
whupv ri L qhhg wkh :48 irxuwk�rughu whupv ri T iurp lwv gh�qlqj olqhdu v|vwhp/
d sureohp xvlqj derxw iruw| vhfrqgv/ dqg wkhq gr :48 pdwul{ pxowlsolfdwlrqv/ d
sureohp wdnlqj ohvv wkdq wkuhh vhfrqgv dffruglqj wr Wdeoh 41 Wkhvh uhvxowv dovr
vkrz wkdw txdgudwlf dssur{lpdwlrqv ri frqwuro odzv ri 4330glphqvlrqdo prghov lv
dovr ihdvleoh1 Hyhq fxelf dssur{lpdwlrqv frxog eh kdg zlwk sdwlhqfh dqg hqrxjk
vsdfh1 Ixuwkhupruh/ lw lv fohdu wkdw wkh fhuwdlqw| qrqhtxlydohqfh whupv zh ghulyhg
deryh frxog dovr eh frpsxwhg lq wkh vdph wlph1 Vxshufrpsxwhuv frxog kdqgoh kljkhu
rughuv dqg2ru odujhu prghov1

5191 Joredo Dffxudf|1 Shuwxuedwlrq phwkrgv surgxfh wkh ehvw srvvleoh dv|ps0
wrwlfdoo| ydolg orfdo dssur{lpdwlrqv wr d sureohp1 Krzhyhu/ zh riwhq zdqw wr xvh
wkhp iru qrqorfdo dssur{lpdwlrqv1 Zh zloo qrw jr lqwr dq h{whqvlyh h{sorudwlrq ri
wkh joredo txdolw| ri wkh uhvxowlqj dssur{lpdwlrqv/ d wrslf zklfk pxvw eh lqyhvwl0
jdwhg iru vshfl�f sureohpv dqg vshfl�f fkrlfhv ri wdvwhv dqg whfkqrorj|1 Krzhyhu/
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zh vkrxog qrwh wkdw wkh h{lvwlqj olwhudwxuh lv txlwh srvlwlyh rq wkh joredo txdolw| ri
wkh uhvxowlqj dssur{lpdwlrqv1 Wkh Mxgg dqg Jxx sdshuv kdyh lqyhvwljdwhg wklv lv0
vxh lq vlpsoh jurzwk prghov1 W|slfdoo|/ wkdw lv/ iru hpslulfdoo| uhdvrqdeoh fkrlfhv
ri wdvwhv dqg whfkqrorj|/ wkh| �qg wkdw wkh olqhdu dssur{lpdwlrqv gr zhoo iru vpdoo
exw qrqwulyldo qhljkerukrrgv ri wkh ghwhuplqlvwlf vwhdg| vwdwh dqg wkdw wkh txdolw|
ri wkh dssur{lpdwlrqv lpsuryh vxevwdqwldoo| dv wkh kljkhu�rughu whupv duh dgghg1
Wkh| dovr �qg wkdw wkh fhuwdlqw| qrqhtxlydohqfh whupv duh lpsruwdqw wr dfklhyh kljk
txdolw| dssur{lpdwlrqv iru vwrfkdvwlf dssur{lpdwlrqv1 Pruh suhflvho|/ wkh| vxevwl0
wxwh wkh frpsxwhg Wd|oru vhulhv lqwr wkh gh�qlqj htxdwlrqv dqg hydoxdwh wkh uhvxowlqj
huuru1 Wkh uhvxowlqj huuru iru fdslwdo vwrfnv qhdu wkh vwhdg| vwdwh lv riwhq wkh rughu
ri pdfklqh }hur/ dq dffrpsolvkphqw zklfk ihz rwkhu phwkrgv fdq fodlp1 Zkloh wkhlu
lqyhvwljdwlrqv kdyh ehhq olplwhg wr uhodwlyho| vpdoo prghov/ wkhuh lv qr uhdvrq wr
vxvshfw wkdw wkh shuirupdqfh ri wklv dssurdfk zloo ghfd| gudvwlfdoo| dv zh pryh wr
odujhu prghov1 Lq dq| fdvh/ dq| xvhu ri wkhvh phwkrgv vkrxog xvh vrph gldjqrvwlfv wr
hvwlpdwh wkh uhjlrq zkhuh wkh frqvwuxfwhg vhulhv lv d jrrg dssur{lpdwlrq1

51:1 Vxppdu| ri ShuwxuedwlrqPhwkrgv1 Wkh h{huflvhv deryh vkrz wkdw frp0
sxwlqj Wd|oru vhulhv h{sdqvlrqv ri g|qdplf rswlpl}dwlrq sureohpv lv ihdvleoh hyhq iru
odujh sureohpv/ wkdw lv/ sureohpv zlwk vhyhudo vwdwhv dqg frqwurov1 Wklv lqfoxghv
sureohpv zlwk vhyhudo djhqwv/ vhyhudo vhfwruv/ vhyhudo jrrgv/ dqg vhyhudo idfwruv1 Pl0
qru prgl�fdwlrqv doorz wkhvh phwkrgv wr eh dssolhg wr prghov zlwk glvwruwlrqv> vhh
Mxgg+iruwkfrplqj, iru glvfxvvlrqv ri krz wr gr wklv1 Wkh phwkrg ghvfulehg deryh
lv d vxevwdqwldo lpsuryhphqw dqg jhqhudol}dwlrq ri wkh frqyhqwlrqdo olqhdul}dwlrq
phwkrg xvhg frpprqo| lq sxeolf �qdqfh dqg pdfurhfrqrplfv/ doorzlqj iru fhuwdlqw|
qrqhtxlydohqfh1 Lq jhqhudo/ lw fdq eh xvhg wr fuhdwh d olqhdu wkhru| iru dq| revhuy0
deoh txdqwlw| lqfoxglqj wkrvh/ vxfk dv ulvn suhpld/ zklfk ghshqgv rq qrqtxdgudwlf
surshuwlhv ri wdvwhv dqg whfkqrorj|1

Wkh pdlq glvdgydqwdjh ri wklv phwkrg lv lwv orfdo qdwxuh1 Zh zloo qh{w h{dplqh
phwkrgv zklfk duh pruh joredo lq wkhlu dssurdfk1

61 Surmhfwlrq Phwkrgv

Surmhfwlrq phwkrgv wdnh d joredo dssurdfk wr sureohpv/ pdnlqj wkhp dssolfdeoh iru
d eurdghu udqjh ri sureohpv1 Krzhyhu/ wkh| duh pxfk vorzhu1 Ehiruh glvfxvvlqj wkh
odujh prghov zh vroyh ehorz/ zh vkdoo uhylhz wkh edvlfv ri surmhfwlrq phwkrgv dv
dssolhg wr +4,1 Wkdw sureohp uhgxfhv wr vroylqj wkh ixqfwlrqdo htxdwlrq

3 @ �� E�E&c w��� q . i��E�E8 E&c w�� �E&c w�c �w��

�8&E8 E&c w���E&c w�c �w� m wj
� -E&c w(��

+69,

zkhuh -E&c w(�� lv wkh Hxohu uhvlgxdo ri wkh srolf| ixqfwlrq �E&c w�1
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Wkh surmhfwlrq dssurdfk wr vroylqj +69, fdq eh eurnhq grzq lqwr irxu frpsrqhqwv1
Iluvw/ dv qrwhg deryh/ zh sdudphwhul}h wkh xqnqrzq srolf| ixqfwlrq dqg uhvwulfw lw
wr olh lq vrph �qlwh0glphqvlrqdo vsdfh/ dv lq

e�E&c w( @� ' ?[
�'f

@���E&c w�

zkhuh wkh �� frpsulvh d edvlv iru doo fdqglgdwh ixqfwlrqv1 Vhfrqg/ zh gh�qh d qx0
phulfdo dssur{lpdwlrq ri wkh uhvlgxdo ixqfwlrq dssolhg wr e�/ -E&c w( e��> zh ohw e-
ghqrwh wkh qxphulfdo dssur{lpdwlrq ri -1 Wklv sulpdulo| lqyroyhv fkrrvlqj d vfkhph
iru dssur{lpdwlqj wkh lqwhjudo lpsolflw lq wkh frqglwlrqdo h{shfwdwlrqv1 Wklug/ zh
frqvwuxfw d froohfwlrq ri surmhfwlrq frqglwlrqv> hdfk lv gh�qhg e| vrph whvw ixqfwlrq
��E&c w� uhodwlyh wr d zhljkwlqj ixqfwlrq �E&c w�/ dqg lghdoo| htxdov]

