
Dssur{lpdwlrq/ Shuwxuedwlrq/ dqg Surmhfwlrq Phwkrgv lq Hfrqrplf Dqdo|vlv

Nhqqhwk O1 Mxgg�

Mxo| 57/ 4<<8

Devwudfw1 Wklv duwlfoh h{dplqhv orfdo dqg joredo dssur{lpdwlrq phwkrgv

zklfk kdyh ehhq xvhg ru kdyh srwhqwldo ixwxuh ydoxh lq hfrqrplf dqg hfrqrphwulf

dqdo|vlv1 Zkloh wkhvh phwkrgv duh idploldu/ wkh| duh vhogrp ghyhorshg zlwklq d

jhqhudo/ irupdo dqdo|wlfdo iudphzrun/ d idfw zklfk kdv klqghuhg xqghuvwdqglqj ri

wkhvh whfkqltxhv dqg olplwhg wkhlu dssolfdwlrq1 Zh dwwhpsw wr xqli| wklv olwhudwxuh/

vkrzlqj frqqhfwlrqv zklfk kdyh ehhq ljqruhg/ dqg srlqwlqj rxw srwhqwldo qhz gl0

uhfwlrqv1 Zh uhylhz wkh irxqgdwlrqv ri edvlf dv|pswrwlf/ ru/ shuwxuedwlrq/ phwkrgv1

Zh glvfxvv wkhlu dssolfdwlrqv wr hfrqrplf prghoolqj dqg hfrqrphwulfv1 Zh qh{w

glvfxvv joredo dssur{lpdwlrq phwkrgv/ lqfoxglqj ruwkrjrqdo sro|qrpldov/ lqwhusrod0

wlrq wkhru|/ vkdsh0suhvhuylqj vsolqhv/ dqg qhxudo qhwzrunv1 Zh suhvhqw wkh uhodwhg

surmhfwlrq phwkrg iru vroylqj rshudwru htxdwlrqv/ dqg looxvwudwh lwv dssolfdwlrq wr

g|qdplf hfrqrplf dqdo|vlv/ g|qdplf jdphv/ dqg htxloleulxp zlwk dv|pphwulf lqiru0

pdwlrq1 Ilqdoo|/ zh glvfxvv krz wkh k|eulg shuwxuedwlrq0Jdohunlq phwkrg frpelqhv

wkh frpsohphqwdu| vwuhqjwkv ri orfdo dssur{lpdwlrq surfhgxuhv dqg wkh surmhfwlrq

phwkrg wr surgxfh d surplvlqj qhz phwkrg1

Frqwhqwv

4 Lqwurgxfwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4
5 Wkh Xvhv ri Dssur{lpdwlrq Lghdv= Dq Ryhuylhz 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 6
6 Wkh Pdwkhpdwlfdo Irxqgdwlrqv ri Uhjxodu Shuwxuedwlrq Phwkrgv 1 1 1 1 1 1 1 1 8
7 Dssolfdwlrqv ri Uhjxodu Shuwxuedwlrq Phwkrgv wr Hfrqrplfv 1 1 1 1 1 1 1 1 1 1 1 ;
8 Elixufdwlrq Phwkrgv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 57
9 Dv|pswrwlf H{sdqvlrqv ri Lqwhjudov 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 5;
: Wkh Pdwkhpdwlfv ri Os Dssur{lpdwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 63
; Dssolfdwlrqv ri Dssur{lpdwlrq wr G|qdplf Surjudpplqj 1 1 1 1 1 1 1 1 1 1 1 1 73
< Surmhfwlrq Phwkrgv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 75
43 Dssolfdwlrqv ri Surmhfwlrq Phwkrgv wr Udwlrqdo H{shfwdwlrqv Prghov 1 1 1 1 1 1 79
44 K|eulg Shuwxuedwlrq0Jdohunlq Phwkrg 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 86
45 Frqfoxvlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 88

41 Lqwurgxfwlrq

Wkh nh| whfkqlfdo sureohp lq pxfk ri hfrqrplf dqdo|vlv lv wkh ghwhuplqdwlrq ri vrph
xqnqrzq ixqfwlrq1 Lpsruwdqw h{dpsohv lqfoxgh wkh rswlpdo srolf| ixqfwlrqv ri hfrqrplf
djhqwv +vxfk dv wkh frqvxpswlrq ixqfwlrq lq pdfurhfrqrplfv,/ htxloleulxp sulfh ixqfwlrqv
g|qdplf prghov/ htxloleulxp vwudwhjlhv lq jdphv/ dqg lqihuhqfh uxohv dqg sulfh ixqfwlrqv
lq dv|pphwulf lqirupdwlrq sureohpv1 Wkh xvxdo dssurdfk lv wr pdnh ixqfwlrqdo irup dv0
vxpswlrqv rq wkh vwuxfwxudo hohphqwv ri d prgho zklfk ohdg wr forvhg0irup vroxwlrqv iru
wkhvh ixqfwlrqv> surplqhqw h{dpsohv ri wklv dssurdfk duh wkh olqhdu0txdgudwlf frpshwl0
wlyh vwuxfwxuhv glvfxvvhg lq Kdqvhq dqg Vdujhqw ^93`/ wkh olqhdu0txdgudwlf g|qdplf jdph

WKrryhu Lqvwlwxwlrq dqg Qdwlrqdo Exuhdx ri Hfrqrplf Uhvhdufk1 Wklv uhvhdufk zdv vxssruwhg e| QVI
Judqw VEU0<63<9461 Wkh dxwkru judwhixoo| dfnqrzohgjhv frpphqwv iurp Er Ol/ Dulho Sdnhv/ Mrkq Uxvw/
dqg Dqguhz Vroqlfn1
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vwuxfwxuh h{srvlwhg lq N|godqg ^;5/ ;6`/ wkh olqhdu ulvn wrohudqfh dqg Jdxvvldq uhwxuqv
lq Phuwrq ^<9`/ dqg wkh h{srqhqwldo0Jdxvvldq vwuxfwxuh lq Jurvvpdq ^87`1 Xqiruwxqdwho|/
wkh ghvluh iru d forvhg0irup vroxwlrq riwhq uhvwulfwv wkh dqdo|vlv1 Zkloh wkhvh vshfldo fdvhv
pd| vx!fh iru vrph sxusrvhv/ wkh| duh riwhq lqdghtxdwh iru d urexvw dqdo|vlv1 Vxfk
urexvwqhvv lv lpsruwdqw iru erwk wkhruhwlfdo dqdo|vlv/ zkhuh lpsruwdqw hohphqwv pd| eh
ljqruhg lq fdvhv zlwk forvhg0irup vroxwlrqv/ dqg lq hpslulfdo zrun zkhuh plvvshfl�fdwlrq
ri wdvwhv dqg whfkqrorj| fdq uxlq dq rwkhuzlvh ydolg dssurdfk1

Wkh dowhuqdwlyh lv wr dvvxph pruh jhqhudo dqg  h{leoh ixqfwlrqdo irupv dqg xvh ds0
sur{lpdwlrq lghdv wr frpsxwh ixqfwlrqv zklfk duh �forvh� wr wkh wuxh vroxwlrq1 Lq wkh
�uvw vhfwlrq zh uhplqg wkh uhdghu ri d ydulhw| ri wkhruhwlfdo dqg hpslulfdo sureohpv iru
zklfk wkhvh phwkrgv duh xvhixo1 Lq wkh uhvw ri wkh sdshu/ zh zloo uhylhz wkh wzr edvlf
dssurdfkhv wr wkh dssur{lpdwlrq ri ixqfwlrqv dqg wkh dssur{lpdwh vroxwlrq ri rshudwru
htxdwlrqv/ uhsuhvhqwlqj wzr gl�huhqw nlqgv ri gdwd dqg remhfwlyhv/ dqg lqwurgxfh d wklug
zklfk frpelqhv wkh vwuhqjwkv ri wkh �uvw wzr phwkrgv1 Orfdo dssur{lpdwlrqv wdnh dv gdwd
wkh ydoxh ri wkh xqnqrzq ixqfwlrq i dqg lwv ghulydwlyhv dw d srlqw {3 dqg frqvwuxfwv d
ixqfwlrq zklfk pdwfkhv wkrvh surshuwlhv dw {31 Wkhvh frqvwuxfwlrqv uho| rq Wd|oru*v wkh0
ruhp/ wkh lpsolflw ixqfwlrq wkhruhp/ dqg vlqjxodulw| wkhru|/ dqg ohdg wr wkh frqvwuxfwlrq
ri Wd|oru ru Sdgì vhulhv/ ru rwkhu dssur{lpdwlrqv ri d vlpsoh irup1 Wkhvh phwkrgv duh
fdoohg shuwxuedwlrq/ ru dv|pswrwlf/ phwkrgv1 Wkh edvlf lghd ri dv|pswrwlf phwkrgv lv
wr irupxodwh d jhqhudo sureohp/ �qg d sduwlfxodu fdvh zklfk kdv d nqrzq vroxwlrq/ dqg
wkhq xvh wkdw sduwlfxodu fdvh dqg lwv vroxwlrq dv d vwduwlqj srlqw iru frpsxwlqj dssur{0
lpdwh vroxwlrqv wr �qhdue|� sureohpv1 Wkhvh phwkrgv duh zlgho| xvhg lq pdwkhpdwlfdo
sk|vlfv/ sduwlfxoduo| lq txdqwxp phfkdqlfv dqg jhqhudo uhodwlylw| wkhru|/ zlwk pxfk vxf0
fhvv1 Zkloh hfrqrplvwv kdyh riwhq xvhg vshfldo yhuvlrqv ri shuwxuedwlrq dqg dv|pswrwlf
whfkqltxhv/ vxfk dv olqhdul}lqj durxqg d vwhdg| vwdwh/ wkh| riwhq surylgh olwwoh irupdo mxvwl0
�fdwlrqv iru wkhlu surfhgxuhv/ dqg vrphwlphv surfhhg lq dq dg krf dqg srwhqwldoo| lqydolg
idvklrqv1 Wklv kdv ohdg wr vrph frqixvlrq dv wr wkh gl�huhqfhv dprqj ydulrxv surfhgxuhv1
Wklv lv sodxvleo| rqh uhdvrq zk| hfrqrplvwv kdyh jhqhudoo| qrw h{sorlwhg wkh ixoo udqjh
dqg srzhu ri wkhvh dssur{lpdwlrq whfkqltxhv1

Zh zloo jlyh vlpsoh h{dpsohv ri wkh shuwxuedwlrq phwkrgv dqg lqglfdwh wkh pruh vxe0
vwdqwlyh xvhv zklfk kdyh dsshduhg lq wkh hfrqrplfv olwhudwxuh1 Wkhvh dssolfdwlrqv lqfoxgh
wkhruhwlfdo dqdo|vhv ri vxqvsrw htxloleuld dv zhoo dv txdqwlwdwlyh dqdo|vhv ri hfrqrplf srol0
flhv dqg exvlqhvv f|fohv1 Zh zloo lqwhusuhw wkh skudvh �frpsxwdwlrqdo hfrqrplfv� eurdgo|
lq wklv fkdswhu1 Wkh shuwxuedwlrq dqdo|vlv zrun zklfk wkhrulvwv kdyh grqh kdv ehhq ylhzhg
dv sxuh wkhru|/ dqg wkh dxwkruv pdgh qr dssduhqw xvh ri d frpsxwhu1 Krzhyhu/ pxfk ri
wklv zrun lv uhdoo| wkh rxwfrph ri dojheudlf pdqlsxodwlrqv zklfk frxog eh dxwrpdwhg e|
v|perolf pdwkhpdwlfv vriwzduh/ vxfk dv Pdwkhpdwlfd/ Pdsoh/ ru Pdfv|pd1 Zh wdnh wkh
ylhz wkdw lq wkh ixwxuh pxfk ri wklv w|sh ri wkhruhwlfdo dqdo|vlv zloo eh grqh e| frpsxwhu
vriwzduh/ dqg lv dq lqwhuhvwlqj qhz dyhqxh iru frpsxwdwlrqdo hfrqrplfv1 Wklv olwhudwxuh
lv lqfoxghg khuh dovr ehfdxvh wkh olqhdu dssur{lpdwlrqv zklfk wkhvh dxwkruv frpsxwh gr
kdyh ydoxh dv qxphulfdo dssur{lpdwlrqv/ dqg lw lv lqvwuxfwlyh wr frpsduh wkhvh phwkrgv
zlwk rwkhu �olqhdu dssur{lpdwlrq� phwkrgv xvhg lq hfrqrplfv1 Ixuwkhupruh/ wkhvh olq0
hdu dssur{lpdwlrqv duh mxvw wkh �uvw vwhs lq kljkhu�rughu Wd|oru vhulhv h{sdqvlrqv zklfk
wkhpvhoyhv pd| kdyh vxevwdqwldo qxphulfdo ydoxh/ hyhq wkrxjk wklv idfw lv jhqhudoo| qrw
xwlol}hg lq hlwkhu wkh wkhruhwlfdo ru dssolhg olwhudwxuhv1

Wkh rwkhu dssurdfkhv wr dssur{lpdwlrq duh pruh joredo lq qdwxuh1 Os dssur{lpdwlrq

wdnhv d jlyhq ixqfwlrq i dqg �qgv d �qlfh� ixqfwlrq j zklfk lv �forvh wr� i lq wkh vhqvh
ri vrph Os qrup1 Wr frpsxwh dq Os dssur{lpdwlrq ri i / rqh lghdoo| qhhgv wkh hqwluh
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ixqfwlrq/ zkhuhdv zh jhqhudoo| kdyh lqirupdwlrq derxw i dw rqo| d �qlwh qxpehu ri ydoxhv1
Lqwhusrodwlrq lv dq| surfhgxuh zklfk �qgv d �qlfh� ixqfwlrq zklfk h{dfwo| �wv d �qlwh vhw ri
suhvfulehg frqglwlrqv1 Uhjuhvvlrq lv vlplodu wr Os dssur{lpdwlrq lq wkdw d vrph Os qrup lv
plqlpl}hg/ dq O5 qrup lq wkh fdvh ri ohdvw vtxduhv dqg O4 lq wkh fdvh ri plqlpxp devroxwh
ghyldwlrq1 Uhjuhvvlrq dovr olhv ehwzhhq Os dssur{lpdwlrq dqg lqwhusrodwlrq lq wkdw lw xvhv
q srlqwv ri gdwd wr surgxfh dq dssur{lpdwlrq zlwk p ? q iuhh sdudphwhuv zklfk �qhduo|�
vdwlv�hv wkh gdwd1 Wkhvh dssur{lpdwlrq phwkrgv irup wkh edvlv iru surmhfwlrq phwkrgv/
dovr nqrzq dv zhljkwhg uhvlgxdo phwkrgv/ iru vroylqj ixqfwlrqdo htxdwlrqv1 Surmhfwlrq
phwkrgv kdyh ehhq lqfuhdvlqjo| xvhg lq wkh sk|vlfdo vflhqfhv ryhu wkh sdvw wzhqw| |hduv1
Wkh| kdyh ehhq xvhg wr vroyh ydulrxv hfrqrplf sureohpv/ udqjlqj iurp g|qdplf jurzwk
prghov/ g|qdplf jdphv/ dqg dvvhw pdunhw htxloleuld zlwk lqfrpsohwh lqirupdwlrq1

Erwk shuwxuedwlrq dqg Os dssur{lpdwlrq phwkrgv duh lpsruwdqw ehfdxvh ri wkh lq0
fuhdvlqj uroh ri frpsxwdwlrq lq hfrqrplf dqdo|vlv1 Pdq| frpsxwdwlrqdo hfrqrplvwv hv0
fkhz vrsklvwlfdwhg dssur{lpdwlrq whfkqltxhv/ eholhylqj wkdw vlpsoh phwkrgv ri dssur{l0
pdwlrq frpelqhg zlwk vxshufrpsxwhu whfkqrorj| zloo vroyh dq| sureohp wkh| pljkw kdyh1
Wklv lv qrw wkh dwwlwxgh wdnhq lq rwkhu frpsxwdwlrqdoo| lqwhqvlyh �hogv1 Lq idfw/ dq h{dpl0
qdwlrq ri wkh qxphulfdo dqdo|vlv olwhudwxuh vkrzv wkdw ryhu wkh sdvw �iw| |hduv dgydqfhv lq
qxphulfdo dqdo|vlv kdyh lpsuryhg dojrulwkp vshhg dv pxfk dv kdugzduh dgydqfhv1 Ulfh
^43;` suhvhqwv d irupdo dqg vxevwdqwlyh glvfxvvlrq ri wklv lvvxh iru wkh sureohp ri vroy0
lqj wzr0 dqg wkuhh0glphqvlrqdo hoolswlf sduwldo gl�huhqwldo htxdwlrqv/ d fodvv ri qxphulfdo
sureohpv zklfk dulvh qdwxudoo| lq frqwlqxrxv0wlph vwrfkdvwlf hfrqrplf prghoolqj1 Kh
dujxhv wkdw zh zhuh deoh wr vroyh wkhvh sureohpv 7 ploolrq wr 83 eloolrq wlphv idvwhu lq
4<:; wkdq lq 4<78/ ri zklfk d idfwru ri 5/333 wr 58 ploolrq fdq eh dwwulexwhg wr vriwzduh
lpsuryhphqwv/ dqg d idfwru ri 5/333 wr kdugzduh lpsuryhphqwv1 Rqh uhdvrq iru wklv lp0
suryhphqw kdv ehhq wkh dssolfdwlrq ri wkh edvlf dssur{lpdwlrq lghdv zh suhvhqw ehorz1
Lw lv fohdu iurp h{dplqdwlrq ri wkh pdwkhpdwlfdo dqg hfrqrplf olwhudwxuh wkdw hyhq d
prghvw dssolfdwlrq ri prghuq dssur{lpdwlrq whfkqltxhv fdq vxevwdqwldoo| lpsuryh wkh
h!flhqf| ri prvw frpsxwdwlrqdo phwkrgv lq hfrqrplfv1 Wkh remhfwlyh ri wklv uhylhz lv wr
eh uhwurvshfwlyh dqg uhylhz dfwxdo dssolfdwlrqv/ exw dovr wr eh survshfwlyh dqg lqglfdwh
zkhuh d pruh lqwhqvlyh xvh ri zhoo0nqrzq pdwkhpdwlfdo whfkqltxhv fdq h{sdqg wkh udqjh
dqg txdolw| ri wkhvh dssolfdwlrqv lq hfrqrplfv1

Diwhu glvfxvvlqj shuwxuedwlrq dqg surmhfwlrq phwkrgv/ zh pryh wr d wklug dssurdfk wr
dssur{lpdwlrq zklfk frpelqhv shuwxuedwlrq dqg surmhfwlrq phwkrgv1 Wkh shuwxuedwlrq
dqg surmhfwlrq phwkrgv ri vroxwlrq gl�hu vxevwdqwldoo| lq wkhlu irfxv dqg surfhgxuhv1 Krz0
hyhu/ zh vkdoo vhh wkdw wkhlu vwuhqjwkv dqg zhdnqhvvhv duh frpsohphqwdu|1 Wklv frpsoh0
phqwdulqhvv lpsolhv wkdw d frpelqhg dqdo|vlv xvlqj erwk phwkrgv zloo doorz hfrqrplvwv wr
dqdo|}h pdq| hfrqrplf sureohpv lq d urexvw dqg uholdeoh idvklrq1 Wklv frpelqhg phwkrg
lv fdoohg wkh k|eulg shuwxuedwlrq0Jdohunlq surfhgxuh1 Zh zloo looxvwudwh lwv dgydqwdjhv dqg
srwhqwldo lq d vlpsoh h{dpsoh1

51 Wkh Xvhv ri Dssur{lpdwlrq Lghdv= Dq Ryhuylhz

Hfrqrplf prghoolqj sureohpv kdyh xvhg d ydulhw| ri dssur{lpdwlrq phwkrgv1 Lq g|qdplf
surjudpplqj sureohpv/ rqh zdqwv wr vroyh rxw iru wkh ydoxh ixqfwlrq dqg wkh fruuhvsrqg0
lqj srolf| uxoh1 Wkh srolf| uxoh lv wkhq xvhg iru hpslulfdo dqdo|vlv ri wkh gdwd vlqfh lw
ghwhuplqhv wkh uhodwlrqvklsv dprqj revhuydeoh yduldeohv1 Wkh jhqhudo dssurdfk lv wr �qg
sulplwlyhv � wdvwhv dqg whfkqrorj| � zklfk zrxog jhqhudwh revhuydeoh surfhvvhv zkrvh
vwdwlvwlfdo surfhvvhv pdwfk wkh revhuyhg surfhvvhv1 D nh| vwhs lq wklv lv frpsxwlqj wkh
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ehkdylrudo uxohv zklfk dulvh iurp wkh sulplwlyhv1 Wkh forvhg0irup dssurdfk4 wr wklv sure0
ohp lv h{hpsol�hg lq Vdujhqw*v^449` dqdo|vlv ri g|qdplf oderu ghpdqg1 Krzhyhu/ wkh
olqhdu0txdgudwlf dssurdfk kdv olplwdwlrqv1 Uxvw^444` h{hpsol�hv wkh dowhuqdwlyh dssurdfk
zkhuh rqh dvvxphv duelwudu| wdvwhv dqg whfkqrorj| dqg dssur{lpdwho| vroyhv wkh g|qdplf
surjudpplqj sureohp ri wkh djhqwv dqg iru olnholkrrg prghov iru wkh gdwd1 Krzhyhu/
Uxvw xvhv wkh yhu| frqvhuydwlyh glvfuhwh�vwdwh dssur{lpdwlrq phwkrg zklfk lv uholdeoh
exw vorz1 Wkh dssur{lpdwlrq lghdv zh glvfxvv ehorz kdyh ehhq vxffhvvixo lq vroylqj pdq|
g|qdplf surjudpplqj sureohpv zklfk duh pruh jhqhudo wkdq wkh olqhdu�txdgudwlf fdvh
exw zlwk vxevwdqwldoo| juhdwhu h!flhqf| wkdq wkh glvfuhwh�vsdfh dssur{lpdwlrq phwkrg1
Wkhvh vroxwlrqv frxog dovr eh xvhg lq pd{lpxp olnholkrrg hfrqrphwulf surfhgxuhv zkhuh
vxfk dq lqfuhdvh lq vshhg zrxog eh lpsruwdqw1

Wkh dssur{lpdwlrq lghdv zh glvfxvv ehorz kdyh dovr ehhq xvhg lq udwlrqdo h{shfwd0
wlrqv htxloleulxp dqdo|vlv1 Forvhg0irup vroxwlrqv ri udwlrqdo h{shfwdwlrqv prghov duh uduh>
djulfxowxudo hfrqrplvwv uhdol}hg wkh ixwlolw| ri wklv edfn lq 4<8; zlwk Jxvwdivrq*v^89` zrun
rq rswlpdo judlq vwrfnslolqj1 D fulwlfdo dvshfw ri wkdw sureohp lv wkh qrqqhjdwlylw| frq0
vwudlqw rq judlq vwrfnslohv1 Wklv frqvwudlqw ohdgv wr nlqnv lq wkh vwrudjh uxohv dqg sulfh
ixqfwlrqv1 Jxvwdivrq xvhg slhfhzlvh olqhdu ixqfwlrqv wr dssur{lpdwh wkh uhodwlrq ehwzhhq
fxuuhqw sulfh dqg wkh fxuuhqw wrwdo judlq vwrfn1 Zlooldpv dqg Zuljkw^456/ 457/ 458` h{0
whqghg wkh Jxvwdivrq dqdo|vlv wr lqfoxgh hodvwlf vxsso|1 Dq lpsruwdqw lqqrydwlrq lq wkhlu
vroxwlrq zdv wkhlu revhuydwlrq wkdw wkh frqglwlrqdo h{shfwdwlrq ri wkh ixwxuh judlq sulfh
lv d vprrwk ixqfwlrq ri wkh fxuuhqw vwdwh ri wkh pdunhw/ dqg wkdw wklv frqglwlrqdo h{shf0
wdwlrq ixqfwlrq fkdudfwhul}hv htxloleulxp1 Wklv revhuydwlrq vxjjhvwv wkdw htxloleulxp fdq
eh dssur{lpdwhg e| orz0rughu sro|qrpldo dssur{lpdwlrq ri wkh frqglwlrqdo h{shfwdwlrq
ixqfwlrq zklfk fkdudfwhul}hv htxloleulxp1 Wklv ohdgv wr d frqvlghudeoh lpsuryhphqw lq
h!flhqf| ryhu wkh dowhuqdwlyh ri xvlqj glvfuhwh0vwdwh ru slhfhzlvh olqhdu dssur{lpdwlrqv ri
wkh fxuuhqw sulfh odz1 Khopexujhu dqg Pludqgd^<;` dovr xvh wklv dssur{lpdwlrq lghd wr
vroyh htxloleulxp1 Pruh uhfhqwo|/ Fkulvwldqr dqg Ilvkhu^65` xvh wkh vdph lghd wr prgho
jhqhudo htxloleulxp zkhuh d qrqqhjdwlylw| frqvwudlqw rq jurvv lqyhvwphqw zloo rffdvlrqdoo|
elqg1 Wkh klvwru| ri frpsxwdwlrqdo udwlrqdo h{shfwdwlrqv lv mxvw rqh h{dpsoh ri zkhuh
edvlf lghdv lq dssur{lpdwlrq lghdv kdyh ehhq xvhg wr lpsuryh frqvlghudeo| wkh frpsxwd0
wlrqdo surfhgxuhv1 Wkhvh dssur{lpdwlrq phwkrgv duh dovr lpsruwdqw lq hpslulfdo zrun rq
vwuxfwxudo prghov ri frpprglw| pdunhwv1 Ghdwrq dqg Odurtxh^76` xvhg dssur{lpdwlrqv
ri wkh udwlrqdo h{shfwdwlrqv htxloleulxp wr frpsxwh phwkrgv ri prphqwv hvwlpdwhv lq d
ixoo| vwuxfwxudo prgho ri vhyhudo frpprglw| pdunhwv1

G|qdplf jdphv dovr kdyh d vlplodu glfkrwrp|1 N|godqg h{hpsol�hv wkh forvhg0irup
dssurdfk wr olqhdu0txdgudwlf jdphv1 Lq frqwudvw/ Nrwolnr�/ Vkryhq/ dqg VslydnBB wdnh d
vprrwk dssur{lpdwlrq dssurdfk wr vroylqj d pruh jhqhudo g|qdplf jdph1 Pludqgd dqg
UxlBB xvh prghuq dssur{lpdwlrq wkhru| wr vroyh qrqolqhdu g|qdplf jdphv1

Wkh prvw frpprq xvh ri shuwxuedwlrq phwkrgv lv wkh phwkrg ri �olqhdul}lqj durxqg
d vwhdg| vwdwh1� Vxfk olqhdul}dwlrqv whoo xv krz d g|qdplfdo v|vwhp hyroyhv qhdu d vwdeoh
vwhdg| vwdwh1 Zh fdq dovr xvh wkhp wr frpsxwh krz d v|vwhp uhdfwv wr vkrfnv zklfk pryh
wkh vwhdg| vwdwh/ vxfk dv wd{ srolf| ru prqhwdu| srolf| fkdqjhv1 D sduwlfxoduo| lpsruwdqw

4Vrph pd| dujxh wkdw wkh olqhdu�txdgudwlf prgho w|slfdoo| grhv qrw kdyh d forvhg0irup vroxwlrq
ehfdxvh lw lv jhqhudoo| qhfhvvdu| wr vroyh d Ulfdwwl htxdwlrq/ ru/ dv lq wkh fdvh ri g|qdplf jdphv/ d
frxsohg v|vwhp ri Ulfdwwl htxdwlrqv1 Zkloh wkhuh duh qrqwulyldo sureohpv dvvrfldwhg zlwk vroylqj Ulfdwwl
htxdwlrqv/ zh fxuuhqwo| kdyh phwkrgv zklfk duh vr uholdeoh dqg dffxudwh wkdw wkh vroxwlrqv duh wuhdwhg
dv li wkh| zhuh forvhg0irup vroxwlrqv zlwk qr frpsxwdwlrqdo huuru1 Vlqfh wkh dssur{lpdwlrq sureohpv duh
pxfk zruvh zkhq zh ohdyh wkh olqhdu0txdgudwlf sdudgljp/ olqhdu�txdgudwlf prghoolqj lv/ iru wkh sxusrvhv
ri wklv uhylhz/ pruh olnh forvhg�irup prghoolqj wkdq wkh dssur{lpdwh vroxwlrqv zh zloo glvfxvv1
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fdvh ri wklv zdv Pdjloo ^<6`/ zkr vxjjhvwhg wkdw wkh olqhdu dssur{lpdwlrqv ri vwrfkdv0
wlf jurzwk prghov eh xvhg lq pdfurhfrqrphwulf dqdo|vlv1 N|godqg dqg Suhvfrww^;8`/ dqg
pdq| odwhu pdfurhfrqrplvwv kdyh vxffhvvixoo| xvhg d olqhdu dssur{lpdwlrq frpsxwdwlrqdo
dssurdfk wr h{dplqh wkh hpslulfdo vwuhqjwk ri wkh Uhdo Exvlqhvv F|foh k|srwkhvlv1 Vlpl0
oduo|/ pdq| dxwkruv xvhg olqhdul}dwlrq phwkrgv wr dqdo|}h wkh lpsdfw ri pdfurhfrqrplf
srolf| rq g|qdplf htxloleulxp1