-E&c w( e�E�( @�� ��E&c w� �E&c w� _& _w

exw lv lpsohphqwhg e| fkrrvlqj d �qlwh vdpsoh E&�c w��/ � ' �c ���c6c dqg gh�qlqj

��E@� '
6[
�'�

e-E&�c w�( e�E�( @��k���E&�c w��c � ' �c ���c ? +6:,

Irxuwk/ zh fkrrvh vrph phwkrg wr frpsxwh wkh frh!flhqw yhfwru @ zklfk vroyhv wkh
v|vwhp ��E@� ' f�

Wkh ydulrxv dssurdfkhv wr vroylqj udwlrqdo h{shfwdwlrqv prghov gl�hu lq wkhlu
fkrlfhv ryhu wkhvh frpsrqhqwv1 Wdeoh 6 glvsod|v wkh ydulrxv fkrlfhv1 Wkh fulwlfdo idfw
lv wkdw wklv phqx lv �d od fduwh�= |rx pdnh rqh fkrlfh iurp froxpq D/ wkhq d fkrlfh
iurp froxpq E/ hwf1/ dqg doprvw dq| frpelqdwlrq lv srvvleoh1 Wdeoh 6 rxwolqhv wkh
edvlf frpsrqhqwv ri surmhfwlrq phwkrgv/ dqg srlqwv rxw wkh vshfl�f fkrlfhv zklfk
kdyh ehhq dqg frxog eh xvhg1

^LQVHUW WDEOH 6`

Wkh h{lvwlqj olwhudwxuh rq frpsxwdwlrqdo udwlrqdo h{shfwdwlrqv phwkrgv kdyh sxu0
vxhg d vpdoo iudfwlrq ri wkh srvvleoh frpelqdwlrqv1 Wdeoh 7 glvsod|v wkh ydulrxv
frpelqdwlrqv zklfk kdyh ehhq xvhg1 Zh ohiw rxw wkh surmhfwlrq frqglwlrq froxpq
vlqfh doprvw doo hvvhqwldoo| xvh froorfdwlrq dqg Jdohunlq0vw|oh phwkrgv1

^LQVHUW WDEOH 7`

Zh zloo qrw frqvlghu wkh lqwhjudwlrq sureohp khuh/ xvlqj surgxfw Jdxvvldq txdgud0
wxuh lq rxu h{dpsohv> vxevwdqwldo lpsuryhphqw lv srvvleoh e| ghyhorslqj wuxo| pxo0
wlglphqvlrqdo txdgudwxuh dqg dssur{lpdwlrq phwkrgv/ exw zh ohdyh wkdw iru ixwxuh
uhvhdufk1 Lq rxu h{dpsohv zh irfxv rq vrph ri wkh dssur{lpdwlrq fkrlfhv dqg vr0
oxwlrq phwkrg fkrlfhv1 Mxgg+4<<5, frqwdlqv wkh uhvxowv iru ydulrxv phwkrgv iru wkh
uhsuhvhqwdwlyh djhqw prgho1 Zh zloo qrz orrn dw h{whqvlrqv ri wklv prgho1
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71 Khwhurjhqhrxv Wdvwhv

Zh qh{w h{dplqh krz wr lqwurgxfh vhyhudo djhqwv lqwr wkh dqdo|vlv1 Zh h{dplqh wkh
vdph prgho dv lq +4, h{fhsw zh dvvxph wkdw wkhuh duh ? gl�huhqw w|shv ri djhqwv/ w|sh
� kdylqj xwlolw| ixqfwlrq/ ��ES�/ � ' �c 2c ���c ?/ exw d frpprq glvfrxqw idfwru q1 Lq wklv
fdvh/ wkh htxloleulxp ghflvlrqv zloo ghshqg rq wkh glvwulexwlrq ri zhdowk1 Ohw � �E&� eh
wkh frqvxpswlrq ri w|sh � djhqwv zkhq wkh zhdowk glvwulexwlrq lv & ' E&�c &2c ���c &?�1
Zh dvvxph wkdw htxlw| lv wkh rqo| dvvhw zklfk fdq eh khog1 Zh gr wklv wr irfxv
rq wkh lvvxhv ri vl}h ri prghov/ zkhuhdv lqwurgxflqj dq lqfrpsohwh vhw ri vhfxulwlhv
lqwurgxfhv rwkhu gl!fxowlhv1 Wkh htxloleulxp ri wkh uhvxowlqj prgho lv gh�qhg e| wkh
froohfwlrq ri Hxohu htxdwlrqv

-�E&c wc �� @ ��� E�
�E&c w��� q . i��E� �Et E&c w�� �E&c w�c �w��

�8&Et E&c w���E&c w�c�w� m wjc � ' �c 2c ���c ?

zkhuh t E&c w� 5 -? lv wkh glvwulexwlrq ri lqfrph lq d shulrg zlwk lqlwldo fdslwdo
vwrfn glvwulexwlrq & dqg surgxfwlylw| w/ wkdw lv/ t �E&c w� ' &�8�E&�c w� n �E&c w� dqg
�E&c w� ' 8 E&�c w��&�8�E&�c w�/ zkhuh zh xvh wkh whqvru qrwdwlrq &� �S

� &�1 Zh irfxv
rq wkh uhvlgxdo ixqfwlrqv

-�E&c wc e�E�( @�� @ e� �E&c w(@�� E����
3�Eq . i���E e� �Et E&c w�� e�E&c w( @�c�w( @��

�8&

�
Et E&c w�� e�E&c w( @���c hw� m wj�c � ' �c2c ���c ?

zkhuh zh dssur{lpdwh hdfk frqvxpswlrq ixqfwlrq lq whupv ri vrph xqnqrzq frh!0
flhqwv @/ dv lq e��E&c w( @�1 Gxh wr wkh suhvhqfh ri wkh h{shfwdwlrq rshudwru/ zh qhhg
wr irup wkh dssur{lpdwh uhvlgxdo ixqfwlrq iru djhqw �/

e-�E&c wc e�E�( @�� @ e� �E&c w( @�� E����
3�Eq e. i���E e��Et E&c w( @�� e�E&c w( @�c�w( @��

�8&EEt E&c w�� e�E&c w( @���c�w� m wj�c � ' �c 2c ���c ?

zkhuh e. uhsuhvhqwv vrph qxphulfdo dssur{lpdwlrq ri wkh hqforvhg lqwhjudo1 Lq wklv
sdshu zh zloo xvh rqo| surgxfw Jdxvvldq txdgudwxuh irupxodv iru lqwhjudwlrq1 Wkh
lghqwli|lqj surmhfwlrqv duh

���E@� �
] w�

w6

] &�

&6

� � �
] &�

&6

e-�E&c wc e�E�( @����E&c w��E&c w� _&� � � � _&?_w

zkhuh � ' �c ���c ?/ dqg � ' �c ���c �61 Wkh frpsxwdwlrq ri � E@� dovr lqyroyhv qxphulfdo
lqwhjudwlrq> zh zloo ohw e� E@� ghqrwh d qxphulfdo lqwhjudwlrq dssur{lpdwlrq ri � E@�>
zh zloo xvh surgxfw Jdxvvldq txdgudwxuh khuh dovr> zh zloo ohdyh wkh lqwhjudwlrq lvvxhv
iru ixwxuh uhvhdufk1 Wkh vroxwlrq fkrrvhv @ vr wkdw e� E@� ' f1 Zh qh{w glvfxvv wkh
ohdglqj srvvlelolwlhv iru wkh dssur{lpdwlrq vfkhph dqg wkh vroxwlrq phwkrg1
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7141 Uhsuhvhqwdwlrq= Whqvru yv1 Frpsohwh Sro|qrpldov1 Wkh whqvru phwkrg
dssur{lpdwhv hdfk frqvxpswlrq ixqfwlrq dv

e� �E&c w( @� '
?&[
��'f

� � �
?&[

�?'f

?w[
�'f

@��� ����?� )��
E&�� � � �)�?

E&?� ��Ew�c � ' �c ���c ?

zkhuh )�E&�� +��Ew�, lv d ghjuhh ��� +���,sro|qrpldo lq &� +w, iurp vrph ruwkrjrqdo
idplo|1 Zh wkhq vroyh iru wkh xqnqrzq frh!flhqwv @��� ����?�1 Wklv lv d phwkrg zklfk fdq
txlfno| jhw lqihdvleoh vlqfh wkh qxpehu ri xqnqrzq frh!flhqwv htxdov E?wn��E?&n��?

iru hdfk ri wkh ? srolf| ixqfwlrqv� Wkh frpsohwh sro|qrpldo phwkrg xvhv wkh irup

��E&c w( @� '
[

f$��nuuun�?n�$_
f$��c�$_

@�������?� )��
E&�� � � � )�?

E&?� ��Ew�

Lq wklv fdvh/ wkh wrwdo qxpehu ri xqnqrzq frh!flhqwv lv d idu vpdoohu qxpehu> lq
idfw/ wkh qxpehu ri xqnqrzq frh!flhqwv khuh lv wkh vdph dv lq wkh Wd|oru vhulhv
h{sdqvlrq phwkrg/ wkrvh qxpehuv glvsod|hg lq Wdeoh 61 Lq Wdeoh 6/ zh glvsod|hg wkh
jhqhudo irupxod iru wkh qxpehu ri frh!flhqwv1 Qrwh wkdw lw jurzv sro|qrpldoo|/ qrw
h{srqhqwldoo|1

Wkhvh jhqhudo phwkrgv duh wzr zklfk duh olnho| wr eh ri jhqhudo ydoxh1 Rwkhu
phwkrgv duh qrw olnho| wr eh frpshwlwlyh iru vprrwk prghov1 Iru h{dpsoh/ rqh zrxog
qhhg idu pruh xqnqrzq frh!flhqwv wr xvh vsolqhv�21

7151 Vroxwlrq= Vxffhvvlyh Dssur{lpdwlrq yv1 Qhzwrq*v Phwkrg yv1 Wlph

Lwhudwlrq1 Wkh qh{w fulwlfdo fkrlfh lv wkh phwkrg zh xvh wr vroyh wkh surmhfwlrq
htxdwlrqv iru wkh frh!flhqwv @1 Qhzwrq*v phwkrg�� wuhdwv wkh frqglwlrqv � E@� ' f
dv d v|vwhp ri qrqolqhdu htxdwlrqv dqg vroyhv iru @ e| uhshdwhg txdgudwlf dssur{0
lpdwlrqv1 Qhzwrq*v phwkrg lv orfdoo| txdgudwlfdoo| frqyhujhqw/ exw hdfk vwhs xvhv
�E?�� wlph ehfdxvh lw frpsxwhv d Mdfreldq1 Vrph uh�qhphqwv hfrqrpl}h rq wklv e|
dssur{lpdwlqj wkh Mdfreldq/ exw wkh frpsxwdwlrqdo frvw shu vwhs lv vwloo d sureohp1

Vxffhvvlyh dssur{lpdwlrq surfhhgv pruh gluhfwo|/ xvhv ohvv frpsxwdwlrq shu vwhs/
exw kdv rqo| olqhdu frqyhujhqfh li lw frqyhujhv dw doo1 Vshfl�fdoo|/ vxffhvvlyh ds0
sur{lpdwlrq wdnhv wkh srolf| ixqfwlrqv frpsxwhg lq lwhudwlrq �/ e��c�/ dqg dssolhv wkh
frpsxwdwlrq

e��c�n�E&c w� @ E���3�Eq e. i��E e��c�Et E&c w�� e��E&c w�c�w��

�8&Et E&c w�� e��c�E&c w�c �w� m wj� +6;,

dw d �qlwh qxpehu ri srlqwv E&c w� wr surgxfh e� �c�n�E&c w� gdwd vx!flhqw wr �{ wkh
xqnqrzq frh!flhqwv ri e��c�n�1 Vlqfh e� �c�n�E&c w� lv h{suhvvhg gluhfwo| lq whupv ri wkh
uljkw kdqg vlgh ri +6;,/ wkh frpsxwdwlrq frvw lv vpdoo1 Vxffhvvlyh dssur{lpdwlrq fdq
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eh prwlydwhg e| ohduqlqj dujxphqwv lq Pdufhw dqg Vdujhqw+4<;<,/ exw zdv dfwxdoo|
xvhg lq wkh udwlrqdo h{shfwdwlrqv olwhudwxuh hduolhu e| Pludqgd dqg Khopexujhu+4<;;,
zkr revhuyhg wkdw lw zdv dq h!flhqw phwkrg iru frpsxwdwlrq1

Wlph lwhudwlrq dovr xvhv wkh Hxohu htxdwlrq wr frpsxwh d qhz ydoxh iru e��c�n�E&c w�
exw lqvwhdg xvhv wkh htxdwlrq

e� �c�n�E&c w� @ E���3�Eq e. i���E e� �c�Et E&c w�� e��c�n�E&c w�c �w��

�8&Et E&c w�� e��c�E&c w�c �w� m wj� +6<,

lv xvhg wr jhqhudwh wkh qhfhvvdu| gdwd1 Wklv lv d pxfk pruh frpsoh{ zd| wr �{e��c�n�E&c w� ydoxhv vlqfh/ iru d �{hg E&c w� yhfwru/ +6<, lv d qrqolqhdu htxdwlrq lqe��c�n�E&c w�/ khqfh lqyroylqj pruh h�ruw1 Erwk vxffhvvlyh dssur{lpdwlrq dqg wlph
lwhudwlrq duh rqo| olqhduo| frqyhujhqw1 Krzhyhu/ wkh frpsxwdwlrqdo ghpdqgv ri hdfk
lwhudwlrq duh rqo| �E?2�1 Wlph lwhudwlrq lv pruh uholdeoh exw jhqhudoo| vorzhu wkdq
vxffhvvlyh dssur{lpdwlrq zkhq wkh odwwhu frqyhujhv1 Wlph lwhudwlrq zdv xvhg e|
Jxvwdivrq/ dqg lq wkh Zuljkw dqg Zlooldpv zrun1 Lq wklv sdshu/ zh zloo qrw glvfxvv
wlph lwhudwlrq vlqfh h{shulhqfh�e dqg wkhru| lqglfdwh wkdw lw zloo eh pxfk vorzhu wkdq
Qhzwrq*v phwkrg iru vpdoo sureohpv dqg vorzhu wkdq wkh vxffhvvlyh dssur{lpdwlrq
uhvxowv ehorz1

7161 Dffxudf|1 Zh qhhg zd|v wr dvfhuwdlq li rxu vroxwlrqv duh �jrrg1� Wr phd0
vxuh wkh �dffxudf|� ri rxu dssur{lpdwlrqv zh hydoxdwh

.E@� �
���-�E�c �c e�E�( @��* e��E&c w( @�

���
dw wkh vroxwlrq iru @ iru ydulrxv qrupv/ dqg xvh . dv d xqlw0iuhh phdvxuh ri wkh �luud0
wlrqdolw|� lq wkh dssur{lpdwh vroxwlrq1 Iru h{dpsoh/ li wkh u" qrup lv �f32 wkhq wkh
Hxohu htxdwlrq lv dffxudwh wr zlwklq d shqq| shu groodu ri h{shqglwxuh1 Dqrwkhu zd|
ri h{suhvvlqj wklv lv wr vd| wkdw wkh dssur{lpdwh srolf| ixqfwlrqv e� �E&c w( @� frpsulvh
dq "0htxloleulxp iru " ' .1 Wklv fulwhulrq lv d vwurqj rqh/ pxfk vwurqjhu wkdq wkh rqh
xvhg lq wkh Wd|oru0Xkolj v|psrvlxp zklfk hvvhqwldoo| h{dplqhg .