Wkh nh| idfw lv wkdw shuwxuedwlrq phwkrgv duh mxvw zd|v wr wdnh ghulydwlyhv lq frpsoh{
sureohpv1 Wklv lpsolhv wkdw wkh| kdyh d ydulhw| ri xvhv1 Iru h{dpsoh/ lq pd{lpxp
olnholkrrg hvwlpdwlrq/ rqh pxvw uhshdwhgo| frpsxwh ghulydwlyhv ri wkh olnholkrrg ixqfwlrq1
]dgur}q|^45:` glvfxvvhv krz wr frpsxwh vxfk ghulydwlyhv dqdo|wlfdoo| lq wkh fdvh ri olqhdu
txdgudwlf prghov1 Iru pruh jhqhudo prghov/ frpsxwlqj vxfk ghulydwlyhv lv jhqhudoo| grqh
qxphulfdoo|1 Krzhyhu/ shuwxuedwlrq phwkrgv frxog eh xvhg wr vroyh iru wkhvh ghulydwlyhv
dqdo|wlfdoo| zlwk frqvlghudeoh jdlqv lq dffxudf| dqg vshhg1

Wkhvh duh mxvw d ihz h{dpsohv ri krz dssur{lpdwlrq lghdv duh lpsruwdqw lq frp0
sxwdwlrqdo dvshfwv ri erwk wkhru| dqg hfrqrphwulfv1 Zh vkdoo qrz glvfxvv wkh irupdo
pdwkhpdwlfv ehklqg wkhvh dssur{lpdwlrq lghdv dqg looxvwudwh wkhlu dssolfdwlrqv lq vlpsoh
h{dpsohv1

61 Wkh Pdwkhpdwlfdo Irxqgdwlrqv ri Uhjxodu Shuwxuedwlrq Phwkrgv

Vrph vlpsoh exw srzhuixo orfdo dssur{lpdwlrq whfkqltxhv duh fdoohg uhjxodu shuwxuedwlrq

phwkrgv1 Wkh| duh edvhg rq d ihz edvlf wkhruhpv lqfoxglqj wkh zhoo0nqrzq Wd|oru*v
wkhruhp dqg wkh lpsolflw ixqfwlrq wkhruhp iru Uq dv zhoo dv h{whqvlrqv wr rshudwruv
rq lq�qlwh0glphqvlrqdo vsdfhv1 Zh zloo �uvw vwdwh wkh edvlf wkhruhpv zklfk surylgh wkh
irxqgdwlrq iru uhjxodu shuwxuedwlrq phwkrgv lq wklv vhfwlrq/ dqg jlyh h{dpsohv ri wkhlu
xvh lq wkh qh{w vhfwlrq1

6141 Wkh Phdqlqj ri �Dssur{lpdwlrq�1 Zh riwhq xvh wkh skudvh �i+{, dssur{0
lpdwhv j+{, iru { qhdu {3�/ exw wkh phdqlqj ri wklv skudvh lv vhogrp pdgh fohdu1 Rqh
wulyldo vhqvh ri wkh whup lv wkdw i+{3, @ j+{3,1 Zkloh wklv lv fhuwdlqo| d qhfhvvdu| frq0
glwlrq/ lw lv jhqhudoo| wrr zhdn wr eh d xvhixo frqfhsw1 Dssur{lpdwlrq xvxdoo| phdqv dw
ohdvw wkdw i 3+{3, @ j3+{3, dv zhoo1 Lq wklv fdvh/ zh vd| wkdw �i lv d �uvw0rughu +ru olqhdu,
dssur{lpdwlrq wr j dw { @ {3�1 Lq jhqhudo/ �i lv dq q*wk rughu dssur{lpdwlrq ri j dw
{ @ {3� li dqg rqo| li

olp
{${3

n i+{,� j+{, n
n {� {3 nq @ 3

6151 Wd|oru Vhulhv Dssur{lpdwlrq1 Wkh prvw edvlf orfdo dssur{lpdwlrq lv gh0
vfulehg e| Wd|oru*v Wkhruhp=

Wkhruhp 41 +Wd|oru*v Wkhruhp=, Vxssrvh i = Uq $ U4/ dqg lv Fn.41 Wkhq iru {3 5 Uq

Li i 5 Fq.4 ^d> e` dqg {> {3 5 ^d> e`/ wkhq

i+{, @ i+{3, .
Sq

l@4
Ci
C{l

+{3, +{l � {3l ,

.4
5

Sq
l@4

Sq
m@4

C5i
C{lC{m

+{3, +{l � {3l , +{m � {3m ,
111

. 4
n$

Sq
l4@4 � � �

Sq
ln@4

Cni
C{l4 ���C{ln

+{3, +{l4 � {3l4, � � � +{ln � {3ln,

.R +n {� {3 nn.4,

+4,
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Wkh Wd|oru vhulhv dssur{lpdwlrq ri i+{, edvhg dw {3/ +4,/ xvhv ghulydwlyh lqirupdwlrq
dw {3 wr frqvwuxfw d sro|qrpldo dssur{lpdwlrq1 i lv dqdo|wlf rq ^d> e` h{dfwo| zkhq wklv
dssur{lpdwlrq frqyhujhv wr i rq ^d> e` dv n lqfuhdvhv1 Jhqhudoo|/ wklv dssur{lpdwlrq lv
jrrg rqo| qhdu {3 dqg ghfd|v udslgo| dzd| iurp {31

6161 Udwlrqdo Dssur{lpdwlrq1 Sdgì dssur{lpdwlrq xvhv wkh vdph ghulydwlyh lqiru0
pdwlrq dv grhv d Wd|oru vhulhv dssur{lpdwlrq/ exw lqvwhdg frqvwuxfwv d udwlrqdo ixqfwlrq
wr dssur{lpdwh i 1 Wkh +p>q, Sdgì dssur{lpdqw ri i dw {3 lv d udwlrqdo ixqfwlrq

u+{, @
s+{,

t+{,
+5,

zkhuh s+{, dqg t+{, duh sro|qrpldov ri ghjuhh p dqg q/ dqg

gn

g{n
+s� i t, +{3,> n @ 3> � � � >p. q +6,

Wkh p. q .4 ghulydwlyh frqglwlrqv lq +6, vx!fh vlqfh t+{3, fdq eh qrupdol}hg wr eh 41
Wkh sureohp ri frpsxwlqj wkh frh!flhqwv ri s dqg t lv d +jhqhudoo| qrqvlqjxodu, olqhdu
sureohp1

Wkh h{shulhqfh lv wkdw Sdgì dssur{lpdqwv duh ehwwhu joredo dssur{lpdqwv wkdq Wd|oru
vhulhv dssur{lpdwlrqv/ wkdw lv/ wkh huuru jurzv ohvv udslgo| dv zh pryh dzd| iurp {31
Wkhuh duh vwurqj wkhruhpv frq�uplqj wklv iru dqdo|wlf ixqfwlrqv> vhh Ehqghu dqg Ruv}dj
^;` iru dq dffhvvleoh wuhdwphqw1

Udwlrqdo dssur{lpdwlrq lghdv kdyh qrw ehhq dv zlgho| xvhg lq hfrqrplf dqdo|vlv dv
Wd|oru vhulhv phwkrgv1 Sdgì dssur{lpdwlrq kdv suryhg xvhixo lq hfrqrphwulf dqdo|vlv1 Vhh
Skloolsv ^436` iru d glvfxvvlrq ri ydulrxv jhqhudol}dwlrqv ri Sdgì h{sdqvlrqv> lq sduwlfxodu/
kh glvfxvvhv wkh lghd ri xvlqj lqirupdwlrq dw vhyhudo srlqwv/ qrw mxvw rqh1 Skloolsv dovr
uhylhzv dssolfdwlrqv wr �qlwh vdpsoh glvwulexwlrq wkhru|1 Ehorz zh zloo glvfxvv dqrwkhu
nlqg ri dssolfdwlrq ri Sdgì dssur{lpdwlrqv11

6171 Lpsolflw Ixqfwlrq Wkhruhp1 Wkh qh{w lpsruwdqw wrro lv wkh Lpsolflw Ixqfwlrq
Wkhruhp lq Hxfolghdq vsdfhv1

Wkhruhp 51 +Lpsolflw Ixqfwlrq Wkhruhp=, Li K+{> |, = Uq � Up $ Up lv F4 dqg
K|+{3> |3, lv qrw vlqjxodu/ wkhq wkhuh lv d xqltxh ixqfwlrq F3 ixqfwlrq k = Uq $ Up vxfk
wkdw iru +{> |, qhdu +{3> |3,

K+{> k+{,, @ 3=

Ixuwkhupruh/ li K lv Fn wkhq k lv Fn�4 dqg lwv ghulydwlyhv fdq eh frpsxwhg e| lpsolflw
gl�huhqwldwlrq ri wkh lghqwlw| K+{>k+{,, @ 3=

Wkh Lpsolflw Ixqfwlrq Wkhruhp vwdwhv wkdw k fdq eh xqltxho| gh�qhg iru { qhdu }hur e|
d uhodwlrq ri wkh irup K+{> k+{,, @ 3 zkhqhyhu K|+3> k+3,, lv qrw vlqjxodu1 Wklv doorzv xv
wr lpsolflwo| frpsxwh wkh ghulydwlyhv ri k zlwk uhvshfw wr { dv d ixqfwlrqv ri {1 Zkhq zh
frpelqh Wd|oru*v wkhruhp dqg wkh Lpsolflw Ixqfwlrq wkhruhp/ zh kdyh d zd| wr frpsxwh
d orfdoo| ydolg ghjuhh n sro|qrpldo dssur{lpdwlrq ri wkh lpsolflw ixqfwlrq k+{, zkhqhyhu
K lv vx!flhqwo| gl�huhqwldeoh1 Wkh ghulydwlyh lqirupdwlrq frxog dovr eh xvhg wr frpsxwh
d Sdgì dssur{lpdqw1

Wkh suhylrxv wkhruhp dssolhg wr �qlwh0glphqvlrqdo sureohpv1 Iuhtxhqwo| lq hfrqrplfv
zh qhhg wr vroyh iru xqnqrzq ixqfwlrqv zklfk duh vroxwlrqv wr vrph rshudwru htxdwlrqv1
Lq wkhvh fdvhv zh qhhg lpsolflw ixqfwlrq wkhruhp iru lq�qlwh glphqvlrqdo vsdfhv1



Dssur{lpdwlrq/ Shuwxuedwlrq/ dqg Surmhfwlrq Phwkrgv lq Hfrqrplf Dqdo|vlv :

6181 Jhqhudol}dwlrqv wr Ixqfwlrq Vsdfhv1 Wr vroyh g|qdplf hfrqrplf sureohpv/
zh qhhg jhqhudol}dwlrqv ri wkhvh wkhruhpv wr ixqfwlrqdo vsdfhv1 Lw lv qhfhvvdu|/ wkhuhiruh/
wr �uvw lqwurgxfh vrph whuplqrorj| iurp ixqfwlrqdo dqdo|vlv/ dqg vwdwh d jhqhudol}dwlrq ri
wkh lpsolflw ixqfwlrq wkhruhp zklfk kdv d vwudljkwiruzdug frpsxwdwlrqdo lpsohphqwdwlrq1

Vxssrvh wkdw [ dqg \ duh Edqdfk vsdfhv/ l1h1/ qruphg frpsohwh yhfwru vsdfhv1 D
pds P = [n $ \ lv n�olqhdu li lw lv olqhdu lq hdfk ri lwv n dujxphqwv1 Lw lv d srzhu pds
li lw lv v|pphwulf dqg n0olqhdu/ lq zklfk fdvh lw lv ghqrwhg e| P{n �P+{> {> = = = > {,1 Wkh
qrup ri P lv frqvwuxfwhg iurp wkh qrupv rq [ dqg \ / dqg lv gh�qhg e|

mmP mm @ vxs
mm{lmm@4> l@4>5>===>n

mmP+{4> {5> = = = > {n,mm

Iru dq| �{hg {3 lq [/ frqvlghu wkh lq�qlwh vxp lq \

W{ @
4[
n@4

Pn+{� {3,
n +7,

zkhuh hdfk ri wkh Pn lv d n0olqhdu srzhu pds iurp [ wr \ 1 Zkhq wkh lq�qlwh vhulhv lq
+7, frqyhujhv/ W lv d pds iurp [ wr \ 1 Wkh pdmrudqw vhulhv iru W lv

4[
n@3

mmPnmm mm{� {3mmn

Wkh lpsruwdqw idfw lv wkdw W zloo frqyhujh zkhqhyhu lwv pdmrudqw vhulhv grhv1

Gh�qlwlrq 61 W lv dqdo|wlf dw {3 li dqg rqo| li/ iru vrph qhljkerukrrg ri {3/ lw lv gh�qhg
dqg lwv pdmrudqw vhulhv frqyhujhv1

Zlwk wkhvh gh�qlwlrqv/ zh fdq qrz vwdwh dq dqdo|wlf rshudwru yhuvlrq ri wkh Lpsolflw
Ixqfwlrq Wkhruhp/ wdnhq iurp ]hlgohu^45;`1

Wkhruhp 71 +Lpsolflw Ixqfwlrq Wkhruhp iru Dqdo|wlf Rshudwruv=, Vxssrvh wkdw

I +�> {, @
4[

q>n@3

�qPqn{
n +8,

gh�qhv dq dqdo|wlf rshudwru/ I = X � U �[ $ \ / zkhuh X lv d qhljkerukrrg ri +3> 3,
lq U � [1 Ixuwkhupruh/ dvvxph wkdw I +3>3, @ 3 dqg wkdw wkh rshudwru P34 = [ $
\ / uhsuhvhqwlqj wkh Iuhfkhw furvv0sduwldo ghulydwlyh dw +3>3,/ lv lqyhuwleoh1 Frqvlghu wkh
htxdwlrq

I +�> {+�,, @ 3 +9,

lpsolflwo| gh�qlqj d ixqfwlrq {+�, = U$ [1 Wkh iroorzlqj duh wuxh=

41 Wkhuh lv d qhljkerukrrg ri 3 5 U> Y / dqg d srvlwlyh qxpehu/ u A 3/ vxfk wkdw +9,
kdv d xqltxh vroxwlrq {+�, zlwk mm{+�,mm ? u iru hdfk � 5 Y 1

51 Wkh vroxwlrq/ {+�,/ ri +9, lv dqdo|wlf dw � @ 3/ dqg/ iru vrph vhtxhqfh ri {q lq [/
fdq eh h{suhvvhg dv

{+�, @
4[
q@4

{q �
q +:,

zkhuh wkh frh!flhqwv {q fdq eh ghwhuplqhg e| vxevwlwxwlqj +: , lqwr +9, dqg htxdwlqj
frh!flhqwv ri olnh srzhuv ri �1
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61 Wkh udglxv ri frqyhujhqfh ri wkh srzhu vhulhv uhsuhvhqwdwlrq lq +:, lv qr ohvv wkdq
wkdw ri wkh dqdo|wlf pds/ }+�, = U$ U/ gh�qhg lpsolflwo| iru vrph qhljkerukrrg ri
3 e|

3 @
4[

q>n@3

�q mmPqnmm }+�,n +;,

Ixuwkhupruh/ iru vrph vhtxhqfh }q ri uhdo qxpehuv/

}+�, @
4[
q@3

�q }q

uhsuhvhqwv wkh vroxwlrq wr +;, dqg m}qm A mm{qmm1
Vhh ]hlgohu^45;` iru d surri dqg glvfxvvlrq ri wklv lpsolflw ixqfwlrq wkhruhp1 Wkh

pdwkhpdwlfv ri dsso|lqj wklv phwkrg wxuqv rxw wr eh hohphqwdu| vlqfh wkh wdvn lv uhgxfhg
wr uhfxuvlyh frpsxwdwlrq ri {q whupv/ lq whup0e|0whup dssurdfk ghvfulehg deryh1 Wkh
rqo| uhtxluhphqw lv wr vhw xs wkh sureohp vr wkdw lw lv h{suhvvhg dv dq dqdo|wlf rshudwru
zlwk d qrqghjhqhudwh udglxv ri frqyhujhqfh1 Wklv wkhruhp vkrzv wkdw wkh orjlf dqg
lqwxlwlrq iurp wkh �qlwh0glphqvlrqdo lpsolflw ixqfwlrq wkhruhp jhqhudol}hv qdwxudoo| dqg
vwudljkwiruzdugo| iru dqdo|wlf rshudwruv1

71 Dssolfdwlrqv ri Uhjxodu Shuwxuedwlrq Phwkrgv wr Hfrqrplfv

Wkhuh kdyh ehhq pdq| xvhv ri orfdo dssur{lpdwlrqv lq hfrqrplfv/ lpsolflw dqg h{solflw1
Wkh wrslf ri frpsdudwlyh vwdwlfv lv qrwklqj pruh wkdq dssolfdwlrqv ri wkh lpsolflw ixqfwlrq
wkhruhp1 Frpsdudwlyh g|qdplfv duh whfkqlfdoo| pruh gl!fxow sureohpv/ exw �w lqwr
wkh vdph jhqhudo iudphzrun1 Uhfrjql}lqj wkhvh vlplodulwlhv zloo khos xv vroyh gl!fxow
sureohpv1 Zh zloo uhylhz vrph edvlf dssolfdwlrqv zklfk kdyh dsshduhg dqg jlyh h{dpsohv
ri vrph srvvleoh ixwxuh xvhv1

7141 Frpsdudwlyh Vwdwlfv= D Vlpsoh Uxoh ri Wkxpe lq Wd{ Wkhru|1 Wkh wrslf
ri frpsdudwlyh vwdwlfv lv qrwklqj pruh wkdq dssolfdwlrqv ri wkh lpsolflw ixqfwlrq wkhruhp1
Rqh vlpsoh h{dpsoh ri dsso|lqj shuwxuedwlrq lghdv lv wkh lpsdfw ri d wd{ rq htxloleulxp1
Vxssrvh wkdw G+s, lv ghpdqg dw frqvxphu sulfh s/ wkdw V+s, lv vxsso| dw surgxfhu sulfh s/
dqg wkdw d shu xqlw wd{ ri � lv dssolhg1 Wkhq wkh htxloleulxp frqvxphu sulfh dw wd{ udwh �
fdq eh h{suhvvhg dv wkh ixqfwlrq s+� , zklfk lv lpsolflwo| gh�qhg e| G+s+�,, @ V+s+� ,�� ,=
Zh fdq h{sdqg wklv uhodwlrq durxqg � @ 3/ wkh wd{�iuhh htxloleulxp fdvh/ wr vwxg| wkh
lpsdfw ri wkh wd{ rq htxloleulxp1 Wklv dqdo|vlv ohdgv/ iru h{dpsoh/ wr wkh xvhixo uxoh ri
wkxpe wkdw wkh h!flhqf| frvw ri d wd{ htxdov 4

5 +�G . �V,�
5 zkhuh �G dqg �V duh wkh

ghpdqg dqg vxsso| hodvwlflwlhv dw wkh � @ 3 fdvh1 Wklv txdgudwlf dssur{lpdwlrq kdv
ehhq xvhg h{whqvlyho| wr lqwxlwlyho| glvfxvv wd{ srolflhv dqg dv wkh irupdo edvlv iru vrph
txdqwlwdwlyh wd{ dqdo|vlv/ dv lq wkh Eduur^8` dqdo|vlv ri rswlpdo wd{ srolf|1

Wklv wd{ h{dpsoh lv mxvw rqh vlpsoh fdvh zkhuh vlpsoh shuwxuedwlrq irupxodv/ pruh
frpprqo| ghvfulehg dv frpsdudwlyh vwdwlfv/ duh xvhixo dssur{lpdwlrqv1 Zh qh{w h{dplqh
g|qdplf dssolfdwlrqv ri wkhvh shuwxuedwlrq lghdv1

7151 Frpsdudwlyh G|qdplfv= D Fdqrqlfdo Sureohp1 Vlqfh lw zloo eh iuhtxhqwo|
xvhg ehorz/ zh zloo qrz ghvfuleh d vlpsoh frqwlqxrxv0wlph5 prgho ri hfrqrplf jurzwk1 Ohw

5 Lw zloo eh reylrxv wkdw doo ri wkhvh phwkrgv fdq eh dssolhg lq wkh vdph zd| wr glvfuhwh0wlph prghov1
Vlqfh wkhuh lv qr vxevwdqwlyh glvwlqfwlrq ehwzhhq wkh glvfuhwh0wlph dqg frqwlqxrxv0wlph olwhudwxuhv/ L zloo
glvfxvv frqwlqxrxv0wlph dqg glvfuhwh0wlph sdshuv wrjhwkhu1



Dssur{lpdwlrq/ Shuwxuedwlrq/ dqg Surmhfwlrq Phwkrgv lq Hfrqrplf Dqdo|vlv <

n eh wkh fdslwdo vwrfn/ f wkh udwh ri frqvxpswlrq/ dqg i+n, wkh udwh ri rxwsxw1 Dvvxph
wkdw wkh lqwhuwhpsrudo xwlolw| ixqfwlrq ri wkh uhsuhvhqwdwlyh djhqw lv

U4
3

h��wx+f+w,,gw/

dqg wkdw wkh fdslwdo vwrfn hyroyhv dffruglqj wr bn @ i+n,� f1 Wkh fruuhvsrqglqj rswlpdo
jurzwk sureohp lv

Y +n3, � pd{f+w,
U4
3

h��w x+f, gw

bn @ i+n,� f

n+3, @ n3

+<,

zkhuh Y +n, lv wkh ydoxh ixqfwlrq1 Rxu h{dpsohv zloo vwxg| wkh vroxwlrq wr wklv rswlpdo
jurzwk sureohp1 Zh zloo dovr h{dplqh wkh uhsuhvhqwdwlyh djhqw yhuvlrq ri wklv sure0
ohp1 Wkh frpshwlwlyh htxloleulxp zloo fruuhvsrqg wr wkh vrfldo sodqqlqj sureohp lq wkh
shuihfwo| frpshwlwlyh/ glvwruwlrq iuhh fdvh/ exw qrw rwkhuzlvh1 Zh zloo dovr h{dplqh wkh
htxloleulxp sureohp zkhq wd{hv duh suhvhqw1 Zkloh wklv prgho dqg lwv vwrfkdvwlf jhqhu0
dol}dwlrq dsshduv wr eh vshfldo/ lw lv lq wkh vdph jhqhudo idplo| ri g|qdplf rswlpl}dwlrq
sureohpv lqyhvwljdwhg e| wkh sdshuv ri Vdujhqw dqg Uxvw1

7161 Shuwxuelqj G|qdplf Htxloleuld1 Wr looxvwudwh wkh hvvhqwldo ihdwxuhv ri shuwxu0
edwlrq phwkrgv dssolhg wr g|qdplf htxloleuld/ zh dsso| wkhp wr vwxg| wkh h�hfwv ri srolf|
fkdqjhv lq d g|qdplf prgho ri htxloleulxp zlwk wd{dwlrq1 Eurfn dqg Wxuqryvn|^54` vkrzv
wkdw li zh wdnh wkh vlpsoh jurzwk prgho ehklqg +<, dqg dgg d wd{ rq fdslwdo lqfrph/ wkh
uhvxowlqj htxloleulxp vroyhv wkh v|vwhp ri gl�huhqwldo htxdwlrqv

bf @ �+f, f +�� i 3+n,+4� � ,,

bn @ i+n, � f� j
+43,

zkhuh �+f, � x3+f,@+fx33+f,, lv wkh udwh ri lqwhuwhpsrudo vxevwlwxwlrq lq frqvxpswlrq/ � +w,
lv wkh wd{ rq fdslwdo lqfrph dw wlph w/ j+w, lv jryhuqphqw h{shqglwxuh +rq jrrgv zklfk
gr qrw d�hfw xwlolw|, dw w1 Wkh wd{ udwhv duh h{rjhqrxv/ dqg f dqg n duh wkh xqnqrzqv wr
eh ghwhuplqhg1 Qrwh wkdw wklv lqfoxghv wkh vshfldo fdvh ri � @ j @ 3/ zklfk lv +<,1 Wkh
erxqgdu| frqglwlrqv iru +43, duh wkh lqlwldo frqglwlrq rq wkh fdslwdo vwrfn

n+3, @ n3 +44,

dqg d vwdelolw| frqglwlrq rq frqvxpswlrq

3 ?m olp
w$4

f+w, m?4 +45,

Wkh frqfhswxdo h{shulphqw lv dv iroorzv1 Zh dvvxph wkdw wkh �rog� wd{ srolf| zdv
frqvwdqw/ � +w, @ �� / dqg wkdw lw kdv ehhq lq sodfh vr orqj wkdw/ dw w @ 3/ wkh hfrqrp| lv
dw wkh vwhdg| vwdwh fruuhvsrqglqj wr �� 1 Qrwh wkdw wklv dovr dvvxphv wkdw iru w ? 3/ djhqwv
dvvxphg wkdw � +w, @ �� iru doo w/ hyhq w A 31 Khqfh/ dw w @ 3/ n+3, @ nvv 1 Vxssrvh/
krzhyhu/ wkdw dw w @ 3/ djhqwv duh wrog wkdw ixwxuh wd{ srolf| zloo eh gl�huhqw1 Vd| wkdw
wkh| �qg rxw wkdw wkh qhz wd{ udwhv duh �� . � +w,/ w � 3/ wkdw lv � +w, zloo eh wkh fkdqjh lq
wkh wd{ udwh dw wlph w1 Vlploduo|/ wkh| duh wrog wkdw wkh qhz h{shqglwxuh srolf| lv j.j+w,=
Zh dovr doorz wkh srvvlelolw| wkdw wkh fdslwdo vwrfn dw w @ 3 lv fkdqjhg e| �= Wkh qhz
v|vwhp lv

bf @ �+f, f +�� i 3+n, +4� +�� . � +w,,,

bn @ i+n,� f� +j . j+w,,
+46,
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wrjhwkhu zlwk n+3, @ nvv.� / dqg +45,1 Zh zloo xvh shuwxuedwlrq phwkrgv wr dssur{lpdwh
wkh h�hfwv ri wkh qhz srolflhv � dqg j rq wkh g|qdplf sdwkv iru n dqg f1

Zh qhhg wr sdudphwhul}h wkh qhz srolf| vr wkdw lw �wv wkh shuwxuedwlrq dssurdfk> wkdw
lv/ zh qhhg wr lpehg wkh vkrfnhg v|vwhp +46, lq d sdudphwhul}hg froohfwlrq vhw ri sureohpv
ri wkh irup I +f> n> w> �, @ 3= Zh gr wklv e| gh�qlqj

� +w> �, @ �� . ��+w,> j+w> �, @ j . �j+w,> n+3> �, @ nvv . ��

dqg wkh fruuhvsrqglqj frqwlqxxp ri EYS*v

fw+w> �, @ �+f+w> �,, f+w> �, +�� i 3+n+w> �,,+4� � +w> �,,,

nw+w> �, @ i+n+w> �,,� f+w> �,� j+w> �,

n +3> �, @ nvv . ��

+47,

soxv +45,1
Wkh v|vwhp +47, lpsolflwo| gh�qhv frqvxpswlrq dqg fdslwdo sdwkv iru dq| ydoxh ri �= Lq

wkdw zd|/ lw �wv lqwr rxu jhqhudo lpsolflw ixqfwlrq iudphzrun lq wkdw zh kdyh dq h{suhvvlrq
I +f> n> w> �, @ 3 zklfk lpsolflwo| gh�qhv wkh sdwkv f+w, dqg n+w,1 Dv orqj dv wkh ixqfwlrqv
lqyroyhg lq +47, duh orfdoo| dqdo|wlf/ zh fdq dsso| Wkhruhp 7 deryh1 Zlwk wklv dssdudwxv
lq kdqg/ zh fdq qrz vroyh iru wkh �uvw0rughu shuwxuedwlrq ri +47,1

Wr vroyh iru �uvw�rughu dssur{lpdwlrqv ri wkh lpsdfw ri � rq f dqg n/ zh gl�huhqwldwh
+47, zlwk uhvshfw wr �/ hydoxdwh wkh uhvxowlqj gl�huhqwldo htxdwlrq dw � @ 3/ dqg duulyh dw
wkh iroorzlqj olqhdu gl�huhqwldo htxdwlrq v|vwhp iru wkh xqnqrzq ixqfwlrqv f� +w>3, dqg
n�+w>3,=

f�w+w>3, @ �+fvv, fvv +�i 33+nvv,+4� � ,n�+w>3, . +�� i 3+nvv,+���+w>3,,,,

n�w+w> 3, @ i 3+nvv,n�+w>3,� f�+w>3,� j+w,

n� +3> 3, @ �

+48,

soxv wkh frqglwlrq wkdw f� dqg n� duh erwk erxqghg1 Wklv lv d olqhdu erxqgdu| ydoxh
sureohp zlwk frqvwdqw frh!flhqwv/ zklfk fdq eh vroyhg dqdo|wlfdoo|1 Wklv lv w|slfdo ri
shuwxuedwlrq phwkrgv= gl�huhqwldwh d qrqolqhdu sureohp dqg rqh zloo duulyh dw d olqhdu
sureohp ri wkh vdph w|sh1

Zh wkhq vroyh iru f�+w>3, dqg n�+w>3, iurp+48,1 Wkh uhvxow zloo doorz xv wr frpsxwh d
olqhdu dssur{lpdwlrq iru f+w>4, dqg n+w>4,/ wkh frqvxpswlrq dqg fdslwdo sdwkv xqghu wkh
wd{ dqg vshqglqj fkdqjhv> wkh| duh

f+w>4, �@ i+nvv,� j . f�+w>3,

n+w>4, �@ nvv . n�+w> 3,

Rqh fdq dovr frpsxwh wkh ghulydwlyh ri dq| g|qdplf txdqwlw|/ vxfk dv olihwlph xwlolw| dqg
wd{ uhyhqxh/ zlwk uhvshfw wr �/ wkhuhe| frpsxwlqj wkh pdujlqdo fkdqjh lq wkh frqvxpswlrq
dqg fdslwdo sdwk shu groodu ri h{wud uhyhqxh/ shu xwlo ri h{wud xwlolw|/ ru uhodwlyh wr dq|
rwkhu txdqwlw|1

Wkh uhvxowlqj vroxwlrqv fdq eh yhu| lqirupdwlyh1 Iru h{dpsoh/ wkh lqlwldo vkrfn wr qhw
lqyhvwphqw +ghqrwhg e| wkh ghulydwlyh ri L � i +n, � f � j zlwk uhvshfw wr � dw w @ 3, lv

L�+3, @ �� f �
4� ��

W +�, . +i 3+nvv, � �,�. �J+�,� j+3, +49,



Dssur{lpdwlrq/ Shuwxuedwlrq/ dqg Surmhfwlrq Phwkrgv lq Hfrqrplf Dqdo|vlv 44

zkhuh

� @
�

5+4� �� ,

3C4 .

v
4 .