q
-�E�c �c e��r zkhuh

wkh h{shfwdwlrq lv wdnhq ryhu vlpxodwhg sdwkv iru & dqg w jhqhudwhg e| e�1 Wkh qrup
zh frpsxwh lv qrq}hur dv orqj dv wkh Hxohu htxdwlrq lv qrq}hur dq|zkhuh/ dqg wkh
u" qrup lv hvvhqwldoo| wkh pd{lpxp Hxohu htxdwlrq huuru ryhu wkh uhjlrq h{soruhg1
Zh sdudphwhul}h wkh surgxfwlrq ixqfwlrq vr wkdw wkh v|pphwulf ghwhuplqlvwlf vwhdg|
vwdwh fdslwdo vwrfn lv 4 iru hdfk djhqw/ dqg wkhq ohw &6 ' �D dqg &� ' ��D/ d odujh
udqjh1

7171 Uhvxowv1 Zh qrz jlyh uhvxowv iru wkhvh dowhuqdwlyh dssurdfkhv1 Lq Wdeoh
8 zh h{dplqh 5/ 6/ 7/ dqg 8 djhqw prghov xvlqj erwk whqvru surgxfw dqg frpsohwh
sro|qrpldo edvhv/ dqg xvlqj erwk Qhzwrq*v phwkrg dqg vxffhvvlyh dssur{lpdwlrq1
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Lq doo fdvhv zh xvh surgxfw Jdxvvldq txdgudwxuh wr frpsxwh doo lqwhjudov dqg zh xvh
d vlpsoh olqhdu lqlwldo jxhvv zklfk jrhv wkurxjk wkh ghwhuplqlvwlf vwhdg| vwdwh dqg
}hur1 Wkh froxpq xqghu � olvwv wkh gl�huhqw ydoxhv ri uhodwlyh ulvn dyhuvlrq iru wkh
gl�huhqw djhqwv> wkhvh ydoxhv fryhu wkh udqjh jhqhudoo| frqvlghuhg uhdvrqdeoh1 Zh
frqyhujhg zkhq frh!flhqwv zhuh ghhphg zlwklq 433D ri wkh vroxwlrq1 Wkh dffxudf|
lv wkh edvh 43 orjdulwkp ri wkh u2 gh�qlwlrq ri . deryh dssolhg wr wkh zruvw djhqwv
Hxohu htxdwlrq> lq idfw/ wkh Hxohu htxdwlrq huuruv zhuh doo yhu| forvh iru doo djhqwv1
Wkh pdjqlwxgh ri wkh dffxudf| phdvxuh lv wkhuhiruh +urxjko| vshdnlqj, wkh ghflpdo
gljlw dffxudf|1 Wkhvh h{dpsohv zhuh frpsxwhg rq d 83PK} 7;9 pdfklqh1

^LQVHUW WDEOH 8`

Wkh uhvxowv duh dorqj h{shfwhg olqhv1 Iluvw/ wkh wrwdo dprxqw ri wlph iru Qhzwrq*v
phwkrg lv urxjko| fxelf lq wkh qxpehu ri xqnqrzq frh!flhqwv1 Qhzwrq*v phwkrg lv
jhqhudoo| pruh dffxudwh wkdq vxffhvvlyh dssur{lpdwlrq/ exw iru odujh sureohpv wdnhv
pxfk pruh wlph1 Wkh rwkhu sureohp lv wkdw vwrulqj wkh Mdfreldq fdq ghpdqg pruh
vsdfh wkdq dydlodeoh lq UDP> wklv kdsshqv iru wkh odujhu prghov1 Qrwh wkdw wkh
frpsohwh sro|qrpldo phwkrg lv jhqhudoo| h!flhqw exw qrw whqvru surgxfw phwkrgv1

Wkh vxffhvvlyh dssur{lpdwlrq phwkrg wxuqv rxw wr grplqdwh Qhzwrq*v phwkrg
iru odujh prghov1 Lq idfw/ iru wkh kljkhu0rughu dssur{lpdwlrqv ri wkh �yh0djhqw prgho/
rqo| vxffhvvlyh dssur{lpdwlrq zlwk frpsohwh sro|qrpldov lv ihdvleoh jlyhq vsdfh uh0
txluhphqwv1 Wkh vxffhvvlyh dssur{lpdwlrq phwkrg wxuqv rxw wr eh vwdeoh +jlyhq wkh
lqlwldo frqglwlrq,/ d iruwxqdwh surshuw| ri wkhvh prghov1 Mxgg +iruwkfrplqj, vkrzv
wkdw vxffhvvlyh dssur{lpdwlrq dssolhg wr wkh vlqjoh0djhqw/ ghwhuplqlvwlf prgho fdq eh
xqvwdeoh zkhq wkh hodvwlflw| ri vxevwlwxwlrq lv odujh/ exw lv vwdeoh qhdu wkh ghwhuplq0
lvwlf vwhdg| vwdwh iru prvw uhdvrqdeoh fkrlfhv ri �1 Wklv vwdelolw| surshuw| dssduhqwo|
lv urexvw wr pxowlsoh djhqw prghov1

81 Khwhurjhqhrxv Zhdowk/ Frpprq Wdvwhv

D vlpsohu fdvh lv zkhuh doo djhqwv kdyh wkh vdph lqwhuwhpsrudo wdvwhv/ exw pd| kdyh
gl�huhqw zhdowk1 Khuh zh fdq h{sorlw reylrxv v|pphwu| surshuwlhv wr gudvwlfdoo|
uhgxfh wkh frpsxwdwlrqdo exughq1 Zh qrz dvvxph wkdw wkh ? gl�huhqw djhqwv kdyh
wkh vdph xwlolw| ixqfwlrq/ �ES�/ dqg d frpprq glvfrxqw idfwru q1 Rxwvlgh ri vrph
vshfldo fdvhv/ zh fdqqrw djjuhjdwh suhihuhqfhv wr uhgxfh wkh prgho wr d uhsuhvhqwdwlyh
djhqw1 Ohw ��E&� eh wkh frqvxpswlrq ri w|sh � djhqwv zkhq wkh zhdowk glvwulexwlrq lv
& ' E&�c &2c ���c &?�/ zkhuh &� lv wkh fdslwdo rzqhg e| d w|sh � djhqw1 Wkh htxloleulxp
lv djdlq gh�qhg e| wkh froohfwlrq ri Hxohu htxdwlrqv

�� E��E&c w�� ' q . i���E� �Et E&c w�� �E&c w�c �w��8�Et E&c w��� �E&c w�c �w� m wj +73,
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iru � ' �c 2c ���c ?c zkhuh t E&c w� 5 -? lv wkh glvwulexwlrq ri lqfrph lq d shulrg zlwk
lqlwldo fdslwdo vwrfn & dqg surgxfwlylw| w/ wkdw lv/ t �E&c w� ' &�8�E&�c w�n�E&c w�1 Wkh
whqvru phwkrg dssur{lpdwhv hdfk frqvxpswlrq ixqfwlrq dv

��E&c w(@� '
?&[
��'f

� � �
?&[

�?'f

?w[
�'f

@�������?�)��
E&�� � � �)�?

E&?���Ew�

zkhuh )�E&6� +��Ew�, lv d ghjuhh ��� +���,sro|qrpldo lq &6 +w, iurp vrph ruwkrjrqdo
idplo|1 Zh wkhq vroyh iru wkh xqnqrzq frh!flhqwv @�������?�1 Krzhyhu/ zh fdq lpsrvh
fhuwdlq v|pphwu| frqglwlrqv1 Iluvw/ dq djhqw*v ehkdylru ghshqgv rqo| rq klv zhdowk
dqg wkh glvwulexwlrq ri zhdowk/ dqg doo djhqwv kdyh wkh vdph frqvxpswlrq ixqfwlrq1
Wkhuhiruh/ li �� ' ��� wkhq wkh frh!flhqwv @��������uuu�?� ' @�

�

�������� uuu�?�
iru doo � dqg ���

Ixuwkhupruh/ @��������uuu�?� ' @���ZE�2�uuuZE���uuuZE�?�� iru doo shupxwdwlrqv Z rq i�2c ��c ���c �?j1
Wrjhwkhu/ wkhvh frqglwlrqv lpso| wkdw wkh srolf| ixqfwlrqv duh ri wkh irup

�E&c w(@� '
[
�c�

@��)�E&��[�E&2c &�c���c &?�

zkhuh [�E&2c &�c���c &?� lv d v|pphwulf sro|qrpldo lq wkh ? � � yduldeohv &2c &�c���c &?1
Wkh ghjuhh 4/ 5/ dqg 6 v|pphwulf sro|qrpldov duh olvwhg ehorz lq Wdeoh 9=

^LQVHUW WDEOH 9`

Wkh frpsohwh sro|qrpldo phwkrg xvhv/ iru d w|sh 4 djhqw/ wkh irup

��E&c w(@� '
[

f$_i}E���n_i}E[��n_i}E���$?