7�+4� �� ,�O�f
��N

4D +4:,

lv wkh srvlwlyh hljhqydoxh ri wkh olqhdul}hg v|vwhp +48,/ �N lv fdslwdo*v vkduh ri lqfrph/
�O lv oderu*v vkduh/ dqg �f lv wkh vwhdg| vwdwh vkduh ri rxwsxw zklfk jrhv wr frqvxpswlrq1
J+v, dqg W +v, duh wkh Odsodfh wudqvirupv6 ri wkh srolf| shuwxuedwlrqv j+w, dqg � +w,=

Shuwxuedwlrq phwkrgv |lhog dojheudlf irupxodv iru txdqwlwlhv ri lqwhuhvw1 Iru h{dp0
soh/ wkh irupxod +49, whoov xv pdq| wklqjv1 Iluvw/ ixwxuh wd{ lqfuhdvhv uhgxfh lqyhvwphqw1
Krzhyhu/ wkhlu h�hfw lv sursruwlrqdo wr W +�,/ zklfk lv hvvhqwldoo| wkh dyhudjh wd{ lqfuhdvh
glvfrxqwhg dw wkh srvlwlyh hljhqydoxh/ �1 Iurp +4:, lw lv fohdu wkdw � h{fhhgv i 3+n,/ wkh
pdujlqdo surgxfw ri fdslwdo dqg �/ wkh diwhu0wd{ uhwxuq1 Khqfh/ ixwxuh wd{ lqfuhdvhv duh
khdylo| glvfrxqwhg zkhq ghwhuplqlqj wkhlu lpsdfw rq fxuuhqw lqyhvwphqw1 Vhfrqg/ jryhuq0
phqw vshqglqj kdv dq dpeljxrxv lpsdfw rq lqyhvwphqw � fxuuhqw jryhuqphqw vshqglqj
ghsuhvvhv lqyhvwphqw dqg ixwxuh vshqglqj lqfuhdvhv lqyhvwphqw/ exw djdlq wkh ixwxuh lp0
sdfw lv glvfrxqwhg dw udwh �1 Wklug/ vlqfh lqyhvwphqw dqg rxwsxw duh uhodwhg/ zh dovr nqrz
wkh lqlwldo lpsdfw ri wklv srolf| vkrfn rq rxwsxw1 Iru h{dpsoh/ li d ixwxuh wd{ lqfuhdvh
fdxvhv fxuuhqw lqyhvwphqw wr idoo/ wkhq rxwsxw lq wkh ixwxuh zloo dovr idoo1 Qrwh wkdw wkhvh
vkrfnv frxog eh qrqfrqvwdqw/ doorzlqj xv wr frqvlghu sduwldoo| dqwlflsdwhg vkrfnv1 Wkhvh
vlpsoh fdofxodwlrqv dgguhvv edvlf lvvxhv lq pdfurhfrqrplfv1

Irxuwk/ wkh suhvhqfh ri � lq +47, doorzv xv wr xvh wkh vdph dssurdfk wr frpsxwh wkh
h�hfw ri fkdqjhv lq wkh lqlwldo fdslwdo vwrfn rq frqvxpswlrq1 Wkh h�hfw lv lqwxlwlyh= dq
lqfuhdvh lq wkh fdslwdo vwrfn ri � zloo lqfuhdvh rxwsxw e| �i 3+nvv, @ ��@+4 � �, exw zloo
lqfuhdvh frqvxpswlrq e| ��/ zlwk +4:, lqglfdwlqj wkdw wkh lqfuhdvh lq frqvxpswlrq lv
juhdwhu1 Wkhuhiruh/ wklv surfhgxuh dovr whoov xv wkdw wkh vorsh ri wkh htxloleulxp srolf|
ixqfwlrq iru frqvxpswlrq lv �@+4� � , � �1

Zh fdq dovr xvh wklv phwkrg wr dssur{lpdwh vroxwlrqv wr wkh rswlpdo jurzwk prgho1
Zh fkrvh wkh wd{ h{dpsoh wr pdnh fohdu wkdw wkh suhvhqfh ri d vrfldo sodqqlqj htxlydohqw
sod|v qr uroh lq wklv surfhgxuh1 Krzhyhu/ li wd{hv dqg jryhuqphqw vshqglqj duh }hur/
wkhq wkh sureohp uhgxfhv wr wkh vrfldo sodqqhu*v rswlpdo jurzwk sureohp1 Iru h{dpsoh/
wkh suhvhqfh ri wkh sdudphwhu � lq +47, phdqv wkdw wkh olqhdu dssur{lpdwlrq wr wkh
frqvxpswlrq srolf| ixqfwlrq qhdu wkh vwhdg| vwdwh lv fvv . +�� �,n=

7171 Wkh Vwdeoh Pdqlirog Wkhruhp dqg Dssolfdwlrqv wr Hfrqrplf Wkhru|1

Wkh dqdo|vlv deryh lv mxvw d vlpsoh h{dpsoh ri zkdw shuwxuedwlrq dqdo|vlv fdq gr1 H{0
whqglqj wklv w|sh ri dqdo|vlv wr vhyhudo vwdwhv lv lpsruwdqw lq hfrqrplfv1 Wkhvh dgglwlrqdo
vwdwhv zloo dulvh zkhq zh lqfoxgh khwhurjhqhrxv fdslwdo ru khwhurjhqhrxv djhqwv wr rxu
prgho1 Lq wklv vhfwlrq zh uhylhz wkh vwdeoh pdqlirog wkhruhp7/ zklfk lv wkh jhqhudo vwdwh0
phqw ri wkh olqhdu dssur{lpdwlrq wkhru| lq g|qdplfdo v|vwhpv/ dqg lwv dssolfdwlrqv wr
hfrqrplfv1 Krzhyhu/ zh zloo dovr qrwh wkdw zh fdq frpsxwh dssur{lpdwlrqv zklfk jr
eh|rqg wkrvh ghulyhg iurp wkh vwdeoh pdqlirog wkhruhp1

Pxowlglphqvlrqdo G|qdplfv1 Wkh phwkrgv xvhg deryh fdq eh h{whqghg wr wkh
fdvh ri vhyhudo vwdwh yduldeohv e| dsso|lqj edvlf olqhdu dojheud dqg gl�huhqwldo htxdwlrq

6 Li sE|� G -� < -?/ wkhq wkh Odsodfh wudqvirup ri sE|� lv uts� G -� < -?/ zkhuh uts�Er� 
U
"

f
e3r|sE|�_|�

7Zh vkdoo mxvw glvfxvv wkh surfhgxuh zklfk lv mxvwl�hg e| wkh vwdeoh pdqlirog wkhruhp1 Dq lqwhuhvwhg
uhdghu fdq �qg d irupdo vwdwhphqw ri wkh vwdeoh pdqlirog wkhruhp lq Frgglqjwrq dqg Ohylqvrq^68`1
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wkhru|1 Wkh prvw xvhg pdwkhpdwlfdo wkhruhp lq wklv uhjdug lv wkh vwdeoh pdqlirog wkhr0
uhp1 Vxssrvh zh kdyh d g|qdplf v|vwhp

b] @ j+], +4;,

zlwk d vwdwlrqdu| srlqw dw ]�> wkdw lv/ j+]�, @ 3= Wkhq wkh orfdo ehkdylru ri +4;, iru ]
qhdu ]� lv olqhduo| dssur{lpdwhg e| wkh olqhdu v|vwhp

b} @ D } +4<,

zkhuh D @ j]+]
�, dqg } � ] � ]�1 Wkh vroxwlrq wr +4<, lv }+w, @ hDw }3

8 1 Wkh vwdeoh
pdqlirog wkhruhp hvvhqwldoo| vd|v wkdw wkh orfdo ehkdylru ri +4;, qhdu ]� lv dssur{lpdwhg
zlwk �uvw0rughu dffxudf| e| wkh orfdo ehkdylru ri +4<,1 Lq sduwlfxodu/ li wkh olqhdu v|vwhp
+4<, kdv d n0glphqvlrqdo vwdeoh vsdfh qhdu ]�/ wkhq +4;, kdv d n0glphqvlrqdo vwdeoh
pdqlirog9 qhdu ]�1

Wklv lv d frpprq vlwxdwlrq lq g|qdplf jurzwk prghov/ zlwk dqg zlwkrxw glvwruwlrqv1
Ohw ] @

�
[
\

�
zkhuh [ lv d olvw ri suhghwhuplqhg yduldeohv dqg \ lv d olvw ri iuhh yduldeohv>

zh xvh khuh wkh whuplqrorj| ri olqhdu udwlrqdo h{shfwdwlrqv prghov/ dv lq Eodqfkdug dqg
Ndkq^45`/ iru h{dpsoh1 Wkh suhghwhuplqhg yduldeohv duh wkh vwdwh yduldeohv/ vxfk dv wkh
glvwulexwlrq ri wkh fdslwdo vwrfn dfurvv vhfwruv/ ru wkh glvwulexwlrq ri zhdowk1 Wkh iuhh
yduldeohv duh wkh ghflvlrq yduldeohv/ vxfk dv frqvxpswlrq dqg oderu vxsso|/ dqg sulfhv/
doo ri zklfk duh hqgrjhqrxv dw hdfk prphqw1 Vxssrvh wkdw wkhuh lv d vwdwlrqdu| srlqw
dw ]� @

�
[�

\ �

�
1 Wkhq wkh orfdo ehkdylru ri wkh v|vwhp lv olqhduo| dssur{lpdwhg e| +4<,

dqg wkh vroxwlrq lv }+w, @ hDw
�
{3
|3

�
/ zkhuh { � [ �[�/ | � \ � \ �> dqg |3 lv fkrvhq wr

nhhs }+w, erxqghg dv|pswrwlfdoo|1 Ohw \+{3, eh wkh vhw ri doo srvvleoh ydoxhv iru wkh iuhh
yduldeohv zklfk wrjhwkhu zlwk wkh suhghwhuplqhg yduldeohv ehlqj htxdo wr {3 zloo lpso| d
erxqghg sdwk iru }+w,1 \+{3, pd| eh d vlqjoh ydoxh ru d vhw ri ydoxhv1

Lq pdq| hfrqrplf prghov/ \+{3, lv d vlqjoh0ydoxhg ixqfwlrq zklfk jhqhudwhv pxfk
ydoxdeoh lqirupdwlrq/ vxfk dv wkh ghshqghqfh ri sulfhv/ rxwsxw/ oderu vxsso|/ dqg frq0
vxpswlrq rq wkh vwdwh yduldeohv1 Dv lq wkh rqh0glphqvlrqdo fdvh/ lq jhqhudo/ wkh| zloo doorz
rqh wr frpsxwh olqhdu dssur{lpdwlrqv wr wkh pxowlglphqvlrqdo htxloleulxp ghflvlrq uxohv/
hyhq zkhq wkh htxloleulxp fdqqrw eh uhgxfhg wr d vrfldo sodqqlqj sureohp1 Wklv surfh0
gxuh +zklfk lv htxdoo| ydolg iru frqwlqxrxv0wlph dqg glvfuhwh0wlph v|vwhpv, iru frpsxwlqj
d olqhdu dssur{lpdwlrq lv zhoo0nqrzq> lw lv suhvhqwhg/ iru h{dpsoh/ lq ghwdlo lq Fkdswhu 9
ri Vwrnh| dqg Oxfdv^44<`1 Dqghuvrq^5` suhvhqwv frpsxwhu surjudpv lq Pdwkhpdwlfd iru
vroylqj vxfk sureohpv lq glvfuhwh0wlph1

Frpsdudwlyh G|qdplfv1 Wkh jhqhudo wkhru| ri vxfk shuwxuedwlrqv iru rswlpdo
frqwuro sureohpv kdv ehhq zrunhg rxw lq d ydulhw| ri sdshuv1 Rqlnl^434`/ dqg Dudxmr
dqg Vfkhlqnpdq^6` suryhg wkdw rswlpdo sdwkv zhuh gl�huhqwldeoh zlwk uhvshfw wr sdudp0
hwhuv1 Wuhdgzd|^454` dqg Pruwhqvrq^433` xvhg d khxulvwlf dssurdfk wr ghulyh h{solflw
irupxodv iru orfdo dssur{lpdwlrqv qhdu vwhdg| vwdwhv1 Oxfdv^<5` dqg Rwdql^435` surylghg
dssur{lpdwlrq irupxodv dqg irupdo mxvwl�fdwlrqv iru wkhp/ wkh odwwhu iru wkh jhqhudo rs0
wlpdo frqwuro sureohp1 Fdsxwr^58/ 57` ghulyhg Voxwvn|�olnh h{suhvvlrqv iru frpsdudwlyh
g|qdplfv sureohpv/ dqg Odiudqfh dqg Eduqh|^;9` h{whqghg wkh dqdo|vlv wr wkh fdvh ri
qrqgl�huhqwldeoh frqvwudlqwv1

8Iru glvfuhwh wlph v|vwhpv/ ~|n� ' }E~|�c ~W ' }E~W�c 5|n� ' �5|c dqg 5| ' �|5f �
9D vwdeoh pdqlirog lv d pdqlirog/ � / vxfk wkdw li 5E|f� lv lq � wkdq ~E|� lv lq � iru | : |f dqg

frqyhujhv wr ~W1
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Zkloh wkh wd{ h{dpsoh lq +48, deryh zdv txlwh vlpsoh/ wkh urexvwqhvv ri wkh phwkrg
wr g|qdplf htxloleulxp dqdo|vlv lv reylrxv1 Wklv dssurdfk kdv ehhq xvhg wr dqdo|}h pdq|
txhvwlrqv lq g|qdplf hfrqrplf srolf|1 Rqh fdq dgg oderu vxsso|/ dqg rwkhu wd{ lqvwux0
phqwv1 Mxgg ^99/ 9;/ 9:` xvhg wklv phwkrg wr fdofxodwh wkh pdujlqdo h!flhqf| frvw ri
ydulrxv wd{ lqqrydwlrqv/ dqg uhodwhg lpsxovh uhvsrqvhv wr wd{ fkdqjhv iru vhyhudo pdfurh0
frqrplf yduldeohv1 Odlwqhu ^;:/ ;;/ ;</ <4` kdv zulwwhq d vhulhv ri sdshuv rq frpsdudwlyh
g|qdplfv/ dqg dsso|lqj wkhp wr gl!fxow sureohpv lq g|qdplf wd{ lqflghqfh1 Klv zrun lq0
foxghv ryhuodsslqj jhqhudwlrqv dssolfdwlrqv ri shuwxuedwlrq phwkrgv dqg odujh0glphqvlrq
dssolfdwlrqv ri wkh olqhdul}dwlrq surfhgxuh1 Eryhqehuj ^49/ 4;/ 4:` kdv xvhg wkhvh phwkrgv
wr dqdo|}h lqwhuqdwlrqdo hfrqrplf txhvwlrqv1 Kh kdv frpsxwhg wkh lpsdfw ri wd{dwlrq rq
fdslwdo  rzv/ wudgh sdwwhuqv/ dqg whupv ri wudgh lq g|qdplf prghov ri lqwhuqdwlrqdo wudgh1
Doo ri wkhvh dxwkruv: xvh olqhdul}dwlrqv durxqg wkh vwhdg| vwdwh wr frpsxwh txdqwlwdwlyh
hvwlpdwhv ri wkh lpsdfw ri srolf| vkrfnv1 Lw lv fohdu wkdw wkhvh surfhgxuhv fdq eh xvhg wr
dqdo|}h prghov zlwk lpshuihfw frpshwlwlrq dqg h{whuqdolwlhv dv zhoo1

Wkh olqhdul}dwlrq surfhgxuhv dsshdu wr eh pxfk idvwhu wkdq dowhuqdwlyh qxphulfdo
phwkrgv/ vxfk dv vkrrwlqj1 Wkh glvdgydqwdjh lv wkdw olqhdul}dwlrq surfhgxuhv fdq surgxfh
rqo| wkh �uvw0rughu h�hfwv/ dqg pd| plvv kljkhu�rughu h�hfwv1 Zh qh{w wxuq wr wkdw lvvxh1

Kljkhu0rughu Dssur{lpdwlrqv1 Wkh vwdeoh pdqlirog wkhruhp fdofxodwlrq |lhogv
mxvw olqhdu dssur{lpdwlrqv1 Krzhyhu/ surfhhglqj dv zh glg deryh/ rqh frxog dovr frpsxwh
vhfrqg rughu dssur{lpdwlrqv1 Wklv lv w|slfdoo| qrw grqh/ exw wkhuh lv qr wkhruhwlfdo
gl!fxow|1 Lq idfw/ zkhq zh frpsxwh wkh vhfrqg gl�huhqwldo ri +47, rqh �qgv wkdw wkh
gl�huhqwldo htxdwlrqv iru f��+w, dqg n��+w, duh wkh vdph dv wkh gl�huhqwldo htxdwlrqv iru
f�+w, dqg n�+w, lq +48, h{fhsw iru gl�huhqw iruflqj whupv1 Pruh vshfl�fdoo|/ li zh zulwh
+48, lq wkh irup {w @ D{ .*+w,/ zkhuh { @ +f�> n�,/ wkhq wkh fruuhvsrqglqj htxdwlrq iru
f��+w, dqg n��+w, kdv wkh vdph irup h{fhsw iru wkh *+w, whup1 Vlqfh wkh gl!fxow sduw ri
vroylqj dq| olqhdu gl�huhqwldo htxdwlrq olhv lq ghdolqj zlwk wkh olqhdu rshudwru D/ zh vhh
wkdw vroylqj iru f��+w, dqg n��+w, lv hvvhqwldoo| wkh vdph dv vroylqj iru f�+w, dqg n�+w,=Pruh
jhqhudoo|/ wkh phwkrgv xvhg lq Ehqvrxvvdq ^43` suhvhqwv wkh pdwkhpdwlfdo irxqgdwlrqv
iru wkhvh phwkrgv lq wkh �qlwh0krul}rq fdvh1 Lq pdq| prghov/ wkhvh kljkhu�rughu whupv
zloo eh dv hdv| wr frpsxwh dv wkh �uvw�rughu h�hfwv1 E| dgglqj d ihz kljkhu�rughu whupv
wr wkh olqhdu whup/ rqh zloo hqg xs zlwk dq dffxudwh surfhgxuh idu idvwhu wkdq vwdqgdug
gl�huhqwldo htxdwlrq vroxwlrq phwkrgv1 Ehorz zh zloo uhwxuq wr wkh sureohp ri kljkhu�
rughu dssur{lpdwlrqv lq uhfxuvlyh htxloleulxp frqwh{wv1

Ghwhuplqdf| ri Shuihfw Iruhvljkw Htxloleuld1 Wkh glvfxvvlrq deryh suhvxphg
wkdw \+{3, lv d vlqjoh�ydoxhg ixqfwlrq1 Wkhuh duh pdq| lqwhuhvwlqj fdvhv zkhuh \+{3, lv
d fruuhvsrqghqfh/ lqglfdwlqj wkdw wkhuh duh pdq| fkrlfhv iru |3 zklfk vdwlvi| wkh erxqg0
hgqhvv frqglwlrqv1 Lq idfw/ zkhq wkhuh duh wrr ihz xqvwdeoh hljhqydoxhv ri wkh Mdfreldq
j]+]

�,/ wkdw lv/ wkh qxpehu ri vwdeoh hljhqydoxhv h{fhhgv wkh qxpehu ri suhghwhuplqhg
yduldeohv/ wkhq \+{3, lv d olqhdu vsdfh1 Wklv lpsolhv wkdw zh kdyh lqghwhuplqdf|/ wkdw lv/
wkhuh lv d olqhdu frqwlqxxp ri sulfhv dqg2ru doorfdwlrqv zklfk duh frqvlvwhqw zlwk htxl0
oleulxp1 Wkh| kdyh suryhq xvhixo iru txdolwdwlyho| dqdo|}lqj pdq| lvvxhv lq g|qdplf
jhqhudo htxloleulxp1 Nhkrh dqg Ohylqh^:<` xvhg wklv dssurdfk wr vwxg| lqghwhuplqdf|
lq lq�qlwh0krul}rq hfrqrplf prghov1 Wklv/ dqg pdq| rwkhu sdshuv/ vkrz wkdw lqghwhupl0
qdf| lv srvvleoh lq urexvw h{dpsohv/ dqg wkdw wkh glphqvlrq ri wkh lqghwhuplqdf| fdq eh
odujh1 Orfdo ghwhuplqdf| ri htxloleulxp lv dq lpsruwdqw h{dpsoh zkhuh d nh| txdolwdwlyh
surshuw| ri d prgho fdq eh ghwhuplqhg e| vwudljkwiruzdug frpsxwdwlrq1

:Wklv lv e| qr phdqv d frpsohwh olvw ri vxfk dqdo|vhv1
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7181 Shuwxuelqj Ixqfwlrqdo Htxdwlrqv iurp Uhfxuvlyh Htxloleulxp Dqdo|vhv1

D odujh ydulhw| ri hfrqrplf sureohpv fdq eh uhgxfhg wr ydulrxv nlqgv ri ixqfwlrqdo htxd0
wlrqv/ vrph pruh frpsoh{ wkdq wkh vlpsoh ruglqdu| gl�huhqwldo htxdwlrqv lq wlph dv lq wkh
h{dpsoh deryh1 Vwrfkdvwlf prghov/ lq sduwlfxodu/ gr qrw jhqhudoo| uhgxfh wr vxfk htxd0
wlrqv1 Lq wklv vhfwlrq zh vkdoo wdnh d ixqfwlrqdo dssurdfk wr d vlpsoh jurzwk prgho wr
looxvwudwh wkh jhqhudo dssolfdelolw| ri shuwxuedwlrq phwkrgv wr wkrvh ixqfwlrqdo htxdwlrqv
dulvlqj iurp g|qdplf surjudpplqj dqg uhfxuvlyh htxloleulxp1

Vwdwlrqdu|/ Ghwhuplqlvwlf Jurzwk1 Zh zloo �uvw orrn dw d vlqjoh0vhfwru/ vlqjoh
jrrg/ frqwlqxrxv0wlph rswlpdo jurzwk sureohp/ +<,1 Wkh Ehoopdq htxdwlrq gh�qlqj Y +n,
lv

�Y +n, @ pd{
f

x+f, . Y 3+n,+i+n, � f,= +53,

E| wkh frqfdylw| ri x dqg i / dw hdfk n wkhuh lv d xqltxh rswlpdo fkrlfh ri f/ zklfk vdwlv�hv
wkh �uvw rughu frqglwlrq x3+f, @ Y 3+n,= Zh zloo ohw F+n,/ wkh srolf| ixqfwlrq/ ghqrwh wkdw
fkrlfh1 +53, lpsolhv d gl�huhqwldo htxdwlrq iru F+n,=

x33+F+n,,F3+n,+i � F+n,, . x3+F+n,,+i 3+n,� �, @ 3 +54,

Dw wkh vwhdg| vwdwh/ nvv> i+nvv, @ F+nvv,/ zklfk/ zkhq vxevwlwxwhg lqwr +54, lpsolhv wkh
frqglwlrq � @ i 3+nvv, zklfk ghwhuplqhv nvv1

Rxu jrdo lv wr frpsxwh wkh Wd|oru vhulhv h{sdqvlrq ri wkh srolf| ixqfwlrq durxqg wkh
vwhdg| vwdwh1 Vshfl�fdoo|/ zh zdqw wr frpsxwh wkh frh!flhqwv ri

F+n,
=
@ F+nvv, .F 3+nvv,+n � nvv, . F 33+nvv,+n � nvv,5@5 . === +55,

Zh kdyh vr idu frpsxwhg nvv> F+nvv,/ dqg i 3+nvv,1 Zh qh{w pryh wr F3+nvv,1 Dw wklv
srlqw zh pxvw dvvxph wkdw F+n, lv F41 Wklv dvvxpswlrq lv fohduo| h{fhvvlyh/ exw qrw
xquhdolvwlf li zh dovr dvvxph wkdw x+f, dqg i+n, duh dovr F41 Lq idfw/ Vdqwrv dqg Ylod
^448` vkrzv wkdw li x dqg i duh Fn wkhq wkh srolf| ixqfwlrq lv Fn�5 qhdu dq| vwdeoh vwhdg|
vwdwh1

Gl�huhqwldwlqj +54, zlwk uhvshfw wr n |lhogv;

3 @ x333F 3F 3+i �F, . x33F33+i �F, . x33F3+i 3 �F 3, . x33F3+i 3 � �, . x3i 33 +56,

zklfk krogv dw hdfk n dqg dw wkh vwhdg| vwdwh/ nvv> uhgxfhv wr

3 @ �x33+F 3,5 . x33F 3i 3 . x3i 33 +57,

Khqfh F3+nvv, pxvw vroyh wkh txdgudwlf htxdwlrq +57,/ lpso|lqj

F3 @
x33i 3 	s+x33i 3,5 .7x33x3i 33

5x33
+58,

zkhuh doo ghulydwlyhv duh hydoxdwhg dw wkh vwhdg|0vwdwh ohyhov iru wkh fdslwdo vwrfn dqg
frqvxpswlrq1 Vlqfh x dqg i duh lqfuhdvlqj dqg frqfdyh/ +58, kdv wzr uhdo vroxwlrqv ri
rssrvlwh vljqv1 Wkh txdgudwlf htxdwlrq +57, lv lpsolhg e| wkh �uvw0rughu frqglwlrqv ri
wkh sureohp1 Zh slfn wkh srvlwlyh urrw vlqfh rqo| wkdw vroxwlrq lv frqvlvwhqw zlwk wkh
vhfrqg0rughu frqglwlrqv1

;Zh gurs dujxphqwv zkhq wkh| fdq eh xqghuvwrrg iurp frqwh{w1
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Wr ghprqvwudwh wkh hdvh zlwk zklfk kljkhu0rughu whupv fdq eh fdofxodwhg/ zh qh{w
F 33+nvv,1 Gl�huhqwldwlqj +56, zlwk uhvshfw wr n dqg lpsrvlqj wkh vwhdg| vwdwh frqglwlrqv
|lhogv dq htxdwlrq olqhdu lq wkh xqnqrzq F33+nvv,= Wkhuhiruh/ vroylqj iru F 33+nvv, lv hdvlhu
wkdq vroylqj iru F 3+nvv,1 Lq idfw/ wkh vroxwlrq iru F 33+nvv, lv

F 33+nvv, @
5+�� F 3,x333F 3F 3 .6x33F 3i 33 . x3i 333

x33+6F3 � 5�,

zkhuh doo ixqfwlrqv duh hydoxdwhg dw nvv= Qrwh wkdw wkh vroxwlrq iru F33+nvv, lqyroyhv
F 3+nvv,1 Wkh fulwlfdo vlpsoli|lqj ihdwxuh lv wkdw rqfh zh kdyh vroyhg wkh txdgudwlf htxdwlrq
iru F3+nvv,/ zh kdyh d olqhdu htxdwlrq iru F 33+nvv,1 Vlploduo|/ frqwlqxhg gl�huhqwldwlrq ri
+54, vkrzv wkdw hyhu| rwkhu ghulydwlyh ri F dw nvv fdq eh gh�qhg olqhduo| lq whupv ri wkh
vwhdg|�vwdwh ghulydwlyhv ri x/ i / dqg orzhu rughu ghulydwlyhv1

Mxgg dqg Jxx ^:8` suhvhqw Pdwkhpdwlfd surjudpv zklfk frpsxwh duelwudu| rughu
Wd|oru dqg Sdgì h{sdqvlrqv edvhg rq wkh ghulydwlyhv ri F dw wkh vwhdg| vwdwh1 Mxgg
^:7` vkrzv wkdw wkh 433 ghjuhh sro|qrpldo dssur{lpdwlrq wr F lv hdvlo| frpsxwhg yld
d uhfxuvlyh irupxod1 Wdeoh 4 glvsod|v wkh uhvxowv iru d ydulhw| ri dssur{lpdwlrqv1 Wkh
dvvxpswlrqv duh wkdw x+f, @ f+4.�,@+4 . �, dqg i+n, @ �n�@� zlwk � @ =37/ � @ �5/
dqg � @ =581 Wr hydoxdwh wkh txdolw| ri wkh dssur{lpdwlrqv/ zh frpsxwh d qrupdol}hg/
xqlw�iuhh yhuvlrq ri wkh sureohp/ +54,/ zklfk lv

H+n, � x33+F+n,,F3+n,+i � F+n,, . x3+F+n,,+i 3+n,� �,
� x3+F+nvv,,

+59,

Zh glvsod| wkh ydoxhv ri H+n, iru ydulrxv ydoxhv ri n ghjuhh ri dssur{lpdwlrq/ dqg w|sh
ri dssur{lpdwlrq1 Wkh qrwdwlrq d+�q, ghqrwhv d � 43�q1 Wkh wkhruhwlfdo surshuwlhv
ri wkh Wd|oru dqg Sdgì dssur{lpdwlrqv duh glvsod|hg lq wklv h{dpsoh1 Dv wkh ghjuhh
ri dssur{lpdwlrq lqfuhdvhv/ erwk dssur{lpdwlrqv lpsuryh dw doo fdslwdo vwrfnv lq ^3>5`1
Rxwvlgh ri ^3>5`/ wkh Wd|oru dssur{lpdwlrq lv srru dqg jhwwlqj zruvh> krzhyhu/ wkh Sdgì
dssur{lpdwlrq lv grlqj yhu| zhoo hyhq dw n @ 6 zkhq q @ 481

Wdeoh 4= Hxohu Htxdwlrq Huuruv

n q @ 9 = q @ 43 = q @ 48 =
Wd|oru Sdg�h Wd|oru Sdg�h Wd|oru Sdg�h

3=4 <=:+�4, 5=:+�4, 8=5+�4, 6=3+�5, 5=9+�4, 4=8+�6,
3=6 9=6+�5, 8=3+�6, 4=5+�5, 8=6+�8, 4=9+�6, 4=6+�8,
3=9 9=5+�7, 4=8+�8, 4=5+�8, 8=8+�<, 4=3+�:, 9=6+�;,
3=; 6=9+�9, 7=:+�;, 7=7+�<, 4=8+�45, 4=5+�45, :=;+�<,
4=3 3+3, 9=6+�49, 3+3, 9=6+�49, 3+3, 3+3,
4=6 6=9+�8, 4=8+�:, 5=6+�:, 6=;+�45, 7=9+�43, :=<+�43,
4=9 6=:+�6, ;=:+�9, 6=:+�7, 5=5+�<, 5=7+�8, 4=7+�<,
5=3 4=3+�4, 4=6+�7, :=<+�5, 4=8+�:, 9=;+�5, 6=4+�<,
5=8 <=9+�4, ;=:+�7, :=<+�4, 6=3+�9, 4=:+5, :=4+�<,
6=3 7=6+4, 6=3+�6, 4=6+6, 5=3+�8, :=4+8, 6=:+�;,

Mxvw ehfdxvh wkh Hxohu htxdwlrq huuru lv vpdoo grhv qrw lpso| wkdw wkh dssur{lpdwlrq
lv forvh wr wkh wuxh vroxwlrq1 Zh pdnh wzr srlqwv1 Iluvw/ lq wklv fdvh/ zh fdq fkhfn iru
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dffxudf|> lq wklv fdvh/ zh gr �qg wkdw wkh Hxohu htxdwlrq huuru lv d jrrg lqglfdwru ri
dffxudf|1 Vhfrqg/ li wkh Hxohu htxdwlrq huuruv duh vpdoo wkdq wkh dvvrfldwhg ghflvlrq uxoh
lv rqh lq zklfk wkh djhqwv duh pdnlqj ghflvlrqv zklfk duh qhduo| rswlpdo lq wkh vhqvh
wkdw wkh jdlq iurp grlqj wkh h{dfwo| rswlpdo dfwlrq lpsuryhv wkh djhqw*v zhoiduh voljkwo|1
Vlqfh frpsxwdwlrq lv frvwo| iru hfrqrplf djhqwv/ zh fdq rqo| h{shfw wkhp wr iroorz uxohv
zklfk duh qhduo| rswlpdo/ dqg wkh dssursuldwh vhqvh ri qhduo| rswlpdo lv qrw wkh glvwdqfh
iurp wkhlu ghflvlrq dqg wkh rswlpdo ghflvlrq exw wkh ydoxh wr wkh djhqw ri ghwhuplqlqj
dqg wdnlqj wkh rswlpdo dfwlrq1

Qrq0Vwhdg| Vwdwh Shuwxuedwlrqv1 Wkh h{dpsohv deryh frpsxwhv d Wd|oru vhulhv
iru F+n, durxqg d sduwlfxodu fdslwdo vwrfn/ wkh vwhdg| vwdwh1 Wkhuh duh rwkhu irupxodwlrqv
zklfk fdq dovr surgxfh xvhixo dssur{lpdwlrqv1 Uhfdoo wkdw shuwxuedwlrq phwkrgv ehjlq
zlwk d vroxeoh fdvh rxw ri d frqwlqxxp ri fdvhv/ dqg xvhv gl�huhqwldwlrq wr surgxfh dq
dssur{lpdwlrq edvhg rq wkh vroxeoh fdvh1 Lqvwhdg ri frqvwuxfwlqj dq dssur{lpdwlrq edvhg
rq nqrzlqj wkh ydoxh ri F dw vrph srlqw/ zh fdq ehjlq zlwk d fdvh zkhuh zh nqrz
wkh hqwluh vroxwlrq dqg xvh wkdw fdvh wr frqvwuxfw dssur{lpdwlrqv1 Dq h{dpsoh ri wklv
dowhuqdwlyh lv wkh frqwlqxxp ri sureohpv

3 @ F 3+n> �, +i+n> �, �F+n> �,, . �F+n> �, +�� i 3+n> �,, � I +n> �, +5:,

zkhuh � lv wkh frqvwdqw uhodwlyh ulvn dyhuvlrq sdudphwhu/ dqg

i+n> �, @ +4� �,�n . �n��@�

Dw � @ 3/ zh kdyh d olqhdu surgxfwlrq ixqfwlrq zlwk d pdujlqdo surgxfw ri fdslwdo htxdo
wr �/ wkh sxuh udwh ri wlph suhihuhqfh> lq wklv ghjhqhudwh fdvh/ wkh vroxwlrq lv F+n> �, @ �n/
wkdw lv/ frqvxpswlrq htxdov rxwsxw1 Dw doo srvlwlyh ydoxhv iru �/ wkh surgxfwlrq ixqfwlrq
lv frqfdyh dqg wkh xqltxh vwhdg| vwdwh lv n @ 41 Vxssrvh wkdw zh duh uhdoo| lqwhuhvwhg lq
wkh � @ 4 fdvh zkhuh i lv wkh vwdqgdug Free0Grxjodv surgxfwlrq ixqfwlrq1

Wkh �uvw shuwxuedwlrq ri +5:, lpsolhv wkdw iru doo n dqg �/

3 @ Fn�+i �F, . Fn+i� �F�, . �F� +�� in, . �F +�in�,
zklfk dw � @ 3 dqg F @ �n uhgxfhv wr

3 @ Fn+i� �F�, . �F +�in�,
dqg lpsolhv wkh vroxwlrq

F�+n> 3, @ n��+��4 � �, . +� � �,n

Frqwlqxhg gl�huhqwldwlrq zloo |lhog pruh whupv zklfk fdq eh xvh lq d Wd|oru vhulhv ds0
sur{lpdwlrq iru wkh Free0Grxjodv surgxfwlrq ixqfwlrq +� @ 4, fdvh ri wkh irup

F+n>4,
=
@ F+n>3, .F�+n>3, . F��+n> 3,@5 . F���+n> 3,@9 . � � � +5;,

Qrwh wkdw wklv dssur{lpdwlrq lv dq dssur{lpdwlrq dw doo n/ dqg wkhru| whoov xv wkdw lw lv
jrrg rqo| iru vpdoo �1 Wr ghwhuplqh krz jrrg wklv dssur{lpdwlrq lv iru F+n> 4, zh frxog
vxevwlwxwh lw lqwr wkh Hxohu htxdwlrq dqg fkhfn wr vhh li wkh Hxohu htxdwlrq huuruv duh
vpdoo1 Wkh| riwhq wxuq rxw wr eh dffhswdeoh/ exw zh zloo vhh ehorz wkdw hyhq li +5;, grhv
qrw vroyh +5:, zhoo/ wkh F�+n>3,/ F��+n> 3,/ hwf1/ ixqfwlrqv fdq vwloo wxuq rxw wr eh yhu|
xvhixo1
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Vlqjoh0Vhfwru/ Vwrfkdvwlf Jurzwk1 Zh qh{w wdnh wkh ghwhuplqlvwlf prgho deryh/
dgg xqfhuwdlqw|/ dqg vkrz krz wr xvh wkh dssur{lpdwlrq wr wkh ghwhuplqlvwlf srolf|
ixqfwlrq durxqg nvv lq wkh ghwhuplqlvwlf fdvh wr frpsxwh dq dssur{lpdwh srolf| ixqfwlrq
lq wkh prgho zlwk d vpdoo dprxqw ri xqfhuwdlqw|1 Zkloh wkh dvvxpswlrq ri vpdoo vkrfnv
pd| vhhp olplwlqj/ lw lv vhqvleoh lq pdq| dssolfdwlrqv/ vxfk dv pdfurhfrqrplf dqg uhodwhg
�qdqfldo dqdo|vlv1

Wkh vwrfkdvwlf sureohp lv

Y +n, @ vxs HiU4
3

h��w x+f, gwj

gn @ +i+n,� f, .
s
5��+n, g}

+5<,

Wkh Ehoopdq htxdwlrq ehfrphv

3 @ pd{
f

^��Y +n, . x+f, . Yn+n, +i+n,� f, . �� +n,Ynn+n,`

Lw lv vwudljkwiruzdug wr vkrz wkdw F+n, vroyhv

3 @ �+n,x333+F+n,, . !+n, x33+F+n,, . �+n, x3+F+n,, +63,

zkhuh
�+n, @ ��+n, ^F3+n,`5

!+n, @ ^i+n,� F+n, . ��3+n,` F3+n, . ��+n, F33+n,

�+n, @ i 3+n, � �
Irupdoo|/ zh duh djdlq orrnlqj iru wkh whupv ri wkh Wd|oru h{sdqvlrqv ri F /

F+n> �,
=
@ F+nvv>3, . Fn+n

vv> 3,+n � nvv, . F�+n
vv>3,�

.Fnn+n
vv>3,+n � nvv,5@5 .F�n+n

vv>3,�+n � nvv,

.F��+n
vv>3,�5@5 . ===

+64,

Ehiruh surfhhglqj dv ehiruh/ zh vkrxog qrwh wkdw wkh ydolglw| ri wkhvh vlpsoh phwkrgv lq
wklv fdvh lv vxusulvlqj1 Qrwh wkdw +63, lv d vhfrqg rughu gl�huhqwldo htxdwlrq zkhq � 9@ 3/
exw wkdw lw ghjhqhudwhv wr d �uvw0rughu gl�huhqwldo htxdwlrq zkhq � @ 3= Fkdqjlqj � iurp
}hur wr d qrq}hur ydoxh lv vdlg wr lqgxfh d vlqjxodu shuwxuedwlrq lq wkh sureohp ehfdxvh
ri wklv fkdqjh ri rughu1 Qrupdoo| pxfk pruh vxewoh dqg vrsklvwlfdwhg whfkqltxhv pxvw eh
xvhg wr xvh wkh � @ 3 fdvh dv d edvlv ri dssur{lpdwlrq iru qrq}hur �= Wkh uhpdundeoh ihdwxuh
ri vwrfkdvwlf frqwuro sureohpv/ suryhg e| Iohplqj^7;`/ lv wkdw wklv lv qrw wkh fdvh/ wkdw
shuwxuedwlrqv ri �/ wkh lqvwdqwdqhrxv yduldqfh/ fdq eh dqdo|}hg dv d uhjxodu shuwxuedwlrq
lq � < 1

Zlwk Iohplqj*v dqdo|vlv lq kdqg/ zh zloo qrz surfhhg1 Zh dvvxph wkdw zh nqrz doo wkh
n ghulydwlyhv ri F dw n @ nvv dqg � @ 31 Wklv lv zkdw wkh suhylrxv vhfwlrq rq ghwhuplqlvwlf
sureohpv surgxfhg1 Zh qrz pryh wr frpsxwlqj F� e| gl�huhqwldwlqj +63, zlwk uhvshfw wr
�=Zkhq zh lpsrvh wkh ghwhuplqlvwlf vwhdg| vwdwh frqglwlrqv i+nvv, @ F +nvv,/ i 3+nvv, @ �/
dqg � @ 3/ zh duulyh dw d olqhdu htxdwlrq zklfk lpsolhv wkdw

<D pruh prghuq dqdo|vlv ri wklv sureohp uho|lqj rq ylvfrvlw| phwkrgv lqvwhdg ri suredelolvwlf phwkrgv
dv lq Iohplqj dqg Vrxjdqlghv^7<`1 Wkhlu dssurdfk lv dovr pruh jhqhudo/ srvvleo| lqfoxglqj glvwruwhg
hfrqrplhv1
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F� @
x333F5

n .Fnn

x33Fn
�+n, . �3+n, +65,

zkhuh doo wkh ghulydwlyhv ri F duh hydoxdwhg dw n @ nvv dqg � @ 3 1 Qrwh wkdw wkh vroxwlrq
iru F� lv d ixqfwlrq qrw rqo| ri wkh ghwhuplqlvwlf vwhdg| vwdwh ydoxh ri x/ x3/ dqg x33/
lw dovr ghshqgv rq x333/ dqg Fnn/ zklfk lq wxuq ghshqgv rq i 3331 Li x zhuh txdgudwlf/ i
olqhdu/ dqg �3+n, @ 3> wkhq +65, vkrzv wkdw F� @ 3/ dv zh h{shfw iurp wkh fhuwdlqw|
htxlydohqfh uhvxowv iru olqhdu0txdgudwlf frqwuro1 Djdlq/ frqwlqxhg gl�huhqwldwlrq ri +63,
zlwk uhvshfw wr � dqg n ohdgv wr vroxwlrqv iru F��> F�n> Fn��/ hwf1 Mxgg dqg Jxx ^:8`
suhvhqw Pdwkhpdwlfd surjudpv iru frpsxwlqj wkhvh frh!flhqwv1 Wkh| dovr vkrz wkdw wkh
dssur{lpdwlrqv duh ydolg ryhu d vxevwdqwldo udqjh ri ydoxhv iru � dqg n1

G|qdplf Surjudpplqj1 Wkh rswlpdo jurzwk h{dpsohv deryh duh mxvw vshfldo
fdvhv ri g|qdplf surjudpplqj sureohpv1 Doeuhfkw hw do1 ^4` vkrzhg wkdw rqh frxog
gl�huhqwldwh wkh Ehoopdq htxdwlrq zlwk uhvshfw wr dq h{rjhqrxv sdudphwhu1 Hyhq wkh
kljkhu0rughu dvshfwv ri wkh frpsxwdwlrqv deryh fdq eh mxvwl�hg1 Eoxph/ Hdvoh|/ dqg
R*Kdud^47` glvfxvv zkhq g|qdplf surjudpplqj vroxwlrqv duh vprrwk lq wkh vwdwh ydul0
deohv1 Ehqvrxvvdq dovr surylghv d jhqhudo wuhdwphqw1

Dgmxvwphqw Frvw Prghov1 Wkh sureohpv deryh zhuh edvhg hvvhqwldoo| rq �uvw0
rughu frqglwlrqv1 Zh fdq dsso| shuwxuedwlrq phwkrgv wr rwkhu sureohpv zklfk duh qrw
dv vlpsoh1 Gl{lw BB vwxglhg wkh g|qdplfv ri prghov zkhuh d frqwuroohu zdqwv wr nhhs
wkh vwdwh ri d v|vwhp forvh wr vrph rswlpdo ydoxh dqg lqfxuv d �{hg dgmxvwphqw frvwv
zkhqhyhu kh dgmxvwv wkh vwdwh1 Wklv ohdgv wr +V> w> v, uxohv> wkdw lv/ zkhq wkh vwdwh pryhv
xs wr V ru grzq wr v wkh frqwuroohu lqfxuv wkh dgmxvwphqw frvw dqg sxvkhv wkh vwdwh
wr d wdujhw w1 Wkhuh duh pdq| prghov zklfk �w wklv ghvfulswlrq/ exw wkh| vhogrp kdyh
dqdo|wlfdo vroxwlrqv wr wkh sureohp ri ghwhuplqlqj V> v> dqg w lq whupv ri vwuxfwxudo
sdudphwhuv1 Gl{lw xvhg shuwxuedwlrq phwkrgv wr ghulyh dojheudlf irupxodv iru V dqg v
lq whupv ri vwuxfwxudo sdudphwhuv1 Kh dovr ghprqvwudwhv wkdw �uvw0rughu dssur{lpdwlrqv
|lhog yhu| jrrg dssur{lpdwlrqv zkhq wkh dgmxvwphqw frvw lv hpslulfdoo| uhdvrqdeoh1 Rq
wkh txdolwdwlyh vlgh/ kh pdnhv uljrurxv wkh idfw wkdw wkh uhjlrq ri lqdfwlrq/ V � v/ lv txlwh
odujh iru vpdoo yduldqfh> pruh suhflvho|/ kh suryhv d irxuwk�srzhu odz zklfk vwdwhv wkdw
V � v 2 �4@7 zkhq wkh dgmxvwphqw frvw lv �= Wklv uhvxow lv txlwh lpsruwdqw vlqfh lw vd|v
wkdw wkh uhjlrq ri lqdfwlrq lv txlwh odujh uhodwlyh wr wkh frvw iru vpdoo frvwv1 Gl{lwBB
glvfxvvhv d qxpehu ri dssolfdwlrqv ri wklv uhvxow1 Wklv lv dq h{fhoohqw h{dpsoh ri krz
rqh fdq xvh wkh shuwxuedwlrq phwkrg wr jhw dq dqdo|wlfdoo| vlpsoh uxoh ri wkxpe zklfk
surylghv lpsruwdqw lqwxlwlrq derxw d sureohp1

Vwrfkdvwlf Htxloleulxp Dqdo|vlv Zlwkrxw Sduhwr H!flhqf|1 Pdq| htxlole0
ulxp sureohpv gr qrw uhgxfh wr rswlpdo frqwuro sureohpv/ vxfk dv g|qdplf htxloleuld zlwk
wd{dwlrq ru prqh|1 Zkloh wkh glvfxvvlrq deryh frqfhuqhg dq rswlpdo frqwuro sureohp/ wkh
vdph phwkrgv fdq eh xvhg wr vwxg| wkh ehkdylru ri dq hfrqrp| glvwruwhg e| wd{dwlrq1
Wkh edvlf idfw lv wkdw qhdu wkh ghwhuplqlvwlf vwhdg| vwdwh/ wkh olqhdu dssur{lpdwlrq wr odz
ri prwlrq lq wkh vwrfkdvwlf prgho lv

g{ @ D+{� +{vv ��,,gw.	g} +66,

zkhuh D lv wkh olqhdul}dwlrq ri wkh ghwhuplqlvwlf prgho dqg 	 lv wkh fryduldqfh pdwul{ ri
wkh vkrfnv wr wkh vwdwh1 Lq wkh ghwhuplqlvwlf prgho/ {vv lv wkh wdujhw vwdwh dqg D �sxvkhv�
wkh vwdwh wrzdugv wkh wdujhw1 Wklv h{suhvvlrqv vkrzv wkdw wkh olqhdu dssur{lpdwlrq wr wkh
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vwrfkdvwlf prgho lqyroyhv wkh vdph olqhdu odz ri prwlrq orfdoo| exw zlwk d qhz wdujhw/
zkhuh wkh dgmxvwphqw � dulvhv gxh wr fhuwdlqw| qrqhtxlydohqfh1

Zlwk wklv revhuydwlrq/ Edofhu dqg Mxgg^7` vwxglhg wkh h�hfwv ri wd{dwlrq lq d vlpsoh
fdslwdo dffxpxodwlrq prgho zkhuh +66, uhgxfhv wr

gn @ �+n � +nvv ��,,gw.	g} +67,

zkhuh � lv wkh qhjdwlyh hljhqydoxh ri wkh olqhdul}dwlrq ri wkh g|qdplf v|vwhp ghvfulelqj
wkh wd{hg htxloleulxp +vlplodu wr +43,,1 Wkhuhiruh/ wkh h�hfwv ri wd{dwlrq rq exvlqhvv f|foh
 xfwxdwlrqv uhgxfh wr lwv h�hfw rq �1 Wkh| vkrz krz wkh ohyho dqg wkh frpsrvlwlrq ri
wkh h�hfwlyh wd{ udwh d�hfw lpsruwdqw exvlqhvv f|foh vwdwlvwlfv1

Rqh fdq dovr frpsxwh dq htxloleulxp ydoxh ixqfwlrq xqghu glvwruwlrqv1 Li zh kdyh d
wd{ ri � rq doo lqfrph exw kdyh doo uhyhqxhv uhedwhg lq d oxps0vxp idvklrq/ wkhuh lv dq
htxloleulxp ydoxh ixqfwlrq/ Y � +n,/ zklfk jlyhv wkh suhvhqw ydoxh ri ixwxuh xwlolw| li wkh
fxuuhqw fdslwdo vwrfn lv n1 Wklv ydoxh ixqfwlrq zloo eh txlwh gl�huhqw iurp wkh g|qdplf
surjudpplqj ydoxh ixqfwlrq/ zklfk/ lq wklv qrwdwlrq/ lv Y 3+n,1 Li F� +n, lv wkh frqvxpswlrq
srolf| ixqfwlrq xqghu wkh wd{ � / wkh gh�qlqj htxdwlrq iru Y � +n, lv

�Y � +n, @ x+F� +n,, . Y �
n +n, +i+n,� F� +n,, . �� +n, Y �

nn+n, +68,

Dq rswlpdo srolf| fkrrvhv frqvxpswlrq wr pd{lpl}h wkh uljkw0kdqg vlgh/ exw wkh htxlole0
ulxp srolf| xqghu wd{dwlrq grhv qrw1 Wr vhh wkh gl�huhqfh/ uhfdoo wkdw wkh ghwhuplqlvwlf
vwhdg| vwdwh lv wkh n� zklfk vdwlv�hv i 3+n� , @ �@+4� � , lq wkh ghwhuplqlvwlf fdvh1 Dw n� /
vdylqj lv }hur dqg Y +n� , @ x+F� +n,,@�= Gl�huhqwldwlqj +68, zlwk uhvshfw wr n |lhogv

�Y �
n +n, @ x3F�

n . Y �
n +n, +i

3 �F�
n , . Y �

nn+i �F� , +69,

zklfk uhgxfhv dw n� wr

x3 � Yn @
Y �
n +i

3 � �,

F�
n

@ �
Y �
n

F�
n

�

4� �

zklfk vkrzv wkdw wkh vrfldo pdujlqdo ydoxh ri fdslwdo ghyldwhv iurp pdujlqdo xwlolw| ri
frqvxpswlrq zkhq wkh wd{ udwh lv qrw }hur1

Wklv idfw lv lpsruwdqw zkhq zh frph wr hydoxdwh wkh lpsdfw ri xqfhuwdlqw| rq wkh
htxloleulxp ydoxh ixqfwlrq1 Gl�huhqwldwlqj +68, dw � @ 3 dqg n @ n� zh �qg

�Y �
� @ +x3 � Y �

n ,F
�
� . � Y �

nn+n, +6:,

zklfk lpsolhv wkdw wkh wuxh �uvw0rughu dssur{lpdwlrq wr Y � durxqg wkh ghwhuplqlvwlf
vwhdg| vwdwh lv

Y +n> �,
=
@ x+F� +n> 3,,@�. +n � n� ,Y �

n +n>3, . �++x3 � Y �
n ,F�+n>3, . � Y �

nn+n,,@� +6;,

vkrzv wkdw wkh lpsdfw ri xqfhuwdlqw| rq wkh htxloleulxp ydoxh ixqfwlrq ghshqgv rq wkh
ghjuhh ri fhuwdlqw| qrqhtxlydohqfh/ F�> zkhq wkh wd{ udwh lv qrq}hur/ dqg wkdw ghshqghqfh
lqfuhdvhv zlwk lqfuhdvlqj wd{dwlrq1 Wklv lv dq h{dpsoh ri d txhvwlrq zkhuh fhuwdlqw|�
htxlydohqw phwkrgv ri dssur{lpdwlqj wkh vwrfkdvwlf hfrqrp| zloo qrw surgxfh uholdeoh/
�uvw�rughu dffxudwh dqvzhuv1
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Pxowlglphqvlrqdo/ Kljk�Rughu Dssur{lpdwlrqv1 Wkh h{dpsohv h{soruhg deryh
kdyh rqo| rqh glphqvlrq1 Wkhvh phwkrgv fdq eh h{whqghg wr pxowlglphqvlrqdo sureohpv/
|lhoglqj kljk0rughu dssur{lpdwlrqv wr pxowlglphqvlrqdo sureohpv1 Ehqvrxvvdq^43` glv0
fxvvhv wkhvh sureohpv iru wkh �qlwh�krul}rq fdvh/ dqg Mxgg ^:7` suhvhqwv wkhvh surfhgxuhv
iru wkh lq�qlwh0krul}rq fdvh1 D qrqwulyldo gl!fxow| lq ghdolqj zlwk wkh kljkhu�rughu ds0
sur{lpdwlrqv lv wkh phvv| qrwdwlrq dvvrfldwhg zlwk pxowlyduldwh yhuvlrqv ri Wd|oru*v wkh0
ruhp1 Mxgg^:7` h{whqgv wkh Hlqvwhlq whqvru qrwdwlrq/ zklfk zdv lqwurgxfhg wr gudvwlfdoo|
vlpsoli| h{suhvvlrqv lq jhqhudo uhodwlylw| wkhru|/ wr pdnh wkhvh kljkhu�rughu dssur{lpdwlrq
whfkqltxhv lq rswlpdo frqwuro frqwh{wv pruh wudfwdeoh1 Mxgg ^:7`/ iroorzlqj Iohplqj^7;`/
ixuwkhu h{whqgv wkh pxowlglphqvlrqdo fdvh wr lqfoxgh xqfhuwdlqw|1 Wkh edvlf idfw lv wkdw
doo wkh kljkhu�rughu whupv ri wkh Wd|oru vhulhv h{sdqvlrq/ hyhq lq wkh vwrfkdvwlf pxowlgl0
phqvlrqdo fdvh/ duh vroxwlrqv wr olqhdu sureohpv rqfh rqh frpsxwhv wkh �uvw�rughu whup lq
wkh vwdwh yduldeohv1 Wklv lqglfdwhv wkdw wkh kljkhu�rughu whupv duh hdv| wr frpsxwh1 Lql0
wldo h{shulphqwv lqglfdwh wkdw wkh| duh dovr jrrg dssur{lpdwlrqv zhoo eh|rqg wkh vwhdg|
vwdwh ydoxhv1 Wkhvh surfhgxuhv kdyh qrw ehhq h{sorlwhg pxfk/ exw fdq eh reylrxvo| ds0
solhg wr sureohpv lq wkh uhdo exvlqhvv f|foh/ �qdqfh/ sxeolf �qdqfh/ dqg g|qdplf jhqhudo
htxloleulxp olwhudwxuhv1

Wkh rwkhu ghyhorsphqw lv wkh zrun ri Iohplqj dqg Vrxjdqlghv^7<`1 Wkh| ghulyh dv|ps0
wrwlf uhvxowv iru sureohpv zulwwhq lq ylvfrvlw| irup1 Rqh dgydqwdjh ri wkhvh sureohpv lv
wkdw wkh| fdq kdqgoh lq�qlwh�krul}rq sureohpv/ zkhuhdv wkh uhvxowv ghvfulehg lq Ehq0
vrxvvdq duh suryhq prvwo| iru �qlwh0krul}rq fdvhv1 Zkloh glvfxvvlqj ylvfrvlw|/ d uhodwlyho|
uhfhqw dgydqfh lq qrqolqhdu sduwldo gl�huhqwldo htxdwlrqv/ lv eh|rqg wkh vfrsh ri wklv fkds0
whu/ zh vkrxog qrwh wkdw wkhvh phwkrgv vxuho| fryhu wkh htxdwlrqv zklfk dulvh lq g|qdplf
surjudpplqj/ dqg pljkw jhqhudol}h wr fryhu htxloleulxp sureohpv1

G|qdplf Jdphv1 Shuwxuedwlrq whfkqltxhv fdq dovr eh xvhg wr dqdo|}h g|qdplf
jdphv1 Ehfdxvh ri wkh qrwdwlrqdo exughq ri d irupdo wuhdwphqw/ L zloo khuh mxvw jlyh wkh
edvlf lghd ehklqg wkh shuwxuedwlrq dssurdfk1 Vx!fh lw wr vd| khuh wkdw zh duh glvfxvvlqj
g|qdplf jdph htxloleulxp frqfhswv zklfk fdq eh zulwwhq dv vroxwlrqv wr ruglqdu| ru
sduwldo gl�huhqwldo htxdwlrqv/ ru vrph vlplodu v|vwhp ri ixqfwlrqdo htxdwlrqv1

Dv zlwk dq| shuwxuedwlrq phwkrg/ zh ehjlq zlwk d �srlqw� +srvvleo| lq d ixqfwlrq
vsdfh, zkhuh zh nqrz wkh vroxwlrq1 Lq jdph wkhru|/ vxfk fdvhv gr dulvh1 Iru h{dpsoh/
vxssrvh wkdw zh kdyh wzr sod|huv zkr hdfk lq xhqfh wkhlu rzq vwdwh yduldeohv/ exw wkdw
wkh sd|r� ixqfwlrqv dqg wkh odzv ri prwlrq duh vxfk wkdw qhlwkhu sod|hu lv d�hfwhg e| wkh
dfwlrqv ri wkh rwkhu1 Wklv zrxog/ iru h{dpsoh/ eh wkh fdvh ri wzr gl�huhqwldwhg gxrsrolvwv
zkhuh wkh furvv0hodvwlflw| ri ghpdqg lv }hur/ dqg wkh vwdwh yduldeoh ri wkh jdph lv wkh
yhfwru ri wkh �up*v fdslwdo vwrfnv1 Wkhq wkh htxloleulxp ri vxfk d �jdph� lv wulyldo/
uhgxflqj wr dq rswlpdo frqwuro sureohp iru hdfk sod|hu1 Xvlqj wkh whfkqltxhv deryh/ zh
fdq frpsxwh orfdo dssur{lpdwlrqv iru hdfk sod|hu*v vwudwhj| durxqg vwhdg| vwdwhv ri wkh
ghjhqhudwh jdph1