@��� )�E&�� [�E&2c &�c���c &?� ��Ew�

zkhuh wkh frqvxpswlrq ixqfwlrqv ri wkh rwkhu w|shv duh frqvwuxfwhg e| v|pphwu|
frqvlghudwlrqv1 Wr lghqwli| wkh xqnqrzq frh!flhqwv/ zh xvh wkh lghqwli|lqj surmhf0
wlrqv

3 @
U � � � U �� E��E&c w��� q . i��E��Et E&c w�� �E&c w�c �w��

�8&Et E&c w�� �E&c w�c �w� m wj )�E&�� [�E&2c &�c���c &?� ��Ew� _& _w

iru �c �c dqg � vxfk wkdw f � _i}E��� n _i}E[�� n _i}E��� � ?1 Lq wklv fdvh/ wkh wrwdo
qxpehu ri xqnqrzq frh!flhqwv lv d idu vpdoohu qxpehu wkdq wkh xquhvwulfwhg fdvh/ dqg
wkhuh lv rqo| rqh Hxohu htxdwlrq zklfk qhhgv wr eh �wwhg1 Wkh uhvxow lv d idu vpdoohu
v|vwhp wkdq zh zrxog kdyh li zh kdg iroorzhg wkh jhqhudo pxowl0djhqw dssurdfk ri
wkh suhylrxv vhfwlrq1 Wr vdyh rq vsdfh/ zh gr qrw glvfxvv frpsxwdwlrqdo uhvxowv vlqfh
wkh| duh h{dfwo| zkdw rqh zrxog h{shfw= lpsrvlqj wkh v|pphwu| frqglwlrqv uhvxowv
lq idu idvwhu frpsxwdwlrqv zlwkrxw dq| orvv ri dffxudf|1
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91 Frqfoxvlrq

Wklv sdshu kdv vkrzq wkdw lw lv ihdvleoh wr frpsxwh udwlrqdo h{shfwdwlrqv prghov
vxevwdqwldoo| pruh frpsoh{ wkdq wkh xvxdo uhsuhvhqwdwlyh djhqw/ vlqjoh jrrg prgho1
Xvlqj rqo| 7;90 dqg Shqwlxp0fodvv shuvrqdo frpsxwhuv/ zh kdyh vkrzq krz wr xvh
shuwxuedwlrq phwkrgv wr vroyh g|qdplf prghov zlwk xs wr 83 vwdwh yduldeohv +wkdw lv/
83 djhqwv ru 83 fdslwdo vwrfnv/ ru vrph frpelqdwlrq, lq rqo| plqxwhv1 Zh kdyh dovr
ghprqvwudwhg wkdw pruh joredoo| rulhqwhg phwkrgv fdq surgxfh dffxudwh dssur{lpd0
wlrqv ri pxowlsoh0djhqw prghov1

Zh dovr kdyh vhhq wkdw wkh phwkrgv ri fkrlfh ghshqg rq wkh vl}h ri wkh sure0
ohp1 Wdeoh : vxppdul}hv rxu �qglqjv1 Rxu h{shulphqwv lqglfdwh wkdw wkh grplqdqw
dssurdfk wr odujh prghov zlwk Hxohu htxdwlrq irupxodwlrqv zloo eh vxffhvvlyh dssur{0
lpdwlrq vroxwlrq phwkrgv frpelqhg zlwk frpsohwh sro|qrpldo edvhv/ rxuwshuiruplqj
Qhzwrq0edvhg phwkrgv dqg prqrwrqh0 dqg frqwudfwlrq0rshudwru phwkrgv1 Wkh ds0
sduhqw grplqdqfh ri vxffhvvlyh dssur{lpdwlrq lqglfdwhv wkdw zh qhhg wr ehwwhu xq0
ghuvwdqg wkh vwdelolw| sureohpv ri vxffhvvlyh dssur{lpdwlrq dqg ghyhors dssurdfkhv
wr ghwhfw dqg ghdo zlwk wkhp1

Wklv zrun fohduo| lqglfdwhv wkdw udwlrqdo h{shfwdwlrqv prghov ri prghudwh vl}h fdq
eh uholdeo| dqg txlfno| vroyhg qxphulfdoo|1 Wklv sdshu irfxvvhg rq wkh dssur{lpdwlrq
dqg vroxwlrq phwkrgv zklfk kdyh ehhq xvhg/ dqg xvhg rqo| wkh vlpsohvw lqwhjudwlrq
phwkrgv1 H{sorlwdwlrq ri pruh dgydqfhg dssur{lpdwlrq/ vroxwlrq/ dqg lqwhjudwlrq
whfkqltxhv zloo vxuho| ohdg wr gudvwlf lpsuryhphqwv1 Zh dovr vxvshfw wkdw wkhvh
phwkrgv duh fdsdeoh ri pdnlqj h!flhqw xvh ri vxshufrpsxwlqj hqylurqphqwv/ pdnlqj
hyhq odujhu prghov ihdvleoh1 Ryhudoo/ jlyhq wkh olplwhg xvh ri dydlodeoh kdugzduh dqg
vriwzduh lq wklv sdshu/ zh eholhyh wkdw qxphulfdo vroxwlrq ri odujh vwrfkdvwlf/ g|qdplf
prghov lv dq dwwdlqdeoh jrdo1

^LQVHUW WDEOH :`
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Uhihuhqfhv

^4` Ehqvrxvvdq/ Dodlq1 Shuwxuedwlrq Phwkrgv lq Rswlpdo Frqwuro/ Mrkq Zloh| dqg
Vrqv/ 4<;;1

^5` El}hu/ Gdylg V1/ dqg Nhqqhwk O1 Mxgg1 4<;<1 �Xqfhuwdlqw| dqg Wd{dwlrq�/ Dphu0
lfdq Hfrqrplf Uhylhz/ :<=66406691

^6` Eodqfkdug/ Rolylhu Mhdq dqg Fkduohv P1 Ndkq14<;31 �Wkh Vroxwlrq ri Olqhdu
Gl�huhqfh Prghov xqghu Udwlrqdo H{shfwdwlrqv� Hfrqrphwulfd 7;=4638�46441

^7` Eurfn/ Zlooldp D1/ dqg O1 M1 Plupdq1 4<:51 �Rswlpdo Hfrqrplf Jurzwk dqg
Xqfhuwdlqw|= Wkh Glvfrxqwhg Fdvh/� Mrxuqdo ri Hfrqrplf Wkhru| 7= 7:<�8461

^8` Eurfn/ Zlooldp D1/ dqg Vwhskhq M1 Wxuqryvn|1 4<;41 �Wkh Dqdo|vlv ri Pdfurhfr0
qrplf Srolflhv lq Shuihfw Iruhvljkw Htxloleulxp/� Lqwhuqdwlrqdo Hfrqrplf Uhylhz
55=4:<�53<1

^9` Fkulvwldqr/ Odzuhqfh M1 4<<31 �Vroylqj wkh Vwrfkdvwlf Jurzwk Prgho e| Olqhdu0
Txdgudwlf Dssur{lpdwlrq dqg e| Ydoxh0Ixqfwlrq Lwhudwlrq/� Mrxuqdo ri Exvlqhvv
dqg Hfrqrplf Vwdwlvwlfv/ ;=56�591