Qrz vxssrvh wkdw wkh sd|r�v dqg2ru odzv ri prwlrq duh voljkwo| shuwxuehg vr wkdw hdfk
sod|hu qrz fduhv derxw wkh rwkhu*v dfwlrqv1 E| gl�huhqwldwlqj wkh ixqfwlrqdo htxdwlrqv
zklfk fkdudfwhul}h htxloleulxp zlwk uhvshfw wr wkh shuwxuedwlrq sdudphwhu dqg lpsrvlqj
wkh lpsolflw ixqfwlrq wkhruhp dqg Wd|oru*v wkhruhp/ zh zloo eh deoh wr frpsxwh krz
htxloleulxp lv d�hfwhg e| wkh dowhudwlrq1

Dqrwkhu nlqg ri vwduwlqj srlqw lv wr vshfli| d jdph zlwk jhqhudo lqwhudfwlrqv/ exw pdnh
vrph sdudphwulf dvvxpswlrq vxfk wkdw wkh sod|huv kdyh qr lqwhuhvw lq wkh g|qdplfv1 Wklv
lv wkh fdvh zkhq wkh lqwhuhvw udwh lv lq�qlwh1 Lq vxfk fdvhv/ wkh g|qdplf jdph uhgxfhv wr
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d vwdwlf jdph dqg/ lq htxloleulxp/ qhlwkhu sod|hu h{shqgv dq| h�ruw wr d�hfw wkh ixwxuh1
Zlwk wklv ghjhqhudwh fdvh lq kdqg zh fdq wkhq frpsxwh h{sdqvlrqv lq wkh lqyhuvh ri wkh
lqwhuhvw udwh wr ghwhuplqh zkdw kdsshqv dv wkh �upv ehjlq wr fduh derxw wkh ixwxuh1 Wkhuh
duh wzr h{dpsohv ri sdshuv xvlqj wkhvh phwkrgv1

Mxgg^9<` dssolhg Wkhruhp 7 wr d sdwhqw udfh prgho1 Kh dvvxphg d gxrsro| prgho
zkhuh wkh sod|huv kdg wzr nlqgv ri uhvhdufk vwudwhjlhv dqg lw lv qhfhvvdu| wr frpsohwh d
vhtxhqfh ri vwhsv1 Dqdo|wlf vroxwlrq ri vxfk d jhqhudo sureohp lv fohduo| lpsrvvleoh1 Kh
ehjdq e| dvvxplqj wkdw wkh sdwhqw udfh kdg d }hur sul}h iru wkh zlqqhu/ zklfk/ ri frxuvh/
lpsolhv d Qdvk htxloleulxp ri qr h�ruw1 Wklv lv dovr htxlydohqw wr wkh lq�qlwh lqwhuhvw udwh
fdvh1 Kh wkhq suryhg orfdo h{lvwhqfh ri htxloleulxp dv zhoo dv frqvwuxfwhg orfdo olqhdu dqg
txdgudwlf dssur{lpdwlrqv1

Exgg hw do1^56` frqwdlqv wkh prvw frpsoh{ shuwxuedwlrq dqdo|vlv ri d g|qdplf jdph1
Wkh| dqdo|}hg d vwrfkdvwlf pdunhw vkduh gxrsro| jdph1 Vshfl�fdoo|/ fxuuhqw sur�wv iru
hdfk �up lv d ixqfwlrq ri �up rqh*v pdunhw vkduh/ v/ zklfk lv wkh vwdwh ri wkh jdph1 Hdfk
sod|hu h{shqgv h�ruw wr lqfuhdvh klv vkduh/ zklfk pryhv vwrfkdvwlfdoo|1 Wkh uhvxow lv d
vwrfkdvwlf g|qdplf jdph1 Wkh wzr ghjhqhudwh fdvhv wkh| xvh duh wkh lq�qlwh lqwhuhvw udwh
fdvh dqg wkh fdvh ri lq�qlwh lqvwdqwdqhrxv yduldqfh ri udqgrp pryhphqwv lq v1 Lq wkhvh
fdvhv wkh �upv hlwkhu grq*w fduh derxw ixwxuh pdunhw vkduh ru hvvhqwldoo| kdyh qr frqwuro
ryhu ixwxuh pdunhw vkduh/ lpso|lqj d Qdvk htxloleulxp ri }hur h�ruw1 Wkh| frpsxwh
dv|pswrwlf h{sdqvlrqv lq wkh lqyhuvhv ri wkh lqwhuhvw udwh dqg wkh glvwxuedqfh yduldqfh1
Zlwk wkhvh h{sdqvlrqv wkh| duh deoh wr h{dplqh wkh g|qdplfv ri frpshwlwlrq/ ghwhuplqlqj
zkhq/ iru h{dpsoh/ wkh odjjdug �up zloo zrun kdug wr fdwfk xs/ zkhq wkh ohdglqj �up
zloo zrun kdug wr nhhs lwv dgydqwdjh/ hwf1

Wkhuh kdyh ehhq ihz dssolfdwlrqv ri shuwxuedwlrq phwkrgv wr jdph dqdo|vhv wkxv idu/
exw wkh| gr lqglfdwh wkh srwhqwldo ri wkh phwkrg1 Vulndqw dqg Edvdu ^44;` ghyhorsv uhjxodu
shuwxuedwlrq phwkrgv iru d odujh fodvv ri g|qdplf jdphv gl�huhqw iurp wkrvh h{dplqhg
lq Mxgg dqg Exgg hw do1 Jlyhq wkh jhqhudo dssolfdelolw| ri wkhvh phwkrgv/ wkh lqfuhdvhg
lqwhuhvw lq g|qdplf hfrqrphwulf dqdo|vhv/ dqg wkh gl!fxowlhv ri jdph wkhru| frpsxwdwlrq/
rqh vxvshfwv wkdw wkhvh surfhgxuhv zloo ehfrph lqfuhdvlqjo| srsxodu1

Wkh Pdfurhfrqrplf �Olqhdu�Txdgudwlf Dssur{lpdwlrq�1 Wkh shuwxuedwlrq
phwkrgv ghvfulehg kdyh ehhq xvhg wr dssur{lpdwh d zlgh ydulhw| ri rswlpdo frqwuro dqg
hfrqrplf htxloleulxp sureohpv/ dqg fdq eh xvhg pxfk pruh h{whqvlyho|1 Zkloh pdq|
pdfurhfrqrplvwv kdyh dovr vwxglhg vwrfkdvwlf jurzwk prghov/ pdq| kdyh hvfkhzhg wkh
surfhgxuhv deryh dqg lqvwhdg xvh dg krf surfhgxuhv zklfk uhsodfh qrqolqhdu jurzwk
prghov zlwk krshixoo| vlplodu olqhdu0txdgudwlf prghov1 Vlqfh wkh odwwhu vwudwhj| ehduv
vrph vlplodulw| wr shuwxuedwlrq phwkrgv dqg riwhq xvhv vlplodu whuplqrorj|/ zh zloo qh{w
ghvfuleh lw dqg glvfxvv wkh pdq| gl�huhqfhv ehwzhhq lw dqg shuwxuedwlrq phwkrgv1

Dv glvfxvvhg lq Pdjloo^<6` dqg N|godqg dqg Suhvfrww^;7/ ;8`/ rqh edvlf lghd lv wr uhsodfh
d vwrfkdvwlf qrqolqhdu frqwuro sureohp zlwk d �vlplodu� olqhdu0txdgudwlf frqwuro sureohp
zklfk �dssur{lpdwhv� wkh qrqolqhdu prgho/ dqg wkhq dsso| olqhdu0txdgudwlf phwkrgv wr
vroyh wkh prgho43 1 Wklv surfhgxuh lv ghvfulehg suhflvho| lq PfJudwwdq^<8`441 Vkh wdnhv

43Wkh surfhgxuh ghvfulehg khuh lv dssolfdeoh rqo| wr rswlpdo frqwuro sureohpv/ dqg wkrvh htxloleulxp
sureohpv zklfk uhgxfh wr rswlpdo frqwuro sureohpv1

44Zkloh pdq| kdyh xvhg wkh �olqhdu0txdgudwlf� phwkrg/ PfJudwwdq*v lv wkh rqo| suhflvh vwdwhphqw ri
krz wr dsso| wkh surfhgxuh wr wkh jhqhudo glvfuhwh0wlph pxowlglphqvlrqdo frqwuro sureohp zklfk L kdyh
vhhq lq wkh sxeolvkhg olwhudwxuh1
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wkh qrqolqhdu vwrfkdvwlf rswlpdo frqwuro sureohp

Y +{3, � pd{xw H
�S4

w@3 �
w �+x>{,

�
{w.4 @ j+{w> xw> �w,

+6<,

zkhuh { lv d yhfwru ri vwdwh yduldeohv/ x lv d yhfwru ri frqwurov/ dqg � lv frqfdyh1 Vkh
vroyhv iru wkh vwhdg| vwdwh ri wkh ghwhuplqlvwlf yhuvlrq ri +6<,/ dqg uhsodfhv +6<, zlwk wkh
olqhdu uhjxodwru sureohp

Y +{3, � pd{xw Hi
S4

w@3 �
w +{3wT{w . x3wUxw .5{3wZxw,j

{w.4 @ D{w .Exw .F�w

+73,

zkhuh {3T{. x3Ux. 5{3Zx lv wkh vhfrqg0rughu Wd|oru h{sdqvlrq ri �> dqg D{ .Ex lv
wkh �uvw0rughu Wd|oru h{sdqvlrq ri j/ erwk wdnhq dw wkh ghwhuplqlvwlf vwhdg| vwdwh45 1

Wkh olqhdu0txdgudwlf surfhgxuh rxwolqhg lq PfJudwwdq^<8` gl�huv iurp wkh shuwxu0
edwlrq phwkrg lq lwv dssurdfk/ remhfwlyh/ dqg uhvxowv1 Ghvslwh xvlqj wkh whup �olqhdu
dssur{lpdwlrq/� wkh remhfwlyh lv qrw wr frpsxwh d orfdoo| ydolg Wd|oru vhulhv iru wkh htxl0
oleulxp ehkdylru uxohv1 Lq idfw/ wklv surfhgxuh pd| surgxfh dq �dssur{lpdwlrq� zklfk
gl�huv vxevwdqwldoo| iurp wkh Wd|oru vhulhv surgxfhg e| shuwxuedwlrq phwkrgv1 Wklv lv
lpphgldwho| vhhq e| dsso|lqj lw wr +5<,= i 33+nvv, dsshduv lq wkh vroxwlrq wr F 3+nvv, lq
+58, exw dsshduv qrzkhuh lq +73, diwhu zh dsso| PfJudwwdq*v surfhgxuh wr +5<,> wkhuhiruh/
wkh olqhdu ghflvlrq uxoh frpsxwhg e| PfJudwwdq*v phwkrg dssolhg wr +5<, zrxog qrw eh
wkh olqhdu dssur{lpdwlrq ri wkh wuxh ghflvlrq uxoh dw wkh vwhdg| vwdwh/ +55,/ hyhq lq wkh
ghwhuplqlvwlf prgho1 Lq idfw/ wkrvh zkr xvh wklv surfhgxuh jhqhudoo| pdnh qr fodlp wkdw
wkh| duh frpsxwlqj wkh olqhdu dssur{lpdwlrq ri wkh wuxh ghflvlrq uxoh1

Li rqh zhuh wr xvh lqyhvwphqw lqvwhdg ri frqvxpswlrq dv wkh ghflvlrq uxoh lq +5<, wkhq
wkh uhvxow iurp PfJudwwdq*v surfhgxuh grhv |lhog wkh wuxh olqhdu dssur{lpdwlrq lq pdq|
fdvhv +ixuwkhu zrun lv qhhghg wr vhh krz jhqhudo wklv idfw lv,1 Wklv grhv qrw vd| wkdw
PfJudwwdq*v surfhgxuh lv fruuhfw1 Lqvwhdg lw srlqwv rxw dq xqghvludeoh vhqvlwlylw| wr hfr0
qrplfdoo| lqhvvhqwldo ghwdlov lq wkh irupxodwlrq ri wkh sureohp1 Lq frqwudvw/ shuwxuedwlrq
phwkrgv duh qrw vhqvlwlyh wr vxfk fkdqjhv1

Qr pdwwhu krz rqh surfhhgv/ wkh dssurdfk lq PfJudwwdq/ Pdjloo/ dqg N|godqg dqg
Suhvfrww/ pdnhv qr dgmxvwphqw iru yduldqfh1 Wkh dssur{lpdwlrq lv d fhuwdlqw| htxlydohqw
dssur{lpdwlrq hyhq wkrxjk wkh wuxh sureohp lv jhqhudoo| qrw fhuwdlqw| htxlydohqw1 Dw
ehvw/ wklv surfhgxuh frpsxwhv wkh �uvw wzr whupv ri +64, deryh exw gursv wkh wklug
whup1 Wkh uhvxow lv rqo| kdoi ri wkh wuxh olqhdu dssur{lpdwlrq dw wkh ghwhuplqlvwlf vwhdg|
vwdwh vlqfh wkh dssur{lpdwlrq lqfoxghv wkh olqhdu Wd|oru h{sdqvlrq whup iru wkh vwdwh
yduldeohv exw h{foxghv doo Wd|oru h{sdqvlrq whupv iru wkh yduldqfh whupv1 Pxowlglphqvlrqdo
jhqhudol}dwlrqv ri wkh uxohv frpsxwhg lq Mxgg dqg Jxx ^:8` kdyh qr vxfk sureohpv1

Wklv lqwxlwlyh zd| ri dssurdfklqj wkh sureohp fdq ohdg wr vrph frqfhswxdo sureohpv
lq wklqnlqj derxw dssur{lpdwlrqv1 Wkh olqhdu0txdgudwlf lqwxlwlrq ehklqg +73, vd|v wr

45N|godqg dqg Suhvfrww xvh d voljkwo| gl�huhqw surfhgxuh1 Wkh| fkrrvh olqhdu uxohv zklfk vdwlvi| wkh
Hxohu htxdwlrq dw d froohfwlrq ri srlqwv qhdu wkh vwhdg| vwdwh/ zkhuh wkh froohfwlrq lv ghwhuplqhg e| wkh
yduldqfh ri wkh vkrfnv1 Lq wklv uhvshfw/ wkhlu surfhgxuh lv vlplodu wr wkh surmhfwlrq phwkrg zh glvfxvv
ehorz1 Wkh| frpphqw wkdw lq wkh fdvh wkh| h{dplqh/ wkh gl�huhqfhv duh voljkw/ exw wkhuh lv qr uhdvrq
wr eholhyh wkdw wklv lv dozd|v wuxh1 Wkhlu surfhgxuh uhvxowv lq olqhdu0txdgudwlf dssur{lpdwlrqv zklfk duh
d�hfwhg e| wkh yduldqfh1 L lqfoxgh wkhlu surfhgxuh lq wklv vhfwlrq vlqfh wkhlu vwdwhg jrdo lv wr vlpsoli|
�wkh ghwhuplqdwlrq ri wkh htxloleulxp surfhvv e| uhgxflqj lw wr vroylqj d olqhdu0txdgudwlf pd{lpl}dwlrq
sureohp� 1
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uhsodfh d qrqolqhdu sureohp zlwk d vlplodu olqhdu�txdgudwlf sureohp ehfdxvh wkh odwwhu lv
vroydeoh1 Vxssrvh wkdw |rx zdqwhg d kljkhu0rughu dssur{lpdwlrq ri wkh rswlpdo ghflvlrq
uxoh1 Wklv dssurdfk vxjjhvwv wkdw wkh zd| wr frpsxwh d txdgudwlf dssur{lpdwh ghflvlrq
uxoh zrxog eh wr wdnh d wklug0rughu sro|qrpldo dssur{lpdwlrq ri wkh remhfwlyh durxqg
wkh ghwhuplqlvwlf vwhdg| vwdwh dqg vroylqj h{dfwo| wkh uhvxowlqj fxelf rswlpdo frqwuro
sureohp1 Ri frxuvh/ wkhuh lv qr h{dfw vroxwlrq lq jhqhudo iru wklug0rughu sureohpv/ pdnlqj
lw dsshdu gl!fxow wr frpsxwh d txdgudwlf dssur{lpdwlrq wr wkh ghflvlrq uxoh1 Lq frqwudvw/
wkh shuwxuedwlrq phwkrgv ghvfulehg deryh vkrz wkdw wkh kljkhu0rughu whupv duh lq idfw
hdv| wr frpsxwh1

Fkulvwldqr dgrswv d gl�huhqw dssurdfk wr wkh �olqhdu�txdgudwlf� dssurdfk1 Kh zulwhv
grzq wkh Hxohu htxdwlrqv iru wkh qrqolqhdu prgho lq wkh irup +4;,/ dqg wkhq olqhdul}hv
wkhvh htxdwlrqv durxqg wkh vwhdg| vwdwh wr fuhdwh d olqhdu v|vwhp ri wkh irup +4<,1 Wzr
frpphqwv duh lq rughu1 Iluvw/ wklv hvvhqwldoo| uhgxfhv wkh sureohp wr d fdofxoxv ri yduld0
wlrqv sureohp1 Vlqfh wklv fdqqrw eh grqh iru doo rswlpdo frqwuro sureohpv/ wklv dssurdfk
lv olplwhg1 Krzhyhu/ lw lv ri wkh irup mxvwl�hg e| wkh vwdeoh pdqlirog wkhruhp1 Vhfrqg/ kh
dovr lpsrvhv fhuwdlqw| htxlydohqfh rq klv dssur{lpdwlrq wr vwrfkdvwlf prghov1 Wkhuhiruh/
kh dovr hqgv xs zlwk rqo| d �kdoi0olqhdu� dssur{lpdwlrq1

Grwvh| hw do1^78`/ Fkulvwldqr^63`/ dqg PfJudwwdq^<8` kdyh grfxphqwhg wkh txdolw| ri
vrph lpsohphqwdwlrqv ri wkh pdfurhfrqrplf olqhdu0txdgudwlf dssurdfk1 Wkh uhvxowv iroorz
zkdw rqh zrxog h{shfw iurp wkh shuwxuedwlrq dqdo|vlv1 Wkh Fkulvwldqr dqg PfJudwwdq
lpsohphqwdwlrqv ri wkh olqhdu�txdgdwlf phwkrg gr idluo| zhoo zkhq lw frphv wr prgholqj
pryhphqwv ri txdqwlwlhv/ exw qrw dv zhoo zlwk dvvhw sulfhv1 Wklv lv h{shfwhg vlqfh shu0
wxuedwlrq phwkrgv vkrz wkdw wkh olqhdu dssur{lpdwlrq ri txdqwlw| pryhphqwv ghshqg rq
rqo| olqhdu�txdgudwlf whupv zkhuhdv dvvhw sulflqj pryhphqwv duh pruh olnho| wr lqyroyh
kljkhu�rughu whupv1 Lq sduwlfxodu/ wkh h{wud whupv surgxfhg lq Mxgg dqg Jxx^:8` vkrz
wkdw wkh ghyldwlrqv iurp fhuwdlqw| htxlydohqfh ghshqg rq kljkhu�rughu ghulydwlyhv ri wkh
xwlolw| ixqfwlrq1 Wkh olqhdu�txdgudwlf dssur{lpdwlrq dovr grhv ohvv zhoo dv wkh yduldqfh ri
wkh surgxfwlylw| vkrfnv lqfuhdvhv vlqfh wkh olqhdu0txdgudwlf dssurdfk ljqruhv wkh h�hfwv
ri wkh yduldqfh rq wkh ghflvlrq uxohv1

Wkh olqhdu�txdgudwlf vfkhph lq +73, lv xvhg wr vroyh iru htxloleuld zklfk vroyh d vrfldo
sodqqlqj sureohp1 Pdfurhfrqrplvwv kdyh ghylvhg frpsoh{ lwhudwlyh vfkhphv wr frpsxwh
htxloleuld ri glvwruwhg hfrqrplhv1 Wkh| dovr uhyroyh durxqg olqhdu�txdgudwlf dssur{l0
pdwlrqv ri wkh lqglylgxdo djhqwv* sureohpv +vhh/ iru h{dpsoh/ Frroh| dqg Kdqvhq^6:`,1
Wkhvh surfhgxuhv duh r�huhg zlwkrxw dq| uljrurxv mxvwl�fdwlrq/ dqg r�hu qr uhdvrq zk|
wkh| vkrxog eh xvhg lqvwhdg ri wkh hduolhu olqhdul}dwlrq phwkrgv ghulyhg iurp vwdqgdug
pdwkhpdwlfdo phwkrgv1 Dv srlqwhg rxw deryh/ wkh vwdqgdug shuwxuedwlrq phwkrgv xvhg e|
Odlwqhu/ Mxgg/ Eryhqexuj/ dqg ghvfulehg lq Vwrnh| dqg Oxfdv^44<` zloo frpsxwh �uvw0rughu
ydolg olqhdu dssur{lpdwlrqv lq qrqolqhdu htxloleulxp prghov/ dqg gr vr lq d qrquhfxuvlyh/
khqfh pxfk idvwhu/ idvklrq1

Ixuwkhupruh/ wkh sureohpv zlwk wklv pdfurhfrqrplf dssurdfk duh hyhq juhdwhu zkhq
ghdolqj zlwk glvwruwhg prghov1 Wkhvh dssur{lpdwlrqv dovr ljqruh wkh lpsdfw ri yduldqfh1
Wkh srlqw ri pdq| ri wkhvh h{huflvhv lv wr frpsxwh wkh zhoiduh h�hfwv ri ydulrxv srolflhv1
Wklv uhtxluhv wkh frpsxwdwlrq ri dq htxloleulxp ydoxh ixqfwlrq1 Zh vdz deryh wkdw wkh
�uvw0rughu dssur{lpdwlrq wr vxfk ixqfwlrqv/ +6;, lqfoxghv wkh ghyldwlrq iurp fhuwdlqw|
htxlydohqfh zkhq wd{hv duh suhvhqw1 Wkhuhiruh/ wkhlu frpsxwdwlrqv ri xwlolw| duh qrw
uholdeoh1 Dqrwkhu h{dpsoh ri wkh lqdghtxdf| ri wkh pdfurhfrqrplf dssurdfk lv lq Fkdul
hw do1^5:`1 Wkh| vkrz wkdw wkh uhvxowlqj �olqhdu dssur{lpdwlrq� grhv srruo| uhodwlyh wr
d joredo qrqolqhdu surfhgxuh1 Vlqfh wkh| gr qrw wdnh dq h{solflw shuwxuedwlrq dssurdfk



Dssur{lpdwlrq/ Shuwxuedwlrq/ dqg Surmhfwlrq Phwkrgv lq Hfrqrplf Dqdo|vlv 57

+wkdw lv/ irupxodwh lw dv dq dssolfdwlrq ri wkh lpsolflw ixqfwlrq wkhruhp ru rqh ri lwv
jhqhudol}dwlrqv/ dqg frpsxwh dq dssursuldwh qxpehu ri whupv,/ wklv lv qrw hylghqfh djdlqvw
wkh xvh ri shuwxuedwlrq phwkrgv/ rqo| djdlqvw wkh dg krf dssurdfk wkh| xvh1

Olqhdu Prgho Frpsxwdwlrq1 Wkh olqhdu v|vwhp dssurdfk frxog dovr eh xvhg/
exw kdv ehhq ryhuorrnhg/ zkhq lw frphv wr wkh dqdo|vlv ri olqhdu0txdgudwlf prghov1 Wkh
lghd lv vlpsoh= li rqh kdv d prgho zlwk d ghwhuplqlvwlf vwhdg| vwdwh dqg joredoo| olqhdu
htxloleulxp ehkdylrudo uxohv/ wkhq wkh olqhdu uxohv zklfk duh orfdoo| ydolg qhdu wkh vwhdg|
vwdwh duh wkh joredoo| ydolg uxohv1 Doo ri wkh shuwxuedwlrq phwkrgv rxwolqhg deryh duh
gluhfw/ qrqlwhudwlyh/ phwkrgv lq frqwudvw wr wkh frpsoh{/ lwhudwlyh surfhgxuhv riwhq xvhg
e| hfrqrplvwv wr vroyh olqhdu g|qdplf hfrqrplf prghov1

81 Elixufdwlrq Phwkrgv

Vrphwlphv zh zloo zdqw wr frpsxwh dq dssur{lpdwlrq wr dq lpsolflwo| gh�qhg ixqfwlrq dw
d srlqw zkhuh wkh frqglwlrqv ri wkh Lpsolflw Ixqfwlrq wkhruhp gr qrw krog/ lq sduwlfxodu
zkhq K|+{3> |3, lv vlqjxodu1 Lq vrph fdvhv/ wkhuh lv dgglwlrqdo vwuxfwxuh zklfk fdq eh
h{sorlwhg e| elixufdwlrq phwkrgv/ wr zklfk zh qrz wxuq1

Vxssrvh wkdw K+{> �, lv F51 Rqh zd| wr ylhz wkh htxdwlrq K+{> �, @ 3 lv wkdw iru hdfk
� lw gh�qhv d froohfwlrq ri { zklfk vroyhv wkh htxdwlrq1 Zh vd| wkdw �3 lv d elixufdwlrq srlqw

li wkh qxpehu ri vroxwlrqv wr K+{> �, @ 3 fkdqjhv dv � sdvvhv wkurxjk �31 Wzr vlwxdwlrqv
duh vxppdul}hg lq wkh iroorzlqj wkhruhp1

Wkhruhp 81 +Elixufdwlrq Wkhruhp, Vxssrvh K+{> 3, @ 3 iru doo {/ zkhuh K = U5 $ U1
Ixuwkhupruh/ vxssrvh wkdw

K{+{3> 3, @ 3 @ K�+{3>3,> K{�+{3> 3, 9 @3
iru vrph +{3> 3,1 Wkhq/ li K��+{3>3, 9 @3/ wkhuh lv dq rshq qhljkerukrrg Q ri +{3>3, dqg
d ixqfwlrq k+�,> k+�, 9 @3 iru � 9 @3/ vxfk wkdw

K+k+�,> �, @ 3 rq Q

dqg K+{> �, lv orfdoo| gl�hrprusklf wr �+� � {, ru �+� . {,= Rwkhuzlvh/ li K��+{3> 3, @ 3 9
@K���+{3> 3,/ wkhq wkhuh lv dq rshq qhljkerukrrg Q ri +{3>3, dqg d ixqfwlrq k+�,> k+�, 9 @3
iru � 9 @3/ vxfk wkdw

K+k+�,> �, @ 3 rq Q
dqg K+{> �, lv orfdoo| gl�hrprusklf wr �6 � {� ru �6 . {�1 Lq erwk fdvhv/ +{3>3, lv d
elixufdwlrq srlqw1

Lw pd| vhhp wkdw Wkhruhp 8 kdv olplwhg dssolfdelolw| jlyhq lwv orz0glphqvlrq fkdudf0
whu1 Iruwxqdwho|/ wkhuh lv d surfhgxuh/ wkh O|dsxqry0Vfkplgw phwkrg/ zklfk lv xvhg wr
wudqvirup kljk glphqvlrq +hyhq lq�qlwh glphqvlrq, sureohpv lqwr dssursuldwh orz glphq0
vlrq sureohpv dw zklfk srlqw rqh dssolhv wkh surfhgxuhv deryh1 Wklv juhdwo| lqfuhdvhv wkh
dssolfdelolw| ri wklv dssurdfk1

Wkhruhp 8 dovr vhhpv olplwhg lq wkdw K kdv grpdlq U5= Wkhruhp 8 jhqhudol}hv wr K =
Uq.4 $ Uq1 Ixuwkhupruh/ wkh Exqfk Wkhruhp +vhh ]hlgohu, jhqhudol}hv wkh elixufdwlrq
phwkrgv lq Wkhruhp 8 wr doorzlqj erwk { dqg � wr eh lq Edqdfk vsdfhv1 Vsdfh olplwdwlrqv
suhyhqw rxu glvfxvvlqj wkhvh jhqhudol}dwlrqv khuh/ exw ehorz zh zloo vhh wkdw hfrqrplf
dssolfdwlrqv duh reylrxv1
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Wkhuh duh pdq| nlqgv ri elixufdwlrqv> wkh vlpsoh rqhv lq Wkhruhp 8 duh uhihuuhg
wr dv wkh wudqvfulwlfdo dqg slwfkirun elixufdwlrqv1 Dqrwkhu/ pruh frpsoh{/ elixufdwlrq
zklfk dulvhv qdwxudoo| lq hfrqrplfv lv wkh Krsi Elixufdwlrq1 Zh suhvhqw wkh vwdwhphqw lq
Ehqkdele dqg Qlvklpxud^<`1

Wkhruhp 91 +Krsi Elixufdwlrq, Vxssrvh wkdw
=
{@ I +{>�,/ { 5 J � Uq/ � 5 ^�f> f` � U/

I 5 Fn= Vxssrvh wkdw wkhuh h{lvwv vwdwlrqdu| vroxwlrqv/ wkdw lv/ iru m�m ? f> wkhuh lv h{+�,
vxfk wkdw I +h{+�,> �, @ 3= Vxssrvh wkdw wkh Mdfreldq I{+h{+�,> �, kdv d sdudphwulf sdlu
ri hljhqydoxhv zklfk fdq eh h{suhvvhg dv �+�, 	 �+�,l zkhuh �+3, @ 3/ �+3, 9@ 3> dqg
�3+3, 9@ 3= Wkhq wkhuh h{lvwv d idplo| ri sdudphwulf vroxwlrqv {+w> �, dqg �+�, ri

=
{ +w> �, @

I +{+w> �,> �+�,, vxfk wkdw {+w>3, @ h{+3, exw {+w> �, 9@ h{+�+�,, iru � 9@ 3= Ixuwkhupruh/ �+�,
lv Fn�4 dqg wkh shulrg ri wkh f|foh lv 5�@ m�+3,m1

Wkh uhvxow vwdwhg deryh lv mxvw d �uvw0rughu uhvxow> kljkhu rughu dssur{lpdwlrqv duh
dydlodeoh1 Wkhuh duh dovr frqglwlrqv zklfk jxdudqwhh wkdw wkh shulrglf vroxwlrqv duh vwdeoh
ruelwv1 Wkhuh duh ixuwkhu jhqhudol}dwlrqv ri wkh Elixufdwlrq Wkhruhp zklfk fryhuv fdvhv
zkhuh wkhuh duh pdq| qrqghjhqhudwh eudqfkhv sdvvlqj wkurxjk d elixufdwlrq srlqw1 Vxfk
fdvhv pd| fruuhvsrqg qdwxudoo| wr pxowlsoh htxloleuld lq hfrqrplf prghov1 Iru d pruh
frpsohwh glvfxvvlrq ri wkhvh lvvxhv vhh ]hlgohu^45;`/ Fkrz dqg Kdoh ^67`/ dqg Jroxelwvn|
dqg Vfkdh�hu^86`1

8141 Dssolfdwlrqv ri wkh Krsi Elixufdwlrq wr G|qdplf Hfrqrplf Wkhru|1

Wkh Krsi Elixufdwlrq Wkhruhp kdv ehhq h{whqvlyho| xvhg wr vwxg| wkh srvvlelolw| ri ghwhu0
plqlvwlf f|fohv lq hfrqrplf prghov1 Ehqkdele dqg Qlvklpxud^<` h{soruhg wkh srvvlelolw|
ri f|fohv lq pxowlvhfwru jurzwk prghov1 Wkh| vkrzhg krz wr xvh wkh Krsi Elixufdwlrq
Wkhruhp wr fkhfn iru wkh suhvhqfh ri Krsi elixufdwlrqv dqg r�huhg sodxvleoh qxphulfdo
h{dpsohv ri Krsi Elixufdwlrqv lq rswlpdo jurzwk prghov1 ]kdqj^464` suhvhqwhg d vlpsol0
�hg yhuvlrq ri wklv dqdo|vlv dqg dovr vkrzhg krz wr frpsxwh h{suhvvlrqv iru wkh shulrg ri
vxfk f|fohv dqg krz wr fkhfn wkhlu vwdelolw|1

Wkh Krsi elixufdwlrq kdv dovr ehhq xvhg lq Lqgxvwuldo Rujdql}dwlrq wkhru|1 Ihlfkwlqjhu^79`
xvhg wkh Krsi elixufdwlrq lq d g|qdplf prgho ri dgyhuwlvlqj wr dujxh wkdw f|fohv lq dg0
yhuwlvlqj h{shqglwxuh zhuh txlwh sodxvleoh1 Wkh Krsi elixufdwlrq kdv dovr ehhq xvhg wr
dqdo|}h jhqhudo htxloleulxp zlwk �qdqfldo lpshuihfwlrqv1 Wkh wkhph ri wkhvh sdshuv lv
wkdw zkloh wkh htxloleulxp g|qdplfv ri dq hfrqrp| pd| eh vwdeoh zlwk shuihfw fdslwdo
pdunhwv/ fdslwdo pdunhw lpshuihfwlrqv pd| ohdg wr pruh frpsoh{ g|qdplfv1 Djdlq/ wkh
Krsi elixufdwlrq lv xvhg wr ghprqvwudwh wkh h{lvwhqfh ri vwdeoh f|fohv1 Wkhvh sdshuv lq0
foxgh Iudqnh^83`/ zkr lqyhvwljdwhg d Nh|qhv0Zlfnvhoo prgho zlwk dgdswlyh h{shfwdwlrqv
iru lq dwlrq dqg irxqg wkdw shulrglf ruelwv zhuh srvvleoh1

Wkhuh duh srvvleo| pdq| rwkhu dssolfdwlrqv ri wkh Krsi elixufdwlrq1 Prvw g|qdplf
dqdo|vhv h{dplqh rqo| wkh vwhdg| vwdwh/ qrw lwv orfdo g|qdplf vwuxfwxuh1 Dw wkh ohdvw/ rqh
fdq fkhfn wkh orfdo olqhdu vwuxfwxuh wr vhh li wkh qxpehu ri vwdeoh dqg xqvwdeoh hljhqydoxhv
lv frqvlvwhqw zlwk orfdo dv|pswrwlf vwdelolw|1 Vlqfh vwdeoh f|fohv duh riwhq dvvrfldwhg zlwk
xqvwdeoh vwhdg| vwdwhv/ wkh suhvhqfh ri wrr pdq| xqvwdeoh hljhqydoxhv vkrxog ohdg dq
dqdo|vw wr fkhfn iru wkh srvvlelolw| ri d qhdue| Krsi elixufdwlrq1 Vlqfh wklv fkhfnlqj lv
sxuho| dq dojheudlf h{huflvh/ hdvlo| grqh e| v|perolf frpsxwdwlrq phwkrgv/ vxfk fkhfnv
vkrxog ehfrph vwdqgdug1

8151 Jdxjh Ixqfwlrqv1 Wkh phwkrgv ghvfulehg deryh/ frpprqo| uhihuuhg wr dv uhjx0
odu shuwxuedwlrqv/ frpsxwh h{sdqvlrqv ri wkh irup

S4
l@4 dl�

l= Wkhuh duh pdq| fdvhv zkhuh
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zh zloo zdqw wr frpsxwh gl�huhqw h{sdqvlrqv1 Lq jhqhudo/ d v|vwhp ri jdxjh ixqfwlrqv lv
d vhtxhqfh ri ixqfwlrqv/ i�q+�,j4q@4/ vxfk wkdw

olp
�$3

�q.4+�,

�q+�,
@ 3

Dq dv|pswrwlf h{sdqvlrq ri i+{, qhdu { @ 3 lv ghqrwhg

i+{, � i+3, .
4[
l@4

dl �l+{,

zkhuh/ iru hdfk q/

olp
{$3

i+{, � +i+3, .
Sq

l@4 dl �l+{,,

�q+{,
@ 3 =

Lq uhjxodu shuwxuedwlrqv/ wkh vhtxhqfh ri jdxjh ixqfwlrqv lv �n+�, @ �n= Dqrwkhu h{dpsoh
ri d jdxjh v|vwhp lv �n+�, @ �n@51 Lq pdq| sureohpv/ sduw ri wkh sureohp lv lq ghwhuplq0
lqj wkh fruuhfw jdxjh v|vwhp1 Wkh qh{w vhfwlrqv suhvhqw h{dpsohv ri wklv pruh jhqhudo
sureohp1

8161 Elixufdwlrq Dssolfdwlrqv wr Vwrfkdvwlf Prghoolqj1 Zkhuhdv wkh Krsi elixu0
fdwlrq lv xvhixo lq dqdo|}lqj ghwhuplqlvwlf v|vwhpv/ wkh vlpsohu slwfkirun dqg wudqvfulwlfdo
elixufdwlrqv h{dplqhg deryh lq Wkhruhp 8 fdq eh xvhg wr vwxg| vwrfkdvwlf sureohpv1 Lq
wklv vhfwlrq/ zh zloo looxvwudwh wklv zlwk wzr h{dpsohv1 Iluvw zh zloo glvfxvv wkh ghwdlov ri d
vlpsoh sruwirolr sureohp1 Vhfrqg/ zh zloo glvfxvv d pxfk pruh vrsklvwlfdwhg dssolfdwlrq1

Sruwirolr Fkrlfhv zlwk Vpdoo Ulvnv1 Vxssrvh wkdw dq lqyhvwru kdv Z lq zhdowk
wr lqyhvw lq wzr dvvhwv1 Wkh vdih dvvhw |lhogv U shu groodu lqyhvwhg dqg wkh ulvn| dvvhw
|lhogv �] shu groodu lqyhvwhg1 Li d sursruwlrq $ ri klv zhdowk lv lqyhvwhg lq wkh ulvn| dvvhw/
�qdo zhdowk lv �\ @Z ++4�$,U.$ �],=Zh dvvxph wkdw kh fkrrvhv $ wr pd{lpl}h Hix+ �\ ,j
iru vrph frqfdyh xwlolw| ixqfwlrq x+�,1

Rqh zd| lq zklfk hfrqrplvwv kdyh jdlqhg lqvljkw lqwr wklv sureohp lv wr dssur{lpdwh
x zlwk d txdgudwlf ixqfwlrq dqg vroyh wkh uhvxowlqj txdgudwlf rswlpl}dwlrq sureohp1 Lw lv
dujxhg wkdw wklv lv ydolg iru vpdoo ulvnv1 Wkh elixufdwlrq dssurdfk doorzv xv wr h{dplqh
wklv uljrurxvo|1 Zh �uvw fuhdwh d frqwlqxxp ri sruwirolr sureohpv e| dvvxplqj

�] @ U. ��} . �5�

Dw � @ 3/ �] lv ghjhqhudwh dqg htxdo wr U1 Li � A 3/ zh prgho wkh lqwxlwlyh fdvh ri ulvn|
dvvhwv sd|lqj d suhplxp1 Qrwh wkdw zh pxowlso| �} e| � dqg � e| �51 Vlqfh wkh yduldqfh
ri �} lv �5 �5} / wklv prghov wkh revhuydwlrq wkdw ulvn suhpld duh wkh vdph rughu dv wkh
yduldqfh1

Mxgg dqg Jxx^::` dssolhg wkh Elixufdwlrq Wkhruhp wr wklv sureohp/ surgxflqj d sur0
fhgxuh zklfk lqyroyhv vroylqj rqo| olqhdu htxdwlrqv dqg zklfk fdq eh xvhg iru qrqfrpsdfw
glvwulexwlrqv1 Zh zloo eulh | rxwolqh wkhlu dqdo|vlv1 Wkh �uvw0rughu frqglwlrq iru $ lv

3 @ Hix3+U. $+�} . �5�,, +} . ��,j � J+$> �, +74,

Zh zdqw wr dqdo|}h wklv sureohp iru vpdoo �1 Zh fdqqrw dsso| wkh lpsolflw ixqfwlrq
wkhruhp vlqfh 3 @ J+$> 3, iru doo $ lpso|lqj wkdw $ lv lqghwhuplqdwh dw � @ 31 Vlqfh zh
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zdqw wr vroyh iru $ dv d ixqfwlrq ri � qhdu 3/ zh �uvw qhhg wr frpsxwh zklfk ri wkhvh $
ydoxhv lv wkh �fruuhfw� vroxwlrq wr wkh � @ 3 fdvh> vshfl�fdoo|/ zh zdqw wr frpsxwh

$3 � olp
�$3

$+�,

Lpsolflw gl�huhqwldwlrq ri +74, lpsolhv

3 @ J$ $
3 .J� +75,

Gl�huhqwldwlqj J zh �qg

J� @ Hix33+ �\ , +$} .5$��, +} . ��, . x3+ �\ ,�j
J$ @ Hix33+ �\ , +} . ��,5�j

Dw � @ 3> J$ @ 31 $3+3, fdq eh zhoo0gh�qhg lq +75, rqo| li J�+$> 3, @ 3 dovr1 Wkhuhiruh/
zh orrn iru d elixufdwlrq srlqw/ $3/ gh�qhg e| 3 @ J�+$3> 3,1 Dw � @ 3/ wklv uhgxfhv wr
3 @ x33+U,$3�

5
} . x3+U,�/ zklfk lpsolhv

$3 @ � x3+U,

x33+U,

�

�5}

Wklv lv wkh vlpsoh sruwirolr uxoh lqglfdwlqj wkdw $ lv wkh surgxfw ri ulvn wrohudqfh dqg wkh
ulvn suhplxp shu xqlw yduldqfh1 Li $3 lv zhoo0gh�qhg/ wkhq wklv pxvw eh lwv ydoxh1 Vlqfh
wkh frqglwlrqv ri wkh Elixufdwlrq Wkhruhp duh vdwlv�hg dw +$3>3,/ wkhuh lv d ixqfwlrq $+�,
zklfk jrhv vdwlv�hv +74, dqg jrhv wkurxjk +$3>3,=

Qrwh wkdw wklv lv qrw dq dssur{lpdwlrq wr wkh sruwirolr fkrlfh dw dq| sduwlfxodu ydul0
dqfh1 Lqvwhdg/ $3 lv wkh olplwlqj sruwirolr vkduh dv wkh yduldqfh ydqlvkhv1 Vrph dxwkruv
wuhdw wklv dv dq dssur{lpdwlrq wr wkh wuxh vroxwlrq/ $+�,> iru vpdoo �1 Wkdw/ krzhyhu/ lv
qrw wkh fdvh1 Li zh zdqw wkh olqhdu dssur{lpdwlrq ri $+�, dw +$3>3,> zh pxvw jr rqh pruh
vwhs vlqfh wkh olqhdu dssur{lpdwlrq lv $+�,

=
@ $+3, . � $3+3,= Wr fdofxodwh $3+3, zh qhhg

wr gr rqh pruh urxqg ri lpsolflw gl�huhqwldwlrq1 Gl�huhqwldwlqj +75, zlwk uhvshfw wr �
|lhogv 3 @ J$$ $

3$3.5J$� $
3.J$$

33.J��1 Dw +$3>3,/ J�� @ x333+U,$5
3Hi}6j> J$$ @ 3>

J$� @ x33+U,Hi}5j= Wkhuhiruh/

$3+3, @ � 4

5

x333+U,

x33+U,

Hi}6j
Hi}5j $

5
3 =

Wklv irupxod whoov xv krz wkh vkduh ri zhdowk lqyhvwhg lq wkh ulvn| dvvhw fkdqjhv dv
wkh ulvnlqhvv lqfuhdvhv/ kljkoljkwlqj wkh lpsruwdqfh ri wkh wklug dqg vhfrqg ghulydwlyhv
ri xwlolw| dqg wkh udwlr ri vnhzqhvv wr yduldqfh1 Li wkh glvwulexwlrq ri wkh ulvn| dvvhw lv
v|pphwulf/ wkhq Hi}6j @ 3/ dqg wkh frqvwdqw $3 lv wkh olqhdu dssur{lpdwlrq ri $+�,=
Wklv lv dovr wuxh li x333+U, @ 3/ vxfk dv lq wkh txdgudwlf xwlolw| fdvh1 Krzhyhu/ li wkh
xwlolw| ixqfwlrq qrw txdgudwlf dqg wkh ulvn| uhwxuq lv qrw v|pphwulfdoo| glvwulexwhg/ wkhq
$3+3, 9@ 3/ dqg wkh olqhdu dssur{lpdwlrq lv d qrqwulyldo ixqfwlrq1 Qrwh wkdw wklv vd|v
wkdw d olqhdu dssur{lpdwlrq wr $+�, uhtxluhv d fxelf dssur{lpdwlrq wr wkh xwlolw| ixqfwlrq
dqg wklug prphqwv ri h}1 Wklv idfw/ dovr ghprqvwudwhg lq Vdpxhovrq^447`/ vkrzv krz
wkh vlpsoh dssurdfk ri xvlqj rqo| d txdgudwlf dssur{lpdwlrq wr wkh remhfwlyh ixqfwlrq
grhv qrw surgxfh d ydolg olqhdu dssur{lpdwlrq iru $+�,1 Wkh dgydqwdjh ri wkh elixufdwlrq
dssurdfk ghprqvwudwhg khdu lv wkdw wkh vwuxfwxuh ri wkh sureohp lqglfdwhv h{dfwo| zkdw
lqirupdwlrq lv qhhghg1
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Vdpxhovrq ^447` hduolhu dqdo|}hg wklv sureohp lq d ohvvv irupdo idvklrq1 Dovr/ klv
irupdo dqdo|vlv zdv olplwhg wr �] zlwk frpsdfw glvwulexwlrqv/ wkdw lv/ udqgrp yduldeohv
zkrvh vxssruw jrhv wr d srlqw dv � jrhv wr }hur/ d ghwdlo zklfk vxevwdqwldoo| olplwv sudfwlfdo
lqwhuhvw1 Wkh shuwxuedwlrq dujxphqwv xvhg deryh pdnh qr vxfk uhvwulfwlrq1 Zkloh wkh
Vdpxhovrq phwkrg zrunhg lq wklv h{dpsoh/ xvlqj Wkhruhp 8 doorzv xv wr surfhhg lq d
pruh jhqhudo idvklrq/ dqg surylghv wkh qhfhvvdu| irupdo mxvwl�fdwlrq iru wkhvh fdofxodwlrqv1

Rqh h{dpsoh ri zkhuh wkh wuxh sureohp kdv d elixufdwlrq vwuxfwxuh dqg vwdqgdug
olqhdu dssur{lpdwlrq surfhgxuh lv xqdffhswdeoh lv Kx�pdq ^96`1 Kx�pdq h{dplqhg dq
ryhuodsslqj jhqhudwlrqv prgho ri fdslwdo dffxpxodwlrq/ dqg wulhg wr h{dplqh wkh lpsdfw
ri d exvlqhvv f|foh vkrfn rq dvvhw wudglqj1 Kh frpsxwhg wkh ghwhuplqlvwlf vwhdg| vwdwh
dqg frpsxwhg wkh lpsxovh ixqfwlrq iru lqglylgxdo zhdowk dqg dvvhw wudglqj dulvlqj iurp
xqdqwlflsdwhg vkrfnv wr hqgrzphqwv dqg rxwsxw1 Vlqfh wklv zdv doo grqh lq dq rwkhuzlvh
ghwhuplqlvwlf/ shuihfw iruhvljkw prgho/ wkh wdflw dvvxpswlrq/ dssursuldwh iru vxfk prghov/
zdv wkdw htxlw| zdv wkh rqo| wudghg dvvhw1 Krzhyhu/ Kx�pdq wkhq lqwhusuhwhg wkh lpsxovh
ixqfwlrqv iurp wkh ghwhuplqlvwlf prgho dv lpsxovh uhvsrqvh ixqfwlrqv iru d vwrfkdvwlf
prgho/ zkhuh doo djhqwv nqrz wkdw wkhvh vkrfnv rffxu iuhtxhqwo|1 Lq wkh vwrfkdvwlf fdvh/
wkhuh zrxog dovr eh ghpdqg iru wudgh lq erqgv dv zhoo dv htxlw|/ dqg exvlqhvv f|foh vkrfnv
zrxog jhqhudwh glvwxuedqfhv wr erqg kroglqjv dv zhoo dv wr htxlw| kroglqjv1 Wklv zdv doo
ljqruhg e| Kx�pdq/ zkr lpsolflwo| dvvxphg wkdw hyhq lq wkh vwrfkdvwlf prgho wkh rqo|
dvvhw zdv htxlw|1 Vxfk d fdslwdo pdunhw lpshuihfwlrq zloo kdyh lpsruwdqw lpsdfwv rq
wkh suhglfwhg dvvhw wudglqj/ dqg lv qrw dq dssursuldwh dvvxpswlrq iru wkh X1V1 fdslwdo
pdunhw1 Wklv lv qrw dq dssursuldwh dssur{lpdwlrq dvvxpswlrq> mxvw ehfdxvh rqh ri wkh
ghwhuplqlvwlf htxloleuld kdv qr erqg wudglqj grhv qrw phdq wkdw wkh devhqfh ri erqgv lv
dq dssursuldwh dssur{lpdwlrq iru wkh vwrfkdvwlf prgho/ hyhq rqh zlwk vkrfnv zlwk vpdoo
yduldqfh1 Wkh lpsruwdqfh ri lqfoxglqj erqg wudglqj lqwr wkh dqdo|vlv ghshqgv rq wkh
txhvwlrq ehlqj lqyhvwljdwhg1 Lw lv olnho| wkdw wkh zhoiduh orvv lv vpdoo zkhq wkh yduldqfh lv
vpdoo1 Krzhyhu/ lqfoxglqj erqg wudglqj frxog kdyh vxevwdqwldo lpsdfw rq wkh yroxph ri
wudgh lq ydulrxv dvvhwv1

Elixufdwlrq dqg Vxqvsrwv1 D sduwlfxoduo| vrsklvwlfdwhg dssolfdwlrq ri elixufdwlrq
whfkqltxhv dsshduhg lq Fkldssrul hw do1^5<`1 Wkh| dqdo|}hg wkh h{lvwhqfh ri vwdwlrqdu|
vxqvsrw htxloleuld qhdu vwhdg| vwdwhv ri ryhuodsslqj jhqhudwlrqv prgho ri duelwudu| glphq0
vlrq1 Wkh| vkrz wkdw zkhq d vwhdg| vwdwh kdv lqghwhuplqdwh orfdo ghwhuplqlvwlf g|qdplfv/
l1h1/ wkhuh h{lvwv d frqwlqxxp ri shuihfw iruhvljkw sdwkv frqyhujlqj wr wkh vwhdg| vwdwh/
wkhq wkhuh h{lvwv d frqwlqxxp ri vxqvsrw htxloleuld zklfk kdyh vxssruw lq qhljkerukrrgv
ri wkh vwhdg| vwdwh1 Wkh| dovr duh deoh wr ghwhuplqh wkh srvvleoh txdolwdwlyh fkdudfwhu ri
wkh vxqvsrw htxloleuld1 Wklv sdshu glvsod|v d yhu| vrsklvwlfdwhg dqg ulfk dssolfdwlrq ri wkh
lghdv ehklqg Wkhruhp 81 Wkhvh phwkrgv zloo dovr doorz uhvhdufkhuv wr dvvhvv txdqwlwdwlyh
dvshfwv ri vxqvsrw htxloleuld1

91 Dv|pswrwlf H{sdqvlrqv ri Lqwhjudov

Lq hfrqrplf dqg hfrqrphwulf sureohpv/ lqwhjudov iuhtxhqwo| wdnh wkh irup

L+�, �
]
G

h��j+{, i+{, g{ +76,

zkhuh � lv d odujh sdudphwhu1 Vlpso| gl�huhqwldwlqj +76 , zlwk uhvshfw wr � dw � @4 zloo
qrw zrun khuh1 Odsodfh*v phwkrg surylghv d xvhixo zd| wr dssur{lpdwh +76,1 Wkh edvlf
lghd lv wkdw wkh pdmru frqwulexwlrq ri wkh lqwhjudqg lv dw wkh plqlpxp ri j+{,1 Vxssrvh
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j+{, lv plqlpl}hg dw { @ d1 Iru odujh �/ li { 9 @d wkhq h��j+{, � h��j+d,1 Dv orqj dv
i+{, grhv qrw r�vhw wklv iru m{�dm  3/ L+�, lv ghwhuplqhg odujho| e| wkh ehkdylru ri wkh
lqwhjudqg/ h��j+{,i+{,> iru { qhdu d1

Wkh rqh0glphqvlrqdo fdvh lv hdv| wr vwdwh1 Dvvxph wkdw j dqg i vdwlvi| wkh dv|pswrwlf
vhulhv

j+{, � j+d, .
4[
l@3

dl+{� d,l.�> i+{, �
4[
l@3

el+{� d,l.��4

Xqghu prghvw dvvxpswlrqv +vhh Zrqj/ ^459`/ ru Eohlvwhlq dqg Kdqghovpdq/ ^46`, li wkh

lqwhjudo L+�, @
U e
d
i+{,h��j+{, g{ frqyhujhv devroxwho| iru vx!flhqwo| odujh �/ dqg li j lv

plqlpl}hg rq ^d> e` dw d/ wkhq

L+�, � h��j+d,
4[
l@3

�

�
l .�

�

�
fl

�+l.�,@�
+77,

zkhuh �+�, � U4
3

h�{{��4 g{ lv wkh jdppd ixqfwlrq/ dqg wkh fl ghshqg rq wkh dl dqg el1
Lq sduwlfxodu

f3 @
e3

�d
�@�
3

> f4 @

�
e4
�
� +�.4,d4 e3

�5d3

�
d
�+�.4,@�
3

Wr frpsxwh wkhvh frh!flhqwv dqg rwkhuv rqh hvvhqwldoo| h{sdqgv wkh lqwhjudqg lq whupv
ri � dqg pdwfkhv olnh srzhuv461 Rqh ri wkh e|surgxfwv ri wklv wkhruhp lv wkh frqvwuxfwlrq
ri dq lqwhjudqg zklfk lv forvh wr h��j+{, i+{, exw dovr lqwhjudeoh1 Wklv dssur{lpdwlrq
wr wkh lqwhjudqg lv wkhq lqwhjudwhg wr surgxfh Odsodfh*v dssur{lpdwlrq1 Qrwh wkdw wkh
jdxjh ixqfwlrqv ri � lq +77, ghshqg rq wkh dv|pswrwlf h{sdqvlrqv ri i dqg j1

Rqh hohphqwdu| dssolfdwlrq ri Odsodfh*v phwkrg lv Vwluolqj*v irupxod iru q$ 1 Uhfdoo
wkdw q$ @ �+q . 4,1 Zh zrxog olnh wr dssur{lpdwh �+q, iru odujh q1 Wr xvh Odsodfh*v
phwkrg/ ohw { @ |�> wkhq

�+�, @ ��
] 4

3

h��+|�oq |,|�4 g|

Wkh plqlpxp ri |� oq | lv dw | @ 41 Euhdn wkh lqwhjudo lqwr wzr lqwhjudov ryhu ^3>4` dqg
^4>4,/ dqg dgg wkh wzr rqh0vlghg dssur{lpdwlrqv wr jhw wkh wzr0whup dssur{lpdwlrq

�+�, �
s
5� ���

4

5 h��
�
4 .

4

45�

�
Vwluolqj*v irupxod lv mxvw wkh rqh0whup h{sdqvlrq/ q$ * s5�+q .4,q.