^:` Z1 M1 Frohpdq/ LL1 4<<31 �Vroylqj wkh Vwrfkdvwlf Jurzwk Prgho e| Srolf|
Ixqfwlrq Lwhudwlrq/� Mrxuqdo ri Exvlqhvv dqg Hfrqrplf Vwdwlvwlfv/ ;=5:�5<1

^;` Frroh|/ Wkrpdv I1/ dqg Jdu| G1 Kdqvhq1 4<;<1 �Wkh Lq dwlrq Wd{ lq d Uhdo
Exvlqhvv F|foh Prgho1� Dphulfdq Hfrqrplf Uhylhz1

^<` Gdqlho/ M1 Z1 4<:91 �Vsolqhv dqg H!flhqf| lq G|qdplf Surjudpplqj/� Mrxuqdo
ri Pdwkhpdwlfdo Dqdo|vlv dqg Dssolfdwlrqv 87=735�73:1

^43` Gdqw}lj/ Jhrujh E1/ U1 S1 Kduyh|/ ]1 I1 Odqgrzqh/ dqg U1 G1 PfNqljkw1
G\JDP� D Frpsxwhu V|vwhp iru wkh Vroxwlrq ri G|qdplf Surjudpv/ Frqwuro
Dqdo|vlv Frusrudwlrq/ Sdor Dowr/ Fdoliruqld1 4<:71

^44` Ilvfkhu/ Vwdqoh|1 �Fdslwdo Dffxpxodwlrq rq wkh Wudqvlwlrq Sdwk lq d Prqhwdu|
Rswlpl}lqj Prgho1� 4<:<1 Hfrqrphwulfd 7:=476606<1

^45` Iohplqj/ Zhqghoo1 4<:41 �Vwrfkdvwlf Frqwuro iru Vpdoo Qrlvh Lqwhqvlwlhv/� VLDP
Mrxuqdo ri Frqwuro < +Qr1 6/ Dxjxvw/ 4<:4,1

^46` Urehuw O1 Jxvwdivrq/ �Fduu|ryhu Ohyhov iru Judlqv= D Phwkrg iru Ghwhuplq0
lqj Dprxqwv Wkdw duh Rswlpdo Xqghu Vshfl�hg Frqglwlrqv/� XVGD Whfkqlfdo
Exoohwlq 44:;/ 4<8;1
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^47` ghq Kddq/ Zrxwhu/ dqg Doehuw Pdufhw1 4<<31 �Vroylqj wkh Vwrfkdvwlf Jurzwk
Prgho e| Sdudphwhul}lqj H{shfwdwlrqv/� Mrxuqdo ri Exvlqhvv dqg Hfrqrplf

Vwdwlvwlfv/ ;=64�67

^48` Kdoo/ Urehuw1 4<:41 �Wkh G|qdplf H�hfwv ri Ilvfdo Srolf| lq dq Hfrqrp| zlwk
Iruhvljkw/� Uhylhz ri Hfrqrplf Vwxglhv 6;=55<05771

^49` Mxgg/ Nhqqhwk O1 4<;51 �Dq Dowhuqdwlyh wr Vwhdg|0Vwdwh Frpsdulvrqv lq Shuihfw
Iruhvljkw Prghov/� Hfrqrplfv Ohwwhuv 43=88�8<1

^4:` Mxgg/ Nhqqhwk O1 4<;81 �Vkruw0uxq Dqdo|vlv ri Ilvfdo Srolf| lq d Vlpsoh Shuihfw
Iruhvljkw Prgho�/ Mrxuqdo ri Srolwlfdo Hfrqrp| <6=5<;064<1

^4;` Mxgg/ Nhqqhwk O1 4<<51 �Surmhfwlrq Phwkrgv iru Vroylqj Djjuhjdwh Jurzwk
Prghov�/ Mrxuqdo ri Hfrqrplf Wkhru| 8;=743�7851

^4<` Mxgg/ Nhqqhwk O1 Qxphulfdo Phwkrgv lq Hfrqrplfv / PLW Suhvv +iruwkfrplqj/
4<<:,1

^53` Mxgg/ Nhqqhwk O1 4<<91 �Dssur{lpdwlrq/ Shuwxuedwlrq/ dqg Surmhfwlrq Phwkrgv
lq Hfrqrplf Dqdo|vlv/� lq Kdqgerrn ri Frpsxwdwlrqdo Hfrqrplfv/ hglwhg e|
Kdqv Dppdq/ Gdylg Nhqgulfn/ dqg Mrkq Uxvw/ Qruwk Kroodqg1

^54` Mxgg/ Nhqqhwk O1/ dqg Mhvv Jdvsdu1 �Shuwxuedwlrq Phwkrgv iru Glvfuhwh0Wlph
G|qdplf Ghwhuplqlvwlf Prghov/� Krryhu Lqvwlwxwlrq/ plphr/ 4<<:1

^55` Mxgg/ Nhqqhwk O1/ dqg V|0Plqj Jxx1 4<<61 �Shuwxuedwlrq Vroxwlrq Phwkrgv
iru Hfrqrplf Jurzwk Prghov/� lq Hfrqrplf dqg Ilqdqfldo Prgholqj zlwk Pdwk0

hpdwlfd/ Kdo Yduldq/ hg1/ Vsulqjhu0Yhuodj= Qhz \run1

^56` Mxgg/ Nhqqhwk O1/ dqg V|0Plqj Jxx1 �Dv|pswrwlf Phwkrgv iru Djjuhjdwh
Jurzwk Prghov/� iruwkfrplqj lq Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro1

^57` N|godqg/ Ilqq H1/ dqg Hgzdug F1 Suhvfrww1 4<;51 �Wlph wr Exlog dqg Djjuhjdwh
Ioxfwxdwlrqv/� Hfrqrphwulfd 83= 4678046:31

^58` Odlwqhu/ Mrkq1 4<;41 �Wkh Vwdelolw| ri Vwhdg| Vwdwhv lq Shuihfw Iruhvljkw Prg0
hov/� Hfrqrphwulfd 7<=64<06661

^59` Odlwqhu/ Mrkq1 4<;71 �Wudqvlwlrq Wlph Sdwkv iru Ryhuodsslqj0Jhqhudwlrqv Prg0
hov/� Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro :=444045<1

^5:` Pdjloo/ M1 S1 Plfkdho1 4<::1 �D Orfdo Dqdo|vlv ri Q0Vhfwru Fdslwdo Dffxpxodwlrq
xqghu Xqfhuwdlqw|/� Mrxuqdo ri Hfrqrplf Wkhru|/ 48= 544�54<1
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^5;` Pdufhw/ Doehuw1 �Vlpxodwlrq Dqdo|vlv ri G|qdplf Vwrfkdvwlf Prghov= Dssolfd0
wlrqv wr Wkhru| dqg Hvwlpdwlrq/� lq F1 Vlpv +hg1, Dgydqfhv lq Hfrqrphwulfv

Vl{wk Zruog Frqjuhvv/ Yro LL1/ <4�44;/ Fdpeulgjh Xqlyhuvlw| Suhvv1

^5<` Pdufhw/ Doehuw/ dqg Wkrpdv M1 Vdujhqw1 4<;<1 �Frqyhujhqfh ri Ohdvw Vtxduhv
Ohduqlqj Phfkdqlvpv lq Vhoi0uhihuhqwldo Olqhdu Vwrfkdvwlf Prghov/� Mrxuqdo ri

Hfrqrplf Wkhru| 7;=66:09;1

^63` PfJudwwdq/ Hoohq U1 4<<31 �Vroylqj Wkh Vwrfkdvwlf Jurzwk Prgho e| Olqhdu0
Txdgudwlf Dssur{lpdwlrq1� Mrxuqdo ri Exvlqhvv dqg Hfrqrplf Vwdwlvwlfv ;= 74�
761

^64` Pludqgd/ Pdulr M1/ dqg Shwhu J1 Khopehujhu1 4<;;1 �Wkh H�hfwv ri Frpprglw|
Sulfh Vwdeloll}dwlrq Surjudpv1� Dphulfdq Hfrqrplf Uhylhz :;=79�8;1