4

5 h�+q.4,=
Zkloh wkh rshudwlqj dvvxpswlrq lq Odsodfh*v dssur{lpdwlrq lv wkdw � lv d �odujh�

sdudphwhu/ sudfwlfdo xvh ri vxfk phwkrgv uho| rq zkdw �odujh� phdqv txdqwlwdwlyho|1 Iru0
wxqdwho|/ wkhvh h{sdqvlrqv pd| gr yhu| zhoo hyhq zkhq � lv dfwxdoo| vpdoo1 Iru h{dpsoh/
Vwluolqj*v dssur{lpdwlrq iru 4$ lv 1<8<8 dqg wkh wzr�whup h{sdqvlrq |lhogv 1<<<81

Wkhuh lv d pxowlglphqvlrqdo h{whqvlrq ri Odsodfh*v phwkrg1 Vxssrvh G � Uq/ i> j 5
F5^G`1 Vxssrvh wkh plqlpxp ri j+{, iru { 5 G lv dfklhyhg dw {3 lq wkh lqwhulru ri G1
Wkhq wkh ohdglqj whup ri wkh h{sdqvlrq lv

L+�,
=
@
h��j+{3,

mKm4@5
�
5�

�

�q@5
i+{3,

46Ehqghu dqg Ruv}dj jlyhv dq lqwxlwlyh suhvhqwdwlrq ri wklv surfhgxuh1
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zkhuh K � +j{l{m , lv wkh Khvvldq ri j1 Kljkhu rughu whupv fdq dovr eh frpsxwhg1 Zkloh
frpsxwlqj kljkhu�rughu whupv zrxog eh yhu| whglrxv wr frqvwuxfw/ v|perolf odqjxdjhv
vxfk dv Pdwkhpdwlfd/ Pdsoh/ dqg Pdfv|pd/ duh lghdoo| vxlwhg wr gr wklv1

9141 Hfrqrphwulf Dssolfdwlrqv ri Dv|pswrwlf Phwkrgv1 Dv|pswrwlf phwkrgv
lq hfrqrphwulfv duh hvvhqwldoo| shuwxuedwlrq phwkrgv zkhuh wkh surshuwlhv ri dq hvwlpdwru
duh frpsxwhg lq whupv ri wkh vl}h ri wkh gdwd vhw dqg wkh h{sdqvlrq lv durxqg wkh fdvh
ri dq lq�qlwh vdpsoh vl}h1 Lq vrph fdvhv/ wkh dv|pswrwlf sureohp fdq eh kdqgohg e|
uhodwlyho| vlpsoh surfhgxuhv/ vxfk dv Hgjhzruwk h{sdqvlrqv1

Lq rwkhu fdvhv/ wkh ixoo srzhu ri Odsodfh*v phwkrg lv qhhghg wr frpsxwh dv|pswrwlf
surshuwlhv ri vwdwlvwlfv1 Lq wklv fdvh/ wkh lqwhjudo lv wkh olnholkrrg ixqfwlrq/ dqg lw lv zulwwhq
lq wkh irup +76, zkhuh wkh sdudphwhu � lv wkh vdpsoh vl}h1 Skloolsv ^437` xvhg Odsodfh*v
phwkrg wr dssur{lpdwh vpdoo vdpsoh pdujlqdo ghqvlwlhv ri lqvwuxphqwdo yduldeohv hvwlpd0
wruv1 Jk|vhov dqg Olhehupdq ^85` xvh Odsodfh*v phwkrg wr frpsxwh vpdoo vdpsoh eldvhv
zklfk dulvh iurp xvlqj �owhuhg gdwd lq g|qdplf uhjuhvvlrqv1 Odsodfh*v phwkrg kdv ehhq
pruh srsxodu dprqj vwdwlvwlfldqv> vhh wkh flwdwlrqv lq ^85`1 Kroo| dqg Skloolsv ^95` xvh wkh
uhodwhg vdggohsrlqw surfhgxuh1 Wkhvh phwkrgv zrun zhoo/ exw duh qrw riwhq xvhg/ srvvleo|
ehfdxvh wkhlu lpsohphqwdwlrq uhtxluhv pxfk dojheud1 Rqh vxvshfwv wkdw d pruh lqwhqvlyh
xvh ri v|perolf frpsxwdwlrqdo wrrov zrxog pdnh wkhp pruh dffhvvleoh1

9151 Wkhruhwlfdo Dssolfdwlrqv ri Odsodfh*v Phwkrg1 Zkloh wkh wkhruhwlfdo ds0
solfdwlrqv ri dv|pswrwlf phwkrgv iru hydoxdwlqj lqwhjudov duh ihz fxuuhqwo|/ wkh| duh olnho|
wr lqfuhdvh1 Eurfn^4<` glvfxvvhv zkhuh Odsodfh*v phwkrg lv xvhixo lq hydoxdwlqj vwdwlvwlfdo
phfkdqlfdo v|vwhpv dgdswhg wr hfrqrplf lvvxhv1 Dv wklv prghoolqj dssurdfk pdwxuhv/ lw
lv olnho| wkdw Odsodfh*v phwkrg dqg uhodwhg dv|pswrwlf surfhgxuhv zloo eh txlwh xvhixo1

:1 Wkh Pdwkhpdwlfv ri Os Dssur{lpdwlrqv

Zh zloo riwhq zdqw wr dssur{lpdwh ixqfwlrqv ryhu d eurdg udqjh ri ydoxhv zlwk uhodwlyho|
xqlirup dffxudf|1 Lq wklv fdvh/ zh wxuq wr Os dssur{lpdwlrqv1 Os dssur{lpdwlrqv �qgv
d �qlfh� ixqfwlrq j zklfk lv �forvh wr� d jlyhq ixqfwlrq i lq wkh vhqvh ri d Os qrup1 Wr
frpsxwh dq Os dssur{lpdwlrq ri i / rqh lghdoo| qhhgv wkh hqwluh ixqfwlrq/ dq lqirupdwlrqdo
uhtxluhphqw zklfk lv jhqhudoo| lqihdvleoh1 Lqwhusrodwlrq lv dq| surfhgxuh zklfk �qgv
d �qlfh� ixqfwlrq zklfk jrhv wkurxjk d froohfwlrq ri suhvfulehg srlqwv1 Zkhq xvlqj
lqwhusrodwlrq/ wkh remhfwlyh lv wr dvvxuh wkdw li wkh gdwd frphv iurp d ixqfwlrq j wkhq
wkh lqwhusrodqw lv forvh wr j1 Uhjuhvvlrq olhv ehwzhhq O5 dssur{lpdwlrq dqg lqwhusrodwlrq
lq wkdw wkh dprxqw ri gdwd xvhg h{fhhgv wkh qxpehu ri iuhh sdudphwhuv/ surgxflqj dq
dssur{lpdwlrq zklfk �ehvw� �wv wkh gdwd1 Lq doo fdvhv/ zh qhhg wr irupdol}h wkh qrwlrqv
ri �qlfh� dqg �forvh wr1�

:141 Ruwkrjrqdo Sro|qrpldov1 Zh zloo qh{w xvh edvlf yhfwru vsdfh lghdv wr frq0
vwuxfw uhsuhvhqwdwlrqv ri ixqfwlrqv zklfk zloo ohdg wr jrrg dssur{lpdwlrqv1 Vlqfh wkh
vsdfh ri frqwlqxrxv ixqfwlrqv lv vsdqqhg e| wkh sro|qrpldov/ {q/ lw lv qdwxudo wr wklqn ri
wkh ruglqdu| sro|qrpldov dv d edvlv iru wkh vsdfh ri frqwlqxrxv ixqfwlrqv1 Krzhyhu/ uhfdoo
wkdw jrrg edvhv iru yhfwru vsdfhv srvvhvv xvhixo ruwkrjrqdolw| surshuwlhv1 Zh zloo ghyhors
wkrvh ruwkrjrqdolw| lghdv wr frqvwuxfw ruwkrjrqdo sro|qrpldov1

Gh�qlwlrq :1 D zhljkwlqj ixqfwlrq/ z+{,/ rq ^d> e` lv dq| ixqfwlrq zklfk lv srvlwlyh dqg
kdv d �qlwh lqwhjudo rq ^d> e`1 Jlyhq d zhljkwlqj ixqfwlrq z+{,/ zh gh�qh dq lqqhu surgxfw
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rq lqwhjudeoh ixqfwlrqv ryhu ^d> e`=

ki> jl @
] e

d

i+{, j+{,z+{, g{

Wkh idplo| ri sro|qrpldov i*q+{,j duh pxwxdoo| ruwkrjrqdo zlwk uhvshfw wr wkh zhljkwlqj
ixqfwlrq z+{, li dqg rqo| li

k*q> *pl @ 3> q 9 @p
Wkhuh duh vhyhudo h{dpsohv ri ruwkrjrqdo idplolhv ri sro|qrpldov/ hdfk gh�qhg e| d

gl�huhqw zhljkwlqj ixqfwlrq dqg lqwhuydo1 Vrph frpprq rqhv xvhixo lq hfrqrplfv duh
Ohjhqguh/ Fkhe|vkhy/ Odjxhuuh/ dqg Khuplwh sro|qrpldov1 Ohjhqguh sro|qrpldov dvvxph
z+{, @ 4 rq wkh lqwhuydo ^�4> 4` > wkh q*wk Ohjhqguh sro|qrpldo lv

Sq+{, � +�4,q
5qq$

� gq

g{q
^+4� {5,q`

Wkh Fkhe|vkhy sro|qrpldov dulvh iurp z+{, @ +4�{5,� 4

5 rq ^�4> 4`> wkh q*wk Fkhe|vkhy
sro|qrpldo lv

Wq+{, � frv+q frv�4 {,

Wkh Fkhe|vkhy dqg Ohjhqguh sro|qrpldov duh xvhixo lq vroylqj sureohpv zklfk olyh rq
frpsdfw vhwv vlqfh d olqhdu fkdqjh ri yduldeohv zloo wudqvirup lq frpsdfw lqwhuydo lqwr
^�4>4`1 Wkh Odjxhuuh sro|qrpldov fruuhvsrqg wr z+{, @ h�{ rq ^3> 4,> wkh q*wk phpehu
lv

Oq+{, � h{

q$

gq

g{q
+{q h�{,

Odjxhuuh sro|qrpldov duh xvhixo zkhq rqh qhhgv wr dssur{lpdwh wlph sdwkv ri yduldeohv
lq d ghwhuplqlvwlf dqdo|vlv1 Khuplwh sro|qrpldov dulvh iurp z+{, @ h�{

5

rq +�4> 4,>
wkh q*wk phpehu lv

Kq+{, � +�4,qh{5 gq

g{q
+h�{

5

,

Khuplwh sro|qrpldov duh xvhg wr dssur{lpdwh ixqfwlrqv ri qrupdo udqgrp yduldeohv1

:151 Ohdvw0Vtxduhv Ruwkrjrqdo Sro|qrpldo Dssur{lpdwlrq1 Jlyhq i+{, gh0
�qhg rq ^d> e`/ rqh dssur{lpdwlrq frqfhsw lv ohdvw0vtxduhv zlwk uhvshfw wr wkh zhljkwlqj
ixqfwlrq z+{,1 Wkdw lv/ jlyhq i+{,/ wkh ohdvw0vtxduhv sro|qrpldo dssur{lpdwlrq ri i zlwk
uhvshfw wr zhljkwlqj ixqfwlrq z+{, lv wkh ghjuhh q sro|qrpldo zklfk vroyhv

plq
ghj +s,�q

] e

d

+i+{,� s+{,,5 z+{, g{=

Lq wklv sureohp/ wkh zhljkwlqj ixqfwlrq z+{, lqglfdwhv krz zh fduh derxw dssur{lpdwlrq
huuruv dv d ixqfwlrq ri {1 Iru h{dpsoh/ li rqh kdv qr suhihuhqfh ryhu zkhuh wkh dssur{l0
pdwlrq lv jrrg +lq d vtxduhg0huuru vhqvh, wkhq zh wdnh z+{, @ 41 Li rqh fduhg pruh derxw
wkh huuru durxqg { @ 3 zh vkrxog fkrrvh d z+{, zklfk lv odujhu qhdu 31

Wkh frqqhfwlrqv ehwzhhq ruwkrjrqdo sro|qrpldov dqg ohdvw0vtxduhv dssur{lpdwlrq duh
lpphgldwho| dssduhqw lq vroylqj iru wkh frh!flhqwv ri s+{, lq wkh ohdvw0vtxduhv dssur{0
lpdwlrq sureohp1 Li i*qj4q@4 lv dq ruwkrjrqdo vhtxhqfh zlwk uhvshfw wr z+{,/ dqg zh
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gh�qh ki> jl � U e
d
i+{, j+{,z+{, g{ wkh lqgxfhg phwulf lv n i n� ki> il/ wkh ohdvw0vtxduhv

vroxwlrq plqlpl}hv n i � s n/ dqg fdq eh h{suhvvhg

s+{, @
q[
l@3

ki> *ll
k*l> *ll

*l+{,=

Qrwh wkh vlplodulw| ehwzhhq ohdvw0vtxduhv dssur{lpdwlrq dqg olqhdu uhjuhvvlrq1 Wkh
irupxod iru s+{, lv hvvhqwldoo| wkh vdph dv uhjuhvvlqj wkh ixqfwlrq i rq q . 4 ruwkrjrqdo
uhjuhvvruv> wkh frh!flhqw ri wkh l*wk �uhjuhvvru/� *l+{,/ htxdov wkh �fryduldqfh� ehwzhhq i
dqg wkh l*wk �uhjuhvvru� glylghg e| wkh yduldqfh ri wkh l*wk uhjuhvvru1 Wklv lv qr dfflghqw
vlqfh uhjuhvvlrq lv d ohdvw0vtxduhv dssur{lpdwlrq1

Fkhe|vkhy Dssur{lpdwlrq1 Zh zloo qh{w ghvfuleh vrph ri wkh ihdwxuhv ri Fkhe|0
vkhy dssur{lpdwlrq vlqfh wkh| sod| dq lpsruwdqw uroh lq pdq| dssolfdwlrqv1

Wkhruhp ;1 +Fkhe|vkhy Dssur{lpdwlrq Wkhruhp, Dvvxph i 5 Fn ^�4> 4`1 Ohw

Fq+{, � 4

5
f3 .

q[
m@4

fmWm+{,

zkhuh

fm � 5

�

] 4

�4

i+{,Wm+{, g{s
4� {5

=

Wkhq wkhuh lv d e vxfk wkdw/ iru doo q � 5

n i �Fq n4 � e oq q

qn

Khqfh Fq $ i xqlirupo| dv q$41 Ixuwkhupruh/ wkhuh lv d frqvwdqw f vxfk wkdw

mfmm � f@mn> m � 4

Wklv wkhruhp kdv pdq| xvhixo dvshfwv1 Iluvw/ li zh frpsxwh d q0whup Fkhe|vkhy
dssur{lpdwlrq/ zh qhhg wr dvvhvv wkh olnholkrrg ri lw ehlqj �qhduo|� dv jrrg dv wkh ixoo
dssur{lpdwlrq1 Li wkh odvw ihz whupv ri wkh q0whup dssur{lpdwlrq gr qrw dsshdu wr eh
gursslqj dw wkh m�n udwh lqglfdwhg lq wkh wkhruhp/ zh zrxog wdnh wklv dv hylghqfh iru
dgglqj pruh whupv> li wkh frh!flhqwv duh gursslqj dw wkh lqglfdwhg udwh zh ihho pruh
frpiruwdeoh lq dffhswlqj wkh q0whup dssur{lpdwlrq1 Qrwh wkdw/ hyhq wkrxjk wkh frq0
vwuxfwlrq lv d ohdvw0vtxduhv dssurdfk/ wkh frqyhujhqfh lv xqlirup/ d idu vwurqjhu irup ri
frqyhujhqfh1 Vlqfh xqlirup dssur{lpdwlrq lv d pruh gl!fxow sureohp/ zh lqvwhdg xvh
Fkhe|vkhy dssur{lpdwlrq zklfk/ dffruglqj wr Wkhruhp ;/ zloo zrun qhduo| dv zhoo lq wkh
xqlirup qrup1

:161 Lqwhusrodwlrq1 Lqwhusrodwlrq lv dq| phwkrg zklfk wdnhv d �qlwh vhw ri srlqwzlvh
uhvwulfwlrqv dqg �qgv d ixqfwlrq i = Uq $ Up vdwlvi|lqj wkrvh uhvwulfwlrqv1
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Odjudqjh Lqwhusrodwlrq1 Odjudqjh lqwhusrodwlrq wdnhv d froohfwlrq ri q srlqwv lq
U5/ +{l> |l,> l @ 4> � � � > q/ zkhuh wkh {l duh glvwlqfw/ dqg �qgv d ghjuhh q� 4 sro|qrpldo/
s+{,/ vxfk wkdw |l @ s+{l,> l @ 4> � � � > q1 Wkh Odjudqjh irupxod ghprqvwudwhv wkdw wkhuh
lv vxfk lqwhusrodwlqj sro|qrpldo1 Gh�qh

cl+{, @
\
m 9@l

{� {m
{l � {m

Qrwh wkdw cl+{, lv xqlw| dw { @ {l dqg }hur dw { @ {m iru l 9@ m 1 Wklv surshuw| lpsolhv
wkdw wkh sro|qrpldo

s+{, @
q[
l@4

|lcl+{,

lqwhusrodwhv wkh gdwd/ wkdw lv/ |l @ s+{l,> l @ 4> � � � > q1 Ixuwkhupruh/ wklv lv wkh xqltxh
vroxwlrq1

Khuplwh Lqwhusrodwlrq1 Zh pd| zdqw wr �qg d sro|qrpldo s zklfk �wv vorsh dv
zhoo dv ohyho uhtxluhphqwv1 Vxssrvh zh kdyh gdwd

s+{l, @ |l> s
3+{l, @ |3l > l @ 4> � � � > q

zkhuh wkh {l duh glvwlqfw1 Vlqfh zh kdyh 5q frqglwlrqv/ zh duh orrnlqj iru dw ohdvw d ghjuhh
5q� 4 sro|qrpldo zklfk vdwlv�hv wkh frqglwlrqv deryh1

Zh zloo frqvwuxfw wkh xqltxh vroxwlrq/ s+{,1 Iluvw gh�qh wkh ixqfwlrqv

�kl+{, @ +{� {l, cl+{,5

kl+{, @ +4� 5c3l +{l, +{� {l,, cl+{,
5

Wkh fulwlfdo idfwv duh wkdw kl lv d ixqfwlrq zklfk lv }hur dw doo {m qrghv h{fhsw dw {l/ zkhuh

lw lv xqlw|/ dqg lwv ghulydwlyh lv }hur dw doo {m / dqg wkh uhyhuvh lv wuxh iru �kl+{,1 Wkh xqltxh
vroxwlrq wr wkh Khuplwh lqwhusrodwlrq sureohp lv

s+{, @
q[
l@4

|l kl+{, .
q[
l@4

|3l
�kl+{,

:171 Dssur{lpdwlrq Wkurxjk Lqwhusrodwlrq1 Lqwhusrodwlrq lv h{wuhpho| srzhuixo
vlqfh lw xvhv d plqlpdo dprxqw ri lqirupdwlrq wr frqvwuxfw dq dssur{lpdwlrq1 Lw lv dovr
gdqjhurxv vlqfh wkh qxpehu ri iuhh sdudphwhuv htxdo wkh dprxqw ri gdwd1 Ixuwkhupruh/
zh zdqw wkh dssur{lpdwlrq wr eh ydolg jhqhudoo|/ qrw mxvw dw wkh lqwhusrodwlrq qrghv1 Wklv
lv qrw jhqhudoo| wuxh iru lqwhusrodwlrq vfkhphv1 Frqvlghu wkh ixqfwlrq i+{, @ 4

4.{5 ryhu
wkh lqwhuydo ^�8> 8`1 Ohw sq+{, eh wkh q*wk ghjuhh sro|qrpldo zklfk djuhhv zlwk i dw wkh
q . 4 xqlirupo| vsdfhg +lqfoxglqj wkh hqgsrlqwv, qrghv1 Qrw rqo| grhv sq qrw frqyhujh
wr i / exw iru m{m A 6=97> olpvxsq$4 mi+{, � sq+{,m @ 4 = Wkhuhiruh/ iru d vhhplqjo|
zhoo0ehkdyhg F4 ixqfwlrq/ lqwhusrodwlrq dw wkh xqlirupo| vsdfhg qrghv grhv qrw lpsuryh
dv zh xvh pruh srlqwv1
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Lqwhusrodwlrq Huuru1 Wkh odvw h{dpsoh pd| glvfrxudjh rqh iurp dssur{lpdwlqj d
ixqfwlrq wkurxjk lqwhusrodwlrq1 Zkloh wkh h{dpsoh grhv lqglfdwh wkdw fdxwlrq lv qhfhvvdu|/
zlwk fduh zh fdq uhgxfh wkh olnholkrrg ri shuyhuvh ehkdylru e| lqwhusrodqwv1 Wr vhh zkdw zh
fdq gr/ zh h{dplqh wkh jhqhudo lqwhusrodwlrq huuru1 Uhfdoo wkdw wkh Odjudqjh sro|qrpldo
lqwhusrodwlqj i dw srlqwv {l lv sq+{, @

Sq
l@4 i+{l,cl+{,= Gh�qh

�+{>{4> � � � > {q, @
q\

n@4

+{� {n,=

Wkh iroorzlqj wkhruhp surylghv d erxqg rq wkh lqwhusrodwlrq huuru ri wkh Odjudqjh lqwhu0
srodqw1

Wkhruhp <1 Dvvxph d @ {3 ? {4 ? � � � ? {q @ e1 Wkhq

vxs
{5^d> e`

m i+{, � sq+{, m � n i +q.4, n4 +q$,�4 vxs
{5^d> e`

�+{>{4> � � � > {q, +78,

Wklv erxqg ghfrpsrvhv wkh lqwhusrodwlrq huuru lqwr wkuhh slhfhv1 Wkh �uvw wzr duh
lqghshqghqw ri dq| dqdo|vwv fkrlfh1 Krzhyhu/ wkh wklug whup ghshqgv rq wkh fkrlfh ri
lqwhusrodwlrq srlqwv1 E| pdnlqj jrrg fkrlfhv iru wkh {l zh fdq vxevwdqwldoo| d�hfw wkh
lqwhusrodwlrq huuru1

Khuh zh vhh d vljql�fdqw gl�huhqfh ehwzhhq wkh sureohp idflqj d qxphulfdo dqdo|vw dqg
wkh sureohpv ri dq hfrqrphwulfldq1 Dq hfrqrphwulfldq pxvw wdnh wkh ydoxhv ri i hydoxdwhg
dw zkdwhyhu srlqwv vrph gdwd jhqhudwlqj surfhvv surylghv1 Lq frqwudvw/ lq dssur{lpdwlrq
sureohpv zh jhw wr fkrrvh zkhuh wr hydoxdwh i 1 Lq jhqhudo/ lqwhusrodwlrq zrxog eh d edg
surfhgxuh iru hfrqrphwulfldqv vlqfh wkhuh lv lq jhqhudo qr dvvxudqfh wkdw rxu gdwd frphv
iurp d jrrg fkrlfh ri {*v1 Zkhq zh fdq fkrrvh wkh srlqwv/ wkhuh lv vrph krsh wkdw zh fdq
fkrrvh wkhp wr nhhs grzq wkh lqwhusrodwlrq huuru1 Ixuwkhupruh/ hfrqrphwulfldqv kdyh
wr ghdo zlwk vljql�fdqw huuru lq wkh revhuydwlrqv ri i / zkhuhdv lq qxphulfdo frqwh{wv zh
hydoxdwh i zlwk kljk dffxudf|1

Fkhe|vkhy Lqwhusrodwlrq1 Zh zloo qh{w ghwhuplqh d jrrg froohfwlrq ri lqwhusrod0
wlrq qrghv1 Qrwh wkdw rxu fkrlfh ri i{ljql@4 d�hfwv rqo| wkh pd{lpxp ydoxh ri �+{, /
zklfk lq wxuq grhv qrw ghshqg rq i 1 Vr li zh zdqw wr fkrrvh lqwhusrodwlrq srlqwv vr dv
wr plqlpl}h wkhlu frqwulexwlrq wr +78,/ wkh sureohp lv

plq
{4> ���> {q

pd{
{

�q
n@4 +{� {n,

Wkh vroxwlrq wr wklv sureohp rq ^�4>4` lv

{n @ frv

�
5n � 4

5q
�

�
> n @ 4> � � � > q

zklfk duh wkh }hurv ri Wq+{,1 Wkhuhiruh/ wkh lqwhusrodwlrq qrghv zklfk plqlpl}h wkh huuru
erxqg +78, duh wkh }hurv ri d Fkhe|vkhy sro|qrpldo dgdswhg wr wkh lqwhuydo1 Wklv vkrzv
wkdw wkh Fkhe|vkhy lqwhusrodqw lv wkh ehvw lq whupv ri plqlpl}lqj wkh zruvw0fdvh huuru1
Ixuwkhupruh/ lw dovr nhhsv wkh pd{lpxp huuru/ n i�sq n4/ dffhswdeo| vpdoo/ dv wkh qh{w
wkhruhp vkrzv1
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Wkhruhp 431 +Fkhe|vkhy Lqwhusrodwlrq Wkhruhp, Vxssrvh i 5 Fn^d> e`1 Li Liq lv wkh
ghjuhh q Fkhe|vkhy lqwhusrodqw/ wkhq wkhuh lv vrph gn vxfk wkdw iru doo q

n i � Liq n4�
�
5

�
orj+q.4, . 5

�
gn
qn
n i +n, n4 =

Wklv wkhruhp vd|v wkdw wkh Fkhe|vkhy lqwhusrodqw frqyhujhv wr i udslgo| dv zh xvh
pruh Fkhe|vkhy }hurv1 Ixuwkhupruh/ li i kdv n ghulydwlyhv/ wkhq wkh frqyhujhqfh udwh lv
R+q�n orj+q . 4,,1 Li i 5 F4/ wkhq zh kdyh R+q�n orj+q . 4,, frqyhujhqfh iru doo bn> ri
frxuvh/ wkh sursruwlrqdolw| frqvwdqwv/ gn/ duh dovr lqfuhdvlqj lq n1 Frqyhujhqfh pd| vhhp
wr eh dq xquhpdundeoh surshuw|/ exw uhfdoo wkdw lqwhusrodwlrq dw xqlirupo| vsdfhg srlqwv
grhv qrw qhfhvvdulo| frqyhujh1 Jlyhq wkhvh surshuwlhv/ Fkhe|vkhy phwkrgv duh ydoxdeoh
zkhqhyhu wkh dssur{lpdwhg ixqfwlrq lv vprrwk1

:181 Dssur{lpdwlrq Wkurxjk Uhjuhvvlrq1 Dqrwkhu zd| wr dssur{lpdwh d ixqf0
wlrq duelwudulo| zhoo lv wr xvh uhjuhvvlrq1 Lq uhjuhvvlrq/ rqh hydoxdwhv wkh ixqfwlrq i+{, dw
p srlqwv/ dqg xvh wkh uhvxowlqj hydoxdwlrqv wr fkrrvh d sdudphwulf dssur{lpdwlrq zlwk q
sdudphwhuv/ q � p> zklfk plqlpl}hv vrph orvv ixqfwlrq1 Wkh phwkrgv forvhvw lq vslulw
wr wkh pdwhuldo deryh duh wkh vhplqrqsdudphwulf phwkrgv/ uhylhzhg lq Kdugoh^B`1 D nh|
dv|pswrwlf uhvxow lq wkh vhplqrqsdudphwulf olwhudwxuh lv wkdw li p dqg q jurz dw dssursul0
dwh udwhv/ wkhq wkh dssur{lpdwlrq frqyhujhv wr i+{, dv q$4= Zkloh uhjuhvvlrq phwkrgv
fdq eh xvhg/ wkh| duh edvhg rq �udqgrp� fkrlfhv ri wkh {l/ zkhuhdv rwkhu dssur{lpdwlrq
phwkrgv pdnh h!flhqw fkrlfhv ri wkh {l dqg zloo jhqhudoo| grplqdwh uhjuhvvlrq1

:191 Slhfhzlvh Sro|qrpldo Lqwhusrodwlrq1 Odjudqjh lqwhusrodwlrq frpsxwhv d F4

ixqfwlrq wr lqwhusrodwh wkh jlyhq gdwd1 Dq dowhuqdwlyh lv wr frqvwuxfw d ixqfwlrq zklfk lv
rqo| slhfhzlvh vprrwk1 Wzr frpprq vfkhphv duh Khuplwh sro|qrpldov dqg vsolqhv1

Vwhs Ixqfwlrq Dssur{lpdwlrq1 Rqh frpprq dssur{lpdwlrq vwudwhj| lq hfr0
qrplfv lv wr xvh vwhs ixqfwlrqv1 Vwhs ixqfwlrq dssur{lpdwlrqv rq ^d> e` duh jhqhudwhg
e| d edvlv ri vwhs ixqfwlrqv/ i*l = l @ 4> � � � > qj zkhuh k @ d�e

q dqg

*l+{, @

;?= 3> d � { � d . +l � 4,k
4> d. +l� 4,k � { � d. lk
3> d. lk � { ? e

Li wkh lqwhusrodwlrq gdwd duh +{l> |l, dqg *l+{l, @ 4/ wkhq wkh vwhs ixqfwlrq
S

l |l*l+{,
lqwhusrodwhv wkh gdwd1 Wr jhw ehwwhu dssur{lpdwlrqv/ rqh lqfuhdvhv q1

Slhfhzlvh Olqhdu Dssur{lpdwlrq1 Slhfhzlvh olqhdu dssur{lpdwlrqv wdnh d vh0
txhqfh ri gdwd/ +{l> |l,> dqg fuhdwhv d slhfhzlvh olqhdu ixqfwlrq zklfk lqwhusrodwhv wkh
gdwd1 Li wkh {l duh xqlirupo| glvwulexwhg/ wkhq wkh| duh jhqhudwhg e| d edvlv ri whqw
ixqfwlrqv/ wkdw lv/ ixqfwlrqv ri wkh irup/ iru l @ 3> � � � > q/

*l+{, @

;A?A=
3> d � { � d. +l � 4,k
+{� +d. +l� 4,k,,@k> d. +l� 4,k � { � d. lk
4� +{� +d. lk,,@k> d. lk � { � d. +l. 4,k
3> d. +l. 4,k � { � e

Wkhvh duh fdoohg whqw ixqfwlrqv vlqfh *l+{, lv }hur wr wkh uljkw ri d.+l�4,k/ ulvhv olqhduo| wr
d shdn dw d. lk/ dqg wkhq idoov edfn wr }hur dw d.+l.4,k/ dqg uhpdlqv }hur1 Zkloh erwk
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vwhs ixqfwlrq dqg slhfhzlvh olqhdu dssur{lpdwlrqv �w lqwr rxu jhqhudo olqhdu dssurdfk/
wkh| gl�hu lq wkdw wkh edvlv hohphqwv duh }hur ryhu prvw ri wkh grpdlq/ dqg dw hdfk srlqw
lq wkh grpdlq prvw edvlv ixqfwlrqv duh }hur1 Wklv lv wkh gh�qlqj ihdwxuh ri �qlwh hohphqw
dssurdfkhv wr dssur{lpdwlrq1 Zkloh wkh uhvxowlqj edvhv duh qrw vwulfwo| ruwkrjrqdo/ wkh|
duh forvh wr ehlqj vr vlqfh wkh lqqhu surgxfw ri prvw glvwlqfw sdluv ri edvlv hohphqwv lv
}hur1

Khuplwh Lqwhusrodwlrq Sro|qrpldov1 Qh{w/ vxssrvh wkdw zh kdyh erwk ohyho dqg
vorsh lqirupdwlrq dw {4> � � � > {q1 Zlwklq hdfk ^{l> {l.4` lqwhuydo/ zh frqvwuxfw wkh Khu0
plwh lqwhusrodwlrq sro|qrpldo jlyhq wkh ohyho dqg vorsh lqirupdwlrq dw {l dqg {l.41 Wkh
froohfwlrq ri lqwhuydo0vshfl�f Khuplwh lqwhusrodwlrqv frqvwlwxwh d slhfhzlvh sro|qrpldo ds0
sur{lpdwlrq1 Wkh uhvxowlqj ixqfwlrq lv d fxelf sro|qrpldo doprvw hyhu|zkhuh1 Krzhyhu/
dw wkh lqwhusrodwlrq qrghv/ lw lv rqo| F41 Wklv odfn ri vprrwkqhvv lv riwhq xqghvludeoh dqg
lv dgguhvvhg e| vsolqhv1