^65` Suhvfrww/ Hgzdug F1/ dqg U1 Phkud1 4<:;1 �Uhfxuvlyh Frpshwlwlyh Htxloleulxp=
Wkh Fdvh ri Krprjhqhrxv Djhqwv/� Hfrqrphwulfd 7;=4698�46:<1

^66` Vwrnh|/ Qdqf| O1/ dqg Urehuw H1 Oxfdv/ Mu1 Uhfxuvlyh Phwkrgv lq Hfrqrplf

G|qdplfv/ Kduydug Xqlyhuvlw| Suhvv= Fdpeulgjh1 4<;<1

^67` Wd|oru/ Mrkq E1/ dqg Kdudog Xkolj1 4<<31 �Vroylqj Qrqolqhdu Vwrfkdvwlf Jurzwk
Prghov= D Frpsdulvrq ri Dowhuqdwlyh Vroxwlrq Phwkrgv/� Mrxuqdo ri Exvlqhvv

dqg Hfrqrplf Vwdwlvwlfv/ ;=4�4;1

^68` Zuljkw/ Euldq G1/ dqg Mh�uh| F1 Zlooldpv1 4<;71 �Wkh Zhoiduh H�hfwv ri wkh
Lqwurgxfwlrq ri Vwrudjh/� Txduwhuo| Mrxuqdo ri Hfrqrplfv <<=49<04;51

^69` Zlooldpv/ Mh�uh|/ dqg Euldq Zuljkw/ Vwrudjh dqg Frpprglw| Pdunhwv/ Fdp0
eulgjh Xqlyhuvlw| Suhvv/ Mdqxdu|/ 4<<41
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IRRWQRWHV

WWkh dxwkruv dfnqrzohgjh wkh frpphqwv ri Zrxwhu ghq Kddq/ wzr dqrq|prxv
uhihuhhv/ dqg frqihuhqfh sduwlflsdqwv1 Doo uhpdlqlqj huuruv duh wkh uhvsrqvlelolw| ri
wkh dxwkruv1 Gu1 Mxgg dovr dfnqrzohgjhv wkh �qdqfldo vxssruw ri QVI judqw VEU0
<63<9461

�Wkh whup �surmhfwlrq phwkrg� lv d fdwfkdoo whup lq wkh pdwkhpdwlfdo olwhudwxuh
zklfk lqfoxghv �phwkrg ri zhljkwhg uhvlgxdov/� ��qlwh hohphqw/� �erxqgdu| hohphqw/�
�Jdohunlq/� �ohdvw vtxduhv/� �Ud|ohljk0Ulw}/� dqg rwkhu vlplodu phwkrgv1

2Zuljkw dqgZlooldpv+4<;7, dqg vrph odwhu zulwhuv sdudphwhul}h d frqglwlrqdo h{0
shfwdwlrq ixqfwlrq/ vxfk dv wkh rqh rq wkh uljkw kdqg vlgh ri +5,/ zklfk fkdudfwhul}hv
wkh vroxwlrq1 Li rqh lv wr xvh sro|qrpldo dssur{lpdwlrq phwkrgv/ wkhq rqh vkrxog
dssur{lpdwh vrph frqwlqxrxv ixqfwlrq zklfk fkdudfwhul}hv htxloleulxp1 Zuljkw dqg
Zlooldpv vkrz wkdw zkhq sulfh dqg srolf| ixqfwlrqv kdyh nlqnv/ lw lv ehwwhu wr ds0
sur{lpdwh wkh frqglwlrqdo h{shfwdwlrqv ixqfwlrq1 Rxu frpphqwv dsso| htxdoo| wr
wklv fdvh vlqfh/ dv lv fohdu iurp Mxgg+4<<5,/ wkh nh| idfw lv wkdw rqh lv vroylqj iru dq
xqnqrzq vprrwk ixqfwlrq1

�Iru h{dpsoh/ wkh surfhgxuh zh rxwolqh ehorz lv qrw wkh surfhgxuh glvfxvvhg e|
PfJudwwdq> lq jhqhudo/ rxu Wd|oru vhulhv h{sdqvlrq phwkrg zloo surgxfh gl�huhqw
uhvxowv1

eE| �fruuhfw/� L uhihu wr wkh frqfhswv/ gh�qlwlrqv/ phwkrgv/ dqg vroxwlrqv ghulyhg
lq wkh pdwkhpdwlfdo olwhudwxuh rq wkh vwdeoh pdqlirog wkhruhp dqg dv|pswrwlfv1 Wkh
lqwhuhvwhg uhdghu vkrxog frqvxow Ehqvrxvvdq/ Iohplqj/ Iohplqj dqg Vrxjdqlghv/ dqg
Frgglqjwrq dqg Ohylqvrq1 Mxgg+iruwkfrplqj, jlyhv dq h{dpsoh ri zkhuh rqh sur0
srvhg phwkrg jrhv zurqj/ dqg d pruh h{whqvlyh glvfxvvlrq ri wkhvh srlqwv1

DPdufhw glg qrw lqglfdwh zkdw kh phdqw e| �shuwxuedwlrq� phwkrgv1 Lw lv wuxh
wkdw vrph ri wkh �olqhdu dssur{lpdwlrq� phwkrgv glvfxvvhg lq wkh pdfurhfrqrplf
olwhudwxuh duh qrw hdvlo| h{whqghg wr frpsxwh kljkhu0rughu whupv1 Krzhyhu/ lw kdv
dozd|v ehhq nqrzq lq wkh pdwkhpdwlfdo olwhudwxuh wkdw kljkhu0rughu whupv fdq hdvlo|
eh frpsxwhg li rqh xvhg zkdw wkh pdwkhpdwlfdo olwhudwxuh fdoov shuwxuedwlrqphwkrgv>
vhh Ehqvrxvvdq dqg wkh h{whqvlyh flwdwlrqv wkhuh/ iru h{dpsoh1

SWklv lv dovr wkh phwkrg xvhg lq g|qdplf dqdo|vhv ri wkh 4<:3*v dqg hduo| 4<;3*v/
vxfk dv Kdoo+4<:4,/ Ilvfkhu+4<:<,/ Mxgg+4<;5,/ Odlwqhu+4<;7,/ dqgpdq| rwkhuv1 Pdq|
odwhu zulwhuv uhmhfw wkh vwdqgdug dssurdfk lq idyru ri dg krf surfhgxuhv/ exw qhyhu
h{sodlq zk|1 Iru h{dpsoh/ Frroh| dqg Kdqvhq*v+4<;<, dqdo|vlv ri prqhwdu| htxloleuld
qhdu wkh ghwhuplqlvwlf vwhdg| vwdwh ljqruhv wkh vlpsohu surfhgxuh rxwolqhg lq Ilvfkhu1

.Wd|oru vhulhv h{sdqvlrqv duh ydolg ryhu qrqwulyldo lqwhuydov iru dqdo|wlf ixqfwlrqv/
exw zh pdnh qr fodlp wkdw rxu sureohpv kdyh dqdo|wlf vroxwlrqv1

HE| d �olqhdu wkhru| ri �� zh phdq dq dssur{lpdwlrq ri � zklfk lv olqhdu lq wkh
vwdwh yduldeohv %/ dqg zklfk lv dv|pswrwlfdoo| ydolg dv % frqyhujhv wr wkh vwhdg| vwdwh



Vroylqj Odujh Vfdoh Udwlrqdo H{shfwdwlrqv Prghov
W 66

ydoxh ri %1
bWkh glvfuhwh0wlph dssurdfk fdq eh vlploduo| dqdo|}hg/ exw dw d juhdwhu qrwdwlrqdo

frvw1
�fWklv hvwlpdwh lv edvhg rq orj lqwhusrodwlrq ri wkh ? ' �f dqg ? ' �ff fdvhv lq

wkh �Hljhqyhfwru� uhvxowv lq Wdeoh 41
��Djdlq/ wklv lv edvhg rq orj lqwhusrodwlqj lq wkh �Olqhdu V|vwhp� froxpq lq Wdeoh

4 ehwzhhq wkh ? ' �f dqg ? ' �ff fdvhv1
�2Rqh srvvleoh dowhuqdwlyh lv wr fuhdwh d sureohp vshfl�f edvlv/ dq dssurdfk gh�qhg

dqg glvfxvvhg lq Mxgg+4<<9, dqg sdshuv flwhg wkhuh1
�� Zh dfwxdoo| xvh dq lpsohphqwdwlrq ri Srzhoo*v k|eulg phwkrg1 Rxu h{shulhqfh

lv wkdw Srzhoo*v phwkrg lv idu idvwhu wkdq wkh sxuh Qhzwrq phwkrg1 Zh kdyh wulhg
d ihz rwkhu phwkrgv rq ydulrxv surmhfwlrq sureohpv exw rqo| zlwk glvdssrlqwlqj
uhvxowv1

�e Iru h{dpsoh/ frpsduh wkh h{hfxwlrq wlphv lq Frohpdq*v lpsohphqwdwlrq ri wlph
lwhudwlrq dqg wkh Qhzwrq phwkrg uhvxowv uhsruwhg lq Mxgg+4<<5,1 Wkh h{shulhqfh
zlwk wlph lwhudwlrq lq El}hu dqg Mxgg+4<;<, dovr zdv glvdssrlqwlqj1
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WDEOHV
Wdeoh 4= Olqhdu Dojheud Wlphv

Hljhqyhfwruv= Olqhdu V|vwhpv= Pdwul{ Lqyhuvlrq=
? vhfrqgv= ? vhfrqgv= ? vhfrqgv=
�f �� �f �ff2D �f �fD
�ff 2�S �ff ��. �ff �2.
2ff 2D�D 2ff �.. 2ff 2�e
�ff �fe Dff �H�� �ff b�f
eff 2�f �fff �Df eff 2e�e

Wdeoh 5= Wd|oru Vhulhv

glphqvlrq 8 43
rughu 4 5 6 7 8 4 5 6 7

& frh!flhqwv 8 48 68 :3 459 43 88 553 :48

glphqvlrq 53 83
rughu 4 5 6 7 4 5

& frh!flhqwv 53 543 4873 ;;88 83 45:8

glphqvlrq 433 _
rughu 4 5 6 ?

& frh!flhqwv 433 8383 4:4:33 E?n_�-
?-_-

� E?n_3��-
E?3��-_-
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Wdeoh 6= Surmhfwlrq Phwkrg Frpsrqhqwv

Surmhfwlrq Vroxwlrq

Dssur{lpdwlrq Lqwhjudwlrq Frqglwlrqv Phwkrg

Slhfhzlvh Olqhdu Qhzwrq0Frwhv Jdohunlq Qhzwrq
Ruglqdu| Sro|1 Jdxvvldq Txdg1 Froorfdwlrq V1D10wlph lwhudwlrq
Ruwkrjrqdo Sro|1 Prqwh Fduor Vxp ri Vtxduhv V1D10ohduqlqj
Vsolqhv txdvl0Prqwh Fduor Vxegrpdlq Ohdvw1 Vtxduhv
Qhxudo Qhwzrunv U

? Uxohv Phwkrg ri Prphqwv Joredo Plqlpxp
Ilqlwh Hohphqw Ghulydwlyh Uxohv Krprwrs|
Fxvwrpl}hg Edvhv Dv|pswrwlfv

Wdeoh 7= Fkrlfhv Pdgh lq Olwhudwxuh

Dxwkruv Dssur{lpdwlrq Lqwhjudwlrq Vro*q Phwkrg

Jxvwdivrq+4<8<, slhfhzlvh olqhdu Qhzw10Frwhv V1D10wlph lw1
Zuljkw0Z1+4<;5/7, sro|qrpldo +ri frqg1 h{s1, Qhzw10Frwhv V1D10wlph lw1
Pludqgd0K1+4<;9, sro|qrpldov Qhzw10Frwhv V1D10ohduqlqj
El}hu0Mxgg+4<;<, slhfhzlvh olqhdu Qhzw10Frwhv V1D10wlph lw1
Frohpdq+4<<3, �qlwh hohphqw Jdxvvldq V1D10wlph lw1
ghq Kddq0P1+4<<3, sro|qrpldo +ri frqg1 h{s1, Vlp1 P1F1 V1D10ohduqlqj
Mxgg+4<<5, ruwkrjrqdo sro|qrpldo Jdxvvldq Qhzwrq
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Wdeoh 8= Wlph dqg Dffxudf| Frpsdulvrqv

1

qxpehu wdvwhv qxpehu Qhzwrq*v Phwkrg= Vxffhvvlyh Dssur{=
djhqwv +�, ghjuhh edvlv frhi*v wlph dffxudf| wlph dffxudf|

4 05 4 w 7 =3138 051: =3155 051:
f 6 =3139 0519 =316< 0519

5 w < =3155 0617 =3188 0617
f 9 =314: 0616 =31<6 0616

6 w 49 =31:4 0714 =4148 0714
f 43 =317< 0713 =41<5 0713

7 w 58 =41: 071; =5148 071<
f 63 =31<< 071: =615< 0719

5 0414 4 w 49 =3199 0614 =417< 0614
05 f 9 =316; 051: =4175 051:

5 w 87 =:16 0714 =;135 0714
f 53 =518 0617 =9176 0617

6 w 45; 4=55 0813 =651< 0718
f 73 4417 0714 =531; 0714

7 w 583 45=67 081< 4=7; 0718
f :3 =7815 071; =8818 071:

Wdeoh 8= Wlph dqg Dffxudf| Frpsdulvrqv +Frqwlqxhg,
qxpehu wdvwhv qxpehu Qhzwrq*v Phwkrg= Vxffhvvlyh Dssur{1=
djhqwv +�, ghjuhh edvlv frhi*v wlph dffxudf| wlph dffxudf|

6 0414 4 w 7; =91<6 0617 =:18 0617
05 f 48 417; 051; =719 051;
06 5 w 576 :=3: 0719 5=44 0718

f 96 =531; 0619 =6917 0619
6 w :9; lqi lqi 4<=8: 0719

f 438 7=38 0716 6=3< 0716
7 w 4;:8 lqi lqi 4 ku 89 0719

f 543 79=8; 071< 45=78 071;
7 018 4 w 45; 4=3< 0618 =6614 0618

0414 f 57 =8143 051< =4616 051<
05 5 w <:5 lqi lqi 57=8: 0719
06 f ;7 5=7: 061: 6=37 061:

6 w 73<9 lqi lqi : ku 46 0719
f 557 85=44 0717 59=34 0717

8 018 4 w 653 ;=85 0619 5=7; 0619
0414 f 68 =4:1<3 0613 =6; 0613
05 5 w 6978 lqi lqi 8 ku 49 0719
06 f 473 45=4; 061; 43=4; 061;
07 6 w 53/7;3 lqi lqi lqi lqi

f 753 45 ku 83 0718 6 ku 5: 0718
Qrwh= �lqi� phdqv lqihdvleoh1 �k kuv q = p=o� phdqv �k krxuv q plqxwhv/ p=o vhfrqgv�1



Vroylqj Odujh Vfdoh Udwlrqdo H{shfwdwlrqv Prghov
W 6:

Wdeoh 9= V|pphwulf Sro|qrpldov

Ghjuhh= Sro|qrpldov=

� %n + n ���n 5

2 %2 n +2 n ���n 52 E%n + n ���n 5�2

� %� n +� n ���n 5� %2+ n %25 n ���n +25 n ��� E%n + n ���n 5��

Wdeoh := Ilqdo Frpsdulvrqv

Phwkrg= Edvlv= Vroxwlrq Phwkrg= Dgydqwdjhv= Glvdgydqwdjhv=

Wd|oru Vhulhv Frpsohwh Hljhqydoxhv/ Yhu| idvw Orfdo ydolglw|
olqhdu htxdwlrqv

Surmhfwlrq Whqvru ru Qhzwrq Txdgudwlf Lqihdvleoh iru
phwkrgv frpsohwh frqyhujhqfh odujh sureohpv

Whqvru ru Vxffhvvlyh Hdv| Lwhudwlrqv srvvleoh
frpsohwh dssur{lpdwlrq qrqfrqyhujhqfh