Vsolqhv1 Dqrwkhu slhfhzlvh vprrwk vfkhph lv wr frqvwuxfw d vsolqh1 D vsolqh lv
dq| vprrwk ixqfwlrq zklfk lv slhfhzlvh sro|qrpldo exw dovr doprvw dv vprrwk zkhuh wkh
sro|qrpldo slhfhv frqqhfw1 Irupdoo|/ d ixqfwlrq v+{, rq ^d> e` lv d vsolqh ri rughu n li v lv
Fn�5 rq ^d> e`/ dqg wkhuh lv d julg ri srlqwv +fdoohg qrghv, d @ {3 ? {4 ? � � � ? {q @ e vxfk
wkdw v lv d sro|qrpldo ri ghjuhh dw prvw q�4 rq hdfk vxelqwhuydo ^{l> {l.4`/ l @ 3> = = = > q�41
Qrwh wkdw rughu 5 vsolqhv duh mxvw wkh frpprq slhfhzlvh olqhdu ixqfwlrqv1

Wkh fxelf vsolqh +wkdw lv/ ri rughu 7, lv srsxodu1 Vxssrvh wkdw zh kdyh Odjudqjh
lqwhusrodwlrq gdwd i+{l> |l, m l @ 3> � � � > qj1 Wkh {l zloo eh wkh qrghv ri wkh vsolqh/ dqg
zh zdqw wr frqvwuxfw d vsolqh/ v+{,/ vxfk wkdw v+{l, @ |l> l @ 3> � � � > q1 Rq hdfk lqwhuydo
^{l> {l.4`> v+{, zloo eh d fxelf dl . el { . fl {

5 . gl {
61 Wkh gh�qlwlrq ri d fxelf vsolqh

wrjhwkhu zlwk wkh Odjudqjh gdwd surylghv xv zlwk 7q�5 frqglwlrqv rq wkh 7q frh!flhqwv1
Ydulrxv vsolqhv duh gl�huhqwldwhg e| wkh wzr dgglwlrqdo frqglwlrqv lpsrvhg1 Rqh zd| wr
�{ wkh vsolqh lv wr slq grzq v3+{3, dqg v3+{q,1 Iru h{dpsoh/ wkh qdwxudo vsolqh lpsrvhv
v3+{3, @ 3 @ v3+{q,1 Khuplwh vsolqhv jlyh v3+{3, dqg v3+{q, ydoxhv i 3+{3, dqg i 3+{q, zkhq
wkhvh duh nqrzq1

Lq jhqhudo/ ghjuhh n vsolqhv zlwk gdwd dw q qrghv zloo |lhog R+q�+n.4,, frqyhujhqfh
iru i 5 Fn.4^d> e`1 Vsolqhv duh h{fhoohqw iru dssur{lpdwlrqv iru wzr jhqhudo uhdvrqv1 Iluvw/
hydoxdwlrq lv fkhds vlqfh vsolqhv duh orfdoo| fxelf1 Wr hydoxdwh d vsolqh dw { |rx pxvw �uvw
�qg zklfk lqwhuydo ^{l> {l.4` frqwdlqv {/ wkhq �qg wkh frh!flhqwv iru wkh sduwlfxodu fxelf
sro|qrpldo xvhg ryhu ^{l> {l.4`/ dqg hydoxdwh wkdw fxelf dw {1 Wkh vhfrqg uhdvrq iru xvlqj
vsolqhv lv wkdw jrrg �wv duh srvvleoh hyhq iru ixqfwlrqv zklfk duh qrw F4 ru kdyh uhjlrqv
ri odujh kljkhu0rughu ghulydwlyhv/ vlwxdwlrqv zkhuh ruwkrjrqdo sro|qrpldov gr qrw gr dv
zhoo vlqfh joredo dssur{lpdwlrq vfkhphv kdyh gl!fxowlhv lq ghdolqj zlwk vpdoo uhjlrqv ri
kljk fxuydwxuh1 Rq wkh rwkhu kdqg/ li d ixqfwlrq lv zhoo�ehkdyhg/ ruwkrjrqdo sro|qrpldov
zloo jhqhudoo| gr ehwwhu1

:1:1 Vkdsh0Suhvhuylqj Lqwhusrodwlrq1 Deryh zh kdyh irfxvhg rq wkh srlqwzlvh
frqyhujhqfh surshuwlhv ri ydulrxv dssur{lpdwlrq vfkhphv1 Vrphwlphv zh zloo zdqw wr erwk
lqwhusrodwh gdwd dqg suhvhuyh vrph vkdsh lq wkh gdwd1 Iru h{dpsoh/ li wkh lqwhusrodwlrq
gdwd lqglfdwhv dq lqfuhdvlqj ixqfwlrq/ zh pd| zdqw wr frpsxwh dq dssur{lpdwlrq zklfk
lv lqfuhdvlqj hyhu|zkhuh/ qrw rqo| qrgh0wr0qrgh exw dovr ehwzhhq wkh lqwhusrodwlrq qrghv1
Hyhq wkrxjk d vfkhph zklfk frqyhujhv srlqwzlvh zloo dv|pswrwlfdoo| suhvhuyh vkdsh/ wkhvh
phwkrgv duh qrw vdwlvidfwru| vlqfh zh zloo zdqw wr suhvhuyh wkh vkdsh zkhq zh kdyh d vpdoo
dprxqw ri gdwd/ qrw mxvw zkhq zh kdyh odujh dprxqwv ri gdwd1 Lw lv rq wklv glphqvlrq zkhuh
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wkh gl�huhqfh ehwzhhq ruwkrjrqdo sro|qrpldov dqg slhfhzlvh sro|qrpldo dssur{lpdwlrqv
duh lpsruwdqw vlqfh ruwkrjrqdo sro|qrpldov zloo qrw jhqhudoo| suhvhuyh vkdsh1

Vfkxpdnhu^44:` suhvhqwv d sduwlfxoduo| vlpsoh zd| wr frqvwuxfw vkdsh0suhvhuylqj txdgudwlf
vsolqhv1 Vxssrvh zh zdqw wr �qg d ixqfwlrq v 5 F4^w4> w5` vxfk wkdw

v+wl, @ }l> v
3+wl, @ vl> l @ 4> 5

dqg/ ixuwkhupruh/ vxssrvh }4 ? }5> v4 A v5/ lpso|lqj wkdw wkh gdwd duh frqvlvwhqw zlwk d
frqfdyh ixqfwlrq1 Wkh wdvn lv wr �qg dq lqwhusrodwlqj ixqfwlrq v zklfk lv dovr frqfdyh1
Vfkxpdnhu dffrpsolvkhv wklv e| dgglqj rqh lqwhusrodwlrq qrgh �l 5 ^wl> wl.4` dqg frq0
vwuxfwv txdgudwlf ixqfwlrqv ryhu ^wl> �l` dqg ^�l> wl.4` zklfk wrjhwkhu pdnh d frqfdyh F4

ixqfwlrq v rq ^wl> wl.4`= Lq jhqhudo/ li wkh gdwd rq ^wl> wl.4` duh frqvlvwhqw zlwk prqrwrqlf0
lw|/ frqfdylw|/ frqyh{lw|/ ru qrqqhjdwlylw|/ wkhq rqh fdq frqvwuxfw d slhfhzlvh txdgudwlf
ixqfwlrq zklfk lv prqrwrqh/ frqfdyh/ frqyh{/ ru qrqqhjdwlyh rq ^wl> wl.4`= Wkh qrqwulyldo
idfw khuh lv vxfk d �l h{lvwv iru dq| lqwhusrodwlrq gdwd1 E| slhflqj wrjhwkhu wkhvh ixqfwlrqv
ryhu vxelqwhuydov/ zh fdq suhvhuyh vkdsh joredoo|1 Li rqh grhv qrw kdyh vorsh lqirupdwlrq/
rqh qhhg rqo| wr fkrrvh wkh vorsh sdudphwhuv vr dv wr eh frqvlvwhqw zlwk wkh vkdsh ri wkh
gdwd1 Vfkxpdnhu dovr vkrzv krz wr pdnh mxglflrxv hvwlpdwhv ri wkh vorshv1

Wkhuh duh pdq| sdshuv rq wklv wrslf> vhh Mxgg^:7` iru vhyhudo uhihuhqfhv1

:1;1 Pxowlglphqvlrqdo Dssur{lpdwlrq1 Prvw hfrqrplf sureohpv lqyroyh vhyhudo
glphqvlrqv � sk|vlfdo dqg kxpdq fdslwdo/ fdslwdo vwrfnv ri frpshwlwruv/ zhdowk glvwulex0
wlrq/ hwf1 Zkhq zh dwwhpsw wr dssur{lpdwh ixqfwlrqv ri vhyhudo yduldeohv/ pdq| gl!fxowlhv
suhvhqw wkhpvhoyhv1 Zh zloo glvfxvv pxowlglphqvlrqdo lqwhusrodwlrq dqg dssur{lpdwlrq
phwkrgv/ �uvw e| jhqhudol}lqj wkh rqh0glphqvlrqdo phwkrgv yld surgxfw irupxodwlrqv/
dqg wkhq e| frqvwuxfwlqj lqkhuhqwo| pxowlglphqvlrqdo vfkhphv1

Whqvru Surgxfw Edvhv1 Whqvru surgxfw phwkrgv exlog pxowlglphqvlrqdo edvlv
ixqfwlrqv xs iurp vlpsoh rqh0glphqvlrqdo edvlv ixqfwlrqv1 Li i*l+{,j4l@4 lv d edvlv iru
ixqfwlrqv ri rqh uhdo yduldeoh/ wkhq wkh vhw ri sdluzlvh surgxfwv/ i*l+{,*m+|,j4l>m@4 lv wkh
whqvru surgxfw edvlv iru ixqfwlrqv ri wzr yduldeohv1 Wr kdqgoh q glphqvlrqdo sureohpv
lq jhqhudo/ rqh fdq wdnh doo wkh q0zlvh surgxfwv/ dqg fuhdwh wkh q0irog whqvru surgxfw

ri d rqh0glphqvlrqdo edvlv1 Wkh whqvru dssurdfk fdq h{whqg ruwkrjrqdo sro|qrpldov dqg
vsolqh dssur{lpdwlrq phwkrgv wr vhyhudo glphqvlrqv1 Rqh dgydqwdjh ri wkh whqvru surgxfw
dssurdfk lv wkdw li wkh rqh0glphqvlrqdo edvlv lv ruwkrjrqdo lq d qrup/ wkh whqvru surgxfw
lv ruwkrjrqdo lq wkh surgxfw qrup1 Wkh glvdgydqwdjh lv wkdw wkh qxpehu ri hohphqwv
lqfuhdvhv h{srqhqwldoo| lq wkh glphqvlrq1

Frpsohwh Sro|qrpldov1 Wkhuh duh pdq| zd|v wr irup pxowlglphqvlrqdo edvhv dqg
dyrlg wkh �fxuvh ri glphqvlrqdolw|1� Rqh zd| lv wr xvh frpsohwh sro|qrpldo edvhv/ zklfk
jurz rqo| sro|qrpldoo| dv wkh glphqvlrq lqfuhdvhv1 Wr prwlydwh wkh frpsohwh sro|qrpldov/
uhfdoo Wd|oru*v wkhruhp iru Uq lq Wkhruhp 4 deryh1 Qrwlfh wkh whupv xvhg lq wkh n*wk
ghjuhh Wd|oru vhulhv h{sdqvlrq1 Iru n @ 4 / Wd|oru*v wkhruhp xvhv wkh olqhdu ixqfwlrqv
S4 � i4> {4> {5> � � � > {qj= Iru n @ 5/ Wd|oru*v wkhruhp xvhv

S5 � S4 ^ i{54> � � � > {5q> {4{5> {4{6> � � � > {q�4{qj=
S5 frqwdlqv vrph furvv0surgxfw whupv/ exw qrw doo> iru h{dpsoh/ {4{5{6 lv qrw lq S51 Lq
jhqhudo/ wkh n*wk ghjuhh h{sdqvlrq xvhv ixqfwlrqv lq

Sn � i{l44 � � �{lqq m
q[
c@4

lc � n> 3 � l4> � � � > lqj=
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Wkh vhw Sn lv wkh frpsohwh vhw ri sro|qrpldov ri wrwdo ghjuhh n1
Frpsohwh vhwv ri sro|qrpldov duh riwhq vxshulru wr whqvru surgxfwv iru pxowlyduldwh

dssur{lpdwlrq1 Wkh q0irog whqvru surgxfw ri i4> {> � � � > {nj frqwdlqv +n . 4,q hohphqwv/
idu pruh wkdq Sn1 Iru h{dpsoh/ S5 frqwdlqv 4 . q . q+q . 4,@5 hohphqwv frpsduhg wr
6q iru wkh whqvru surgxfw1 Wd|oru*v Wkhruhp whoov xv wkdw pdq| ri wkh whqvru surgxfw
hohphqwv dgg olwwoh wr wkh dssur{lpdwlrq/ vd|lqj wkdw wkh hohphqwv ri Sn zloo |lhog d n*wk
rughu dssur{lpdwlrq qhdu {3/ dqg exw wkdw wkh q0irog whqvru surgxfw ri i4> {> � � � > {nj
fdq gr qr ehwwhu wkdq n*wk rughu frqyhujhqfh vlqfh lw grhv qrw frqwdlq doo ghjuhh n . 4
whupv1 Wklv vxjjhvwv wkdw d frpsohwh idplo| ri sro|qrpldov zloo jlyh xv qhduo| dv jrrg dq
dssur{lpdwlrq dv wkh whqvru surgxfw ri wkh vdph rughu/ exw zlwk idu ihzhu hohphqwv1

Ilqlwh Hohphqw Dssurdfkhv1 Ilqlwh hohphqw phwkrgv xvh edvhv zkrvh hohphqwv
kdyh vpdoo vxssruw1 Rqh vlpsoh h{dpsoh lv elolqhdu lqwhusrodwlrq1 Vxssrvh zh kdyh wkh
ydoxhv ri i+{> |, dw +{> |, @ +	4> 	4,1 Wkhq/ wkh iroorzlqj 7 ixqfwlrqv irup d fduglqdo
lqwhusrodwlrq edvlv=

*4+{> |, @
4
7 +4� {, +4� |,> *5+{> |, @

4
7 +4 . {, +4� |,

*6+{> |, @
4
7 +4 . {, +4 . |,> *7+{> |, @

4
7 +4� {, +4 . |,

+79,

Wkh elolqhdu dssur{lpdwlrq wr i rq wkh vtxduh ^�4>4` � ^�4> 4`/ zklfk lv dq h{dpsoh ri
dq hohphqw/ lv

i+�4>�4,!4+{> |, . i+4>�4,!5+{> |, . i+4> 4,!6+{> |, . i+�4>4,!7+{> |,=
Wkh dssur{lpdwlrq lv olqhdu dw hdfk hgjh/ exw jhqhudoo| kdv d vdggohsrlqw fxuydwxuh rq
wkh lqwhulru1 Wr lqwhusrodwh gdwd rq d wzr0glphqvlrqdo odwwlfh/ zh fuhdwh wkh elolqhdu
dssur{lpdwlrq rq hdfk vtxduh1

Ilqlwh hohphqw phwkrgv frqvlvw ri sduwlwlrqlqj d grpdlq lqwr vhyhudo hohphqwv/ dqg
sdwfklqj wrjhwkhu wkh orfdo dssur{lpdwlrqv rq wkh hohphqwv/ exw wklv lv qrw hdv|1 Vlqfh zh
jhqhudoo| zdqw wkh uhvxow wr eh d frqwlqxrxv ixqfwlrq/ fduh pxvw eh wdnhq wkdw uhvxowlqj
dssur{lpdwlrq lv frqwlqxrxv dfurvv hohphqw erxqgdulhv1 Zlwk elolqhdu lqwhusrodwlrq/ wklv
zloo krog vlqfh dq| wzr dssur{lpdwlrqv ryhuods rqo| dw wkh hgjhv ri uhfwdqjohv/ dqg rq
wkrvh hgjhv wkh dssur{lpdwlrq lv wkh olqhdu lqwhusrodqw ehwzhhq wkh frpprq yhuwlfhv1
Li zh nqrz wkdw zh duh dssur{lpdwlqj d vprrwk ixqfwlrq/ wkhq wkh nlqnv dw wkh hgjhv
ri wkh hohphqwv pd| pdnh elolqhdu dssur{lpdwlrq xqdsshdolqj1 Dvvxulqj vprrwkqhvv dw
hohphqw erxqgdulhv lv dq lqfuhdvlqjo| gl!fxow sureohp dv zh lqfuhdvh wkh ghvluhg ghjuhh ri
gl�huhqwldelolw| dqg wkh glphqvlrq1 Wkh elolqhdu �qlwh hohphqw vfkhph lv mxvw wkh vlpsohvw
ri d odujh qxpehu ri �qlwh hohphqw dssur{lpdwlrq vfkhphv1 Wkhuh lv d odujh olwhudwxuh rq
�qlwh hohphqw dssur{lpdwlrqv ri pxowlglphqvlrqdo ixqfwlrqv +vhh Exuqhww^55`,1

Qhxudo Qhwzrunv1 Wkh suhylrxv dssur{lpdwlrq surfhgxuhv duh edvhg rq olqhdu
frpelqdwlrqv ri sro|qrpldo ixqfwlrqv1 Qhxudo qhwzrunv surylgh xv zlwk dq dowhuqdwlyh
dqg lqkhuhqwo| qrqolqhdu ixqfwlrqdo irup iru dssur{lpdwlrq1 D vlqjoh0od|hu qhxudo qhw0
zrun lv d ixqfwlrq ri wkh irup

I +{>�, � k+
q[
l@4

�lj+{l,, +7:,

zkhuh { 5 Uq lv wkh yhfwru ri lqsxwv dqg k dqg j duh vfdodu ixqfwlrqv1 D frpprq irup
fkrrvhv j+{, @ {/ uhgxflqj +7:, wr wkh irup k+�W{,1 D vlqjoh klgghq0od|hu ihhgiruzdug
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qhwzrun lv wkh irup

I +{>�> �, � i+
p[
m@4

�mk+
q[
l@4

�ml j+{l,,,= +7;,

Qrwh wkh vlpsolflw| ri wkh ixqfwlrqdo irupv> wklv vlpsolflw| pdnhv qhxudo qhwzrun dssur{0
lpdwlrqv hdv| wr hydoxdwh1

Wkh gdwd iru d qhxudo qhwzrun frqvlvwv ri +|> {, sdluv vxfk wkdw | lv vxssrvhg wr eh
wkh rxwsxw ri d qhxudo qhwzrun li { lv wkh lqsxw1 Wklv uhtxluhphqw lpsrvhv frqglwlrqv rq
wkh sdudphwhuv � lq +7: , dqg � dqg � lq +7;,1 Rqh �wv vlqjoh0od|hu qhxudo qhwzrunv e|
�qglqj � wr vroyh

plq
�

[
m

+|m �I +{m>�,,5

dqg wkh remhfwlyh ri d vlqjoh klgghq0od|hu ihhgiruzdug qhwzrun lv wr vroyh

plq
�>�

[
m

+|m � I +{m>�> �,,5=

zklfk duh mxvw lqvwdqfhv ri qrqolqhdu ohdvw vtxduhv �wwlqj1
Wkh dssur{lpdwlqj srzhu ri qhxudo qhwzrun dssur{lpdwlrq lv lqglfdwhg e| wkhruhpv

ri Kruql/ Vwlqfkfrpeh dqg Zklwh +vhh Zklwh ^455` iru d zlgh0udqjlqj glvfxvvlrq ri qhxudo
qhwzrunv dqg wkhlu surshuwlhv,1 Ohw J eh d frqwlqxrxv ixqfwlrq/ J = U $ U/ vxfk wkdwU4
�4

J+{,g{ lv �qlwh dqg qrq}hur dqg J lv Os iru 4 � s ?41 Ohw

	q+J, @ ij = Uq $ U m j+{, @
Sp

m@4 �mJ+z
m � {. em,> em> �m 5 U�>

zm 5 Uq> zm 9 @3> p @ 4>5> � � �j
eh wkh vhw ri doo srvvleoh vlqjoh0klgghq od|hu ihhgiruzdug qhxudo qhwzrunv xvlqj J dv wkh
klgghq od|hu dfwlydwlrq ixqfwlrq1

Wkhruhp 441 Ohw i = Uq $ U eh frqwlqxrxv1 Wkhq iru doo � A 3 suredelolw| phdvxuh �/
dqg frpsdfw vhwv N � Uq/ wkhuh lv d j 5 	q+J, vxfk wkdw

vxs
{5N

mi+{,� j+{,m � �

dqg ]
U

mi+{, � j+{,m g� � �

Wklv dovr krogv zkhq J lv d vtxdvklqj ixqfwlrqv/ l1h1/ J = U$ ^3>4`/ J lv qrqghfuhdvlqj/
olp{$4 J+{, @ 4/ dqg olp{$�4 J+{, @ 3=47

Wkhvh duh xqlyhuvdo dssur{lpdwlrq uhvxowv zklfk mxvwl�hv wkh xvh ri qhxudo qhwzrun
dssur{lpdwlrq/ dqg khosv h{sodlq lwv vxffhvv1 Wkhuh lv vrph hylghqfh wkdw qhxudo qhwzrun
dssur{lpdwlrq phwkrgv pd| eh sduwlfxoduo| h!flhqw dw pxowlglphqvlrqdo dssur{lpdwlrq
lq wkh vhqvh ri qhhglqj uhodwlyho| ihz iuhh sdudphwhuv> vhh Eduurq^9` iru d uhfhqw uhvxow1
Wkh wkhruhwlfdo ghyhorsphqw ri qhxudo qhwzrunv lv surfhhglqj/ exw lv lqkhuhqwo| gl!fxow
ehfdxvh ri wkh qrqolqhdulw| ri wklv dssurdfk1

47Qrwh wkdw d vtxdvklqj ixqfwlrq lv d fxpxodwlyh glvwulexwlrq ixqfwlrq dqg ylfh0yhuvd1 D frpprq fkrlfh
iru C lv wkh vljprlg ixqfwlrq/ CE%� ' �*E� n e3%��
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;1 Dssolfdwlrqv ri Dssur{lpdwlrq wr G|qdplf Surjudpplqj

Dssur{lpdwlrq phwkrgv duh d nh| sduw ri prvw qxphulfdo surfhgxuhv1 Wkh| duh sduwlf0
xoduo| lpsruwdqw lq glvfuhwh0wlph g|qdplf surjudpplqj sureohpv1 Wkhvh sureohpv duh
dprqj wkh prvw xvhixo dqg edvlf ri g|qdplf hfrqrplf sureohpv/ zlwk zhoo0xqghuvwrrg
wkhruhwlfdo surshuwlhv1 Zh zloo eulh | glvfxvv wkhp dqg wkh dssur{lpdwlrq dvshfwv ri
qxphulfdo g|qdplf surjudpplqj1

Ohw �+x> {,eh sur�w  rz li wkh vwdwh lv { dqg wkh frqwuro lv x1 Vxssrvh wkh odz ri
prwlrq lv

{w.4 @ j+{w> xw,

Wkhq wkh ydoxh ixqfwlrq/ Y +{,/ vroyhv

Y +{, @ pd{
x

�+x> {, . � Y +j+{> x,, � +WY ,+{, +7<,

Wkh vwdqgdug wkhruhwlfdo surfhgxuh lv wr lwhudwh rq wkh edvlf ixqfwlrqdo htxdwlrq/ +7<,1
Li zh frxog kdqgoh duelwudu| ixqfwlrqv/ zh zrxog vwduw zlwk d jxhvv/ Y3/ dqg wkhq frpsxwh
wkh vhtxhqfh iYqj jhqhudwhg e|

Yq @ WYq�4 +83,

Wklv surfhgxuh frqyhujhv zkhq ylhzhg dv d pdsslqj lq wkh vsdfh ri ydoxh ixqfwlrqv1
Rq wkh frpsxwhu/ krzhyhu/ rqh fdqqrw vwruh duelwudu| ixqfwlrqv1 Wkhuh duh vhyhudo

ghwdlov zklfk qhhg wr eh ghflghg wr frpsxwh dssur{lpdwlrqv wr +83,1 Vlqfh zh fdqqrw ghdo
gluhfwo| zlwk wkh vsdfh ri frqwlqxrxv ixqfwlrqv/ zh irfxv rq d �qlwh0glphqvlrqdo vxevsdfh1
Zh zloo dssur{lpdwh Y +{, dv d �qlwh olqhdu vxp ri edvlv ixqfwlrqv1

Y +{,
=
@

Q[
l@4

dl*l+{, � aY +{ > �d, +84,

Qxphulfdo surfhgxuhv frqvwuxfw d aY +{, zklfk dssur{lpdwho| vdwlv�hv wkh Ehoopdq htxd0
wlrq/ +7<,1 Pruh vshfl�fdoo|/ wkh remhfwlyh lv wr �qg d yhfwru/ �d 5 UQ / vxfk wkdw aY vroyhv
+7<, dv forvho| dv srvvleoh1

Wkh edvlf wdvn lv wr uhsodfh W / dq rshudwru pdsslqj frqwlqxrxv ixqfwlrqv wr frqwlqxrxv
ixqfwlrqv/ zlwk d �qlwh0glphqvlrqdo dssur{lpdwlrq/ aW / zklfk pdsv ixqfwlrqv ri wkh irup
lq +84, wr ixqfwlrqv ri wkh vdph irup1 Zh frqvwuxfw aW lq wzr vwhsv1 Iluvw/ zh fkrrvh d
�qlwh froohfwlrq/ [/ ri srlqwv {/ dqg hydoxdwh +W aY ,+{, dw { 5 [1 Zh zloo uhihu wr wklv dv
wkh pd{lpl}dwlrq vwhs vlqfh lw lv wkh pd{lpl}dwlrq sureohp lq +7<, dw {1 Wkh uhvxowlqj
ydoxhv duh srlqwv rq wkh ixqfwlrq W aY 1 Vlqfh zh duh dssur{lpdwlqj d frqwlqxrxv ydoxh
ixqfwlrq/ zh xvh wkdw lqirupdwlrq wr fkrrvh d ydoxh ixqfwlrq ri irup +84, zklfk �ehvw�
vxppdul}hv wkh lqirupdwlrq jhqhudwhg frqfhuqlqj W aY 1 Wklv lv wkh fulwlfdo dssur{lpdwlrq
vwhs/ dqg zh ghqrwh wkh uhvxow aW aY 1 Lq hvvhqfh/ aW wdnhv d ixqfwlrq ri irup +84,/ aY / dqg
pdsv lw wr dqrwkhu ixqfwlrq ri wkh vdph irup/ dqg lv wkhuhiruh d pdsslqj lq wkh vsdfh
ri frh!flhqwv/ dqg wkh remhfwlyh lv wr �qg d �{hg srlqw iru aW lq wkh vsdfh ri frh!flhqwv1
Zh fdq dovr ylhz eW dv d pdsslqj iurp frqwlqxrxv ixqfwlrqv wr wkh �qlwh0glphqvlrqdo
vxevsdfh uhsuhvhqwdeoh dv aY +{ > �d,/ lq zklfk fdvh wkh sureohp lv wr �qg d �{hg srlqw ri
aW lq wkh vsdfh ri ixqfwlrqv ri irup +84,=

Wkh ghwdlov ri wkh dssur{lpdwlrq dvshfwv ri wklv surfhgxuh � fkrrvlqj d edvlv iru wkh
h{suhvvlrq ri Y / fkrrvlqj srlqwv [ wr hydoxdwh W aY / dqg �wwlqj wkh gdwd � duh lpsruwdqw1
Zh qh{w glvfxvv vrph edvlf dssurdfkhv1
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;141 Glvfuhwl}dwlrq Phwkrgv1 Wkh vlpsohvw dssur{lpdwlrq surfhgxuh lv wr glvfuhwl}h
wkh vwdwh vsdfh/ wkdw lv/ wkh| uhsodfh wkh sureohp rq d frqwlqxrxv vwdwh vsdfh zlwk rqh
zlwk d �qlwh qxpehu ri srlqwv1 Wklv kdv wkh dgydqwdjh ri uhgxflqj wkh sureohp wr rqh
ri �qlwh pdwulfhv1 Wkh rwkhu dgydqwdjh lv wkdw wkh uhvxowlqj dqdo|vlv h{dfwo| vroyhv vrph
vlplodu hfrqrplf sureohp1 Vhh Uxvw^445` iru d glvfxvvlrq ri qxphulfdo g|qdplf surjudp0
plqj surfhgxuhv1 Hyhq lq wkh fdvh ri glvfuhwh�vwdwh g|qdplf surjudpplqj/ surmhfwlrq
vroxwlrq lghdv frph lqwr xvh1 Wkh nh| frpsxwdwlrq lq wkh glvfuhwh�vwdwh dssurdfk lv wkh
vroxwlrq ri d odujh olqhdu v|vwhp1 Wklv fdq eh dffrpsolvkhg dssur{lpdwho| e| xvlqj wkh
JPUHV phwkrg +vhh Vddg dqg Vfkxo}^446`, zklfk hvvhqwldoo| frpsxwhv d ihz gluhfwlrqv
dqg �qgv dq dssur{lpdwh vroxwlrq zklfk lv vsdqqhg e| wkhvh gluhfwlrqv dqg plqlpl}hv d
orvv ixqfwlrq1

Zkloh wkh glvfuhwl}dwlrq phwkrg grhv qrw reylrxvo| �w wkh ghvfulswlrq deryh/ lw lv
jhqhudoo| htxlydohqw wr dssur{lpdwlqj wkh ydoxh ixqfwlrq zlwk d vwhs ixqfwlrq48 1 Krzhyhu/
vwhs ixqfwlrqv duh kljko| lqh!flhqw zd|v wr dssur{lpdwh d vprrwk ydoxh ixqfwlrq1 Ehfdxvh
ri wklv/ wkh glvfuhwl}hg vwdwh vsdfh phwkrg lv xqolnho| wr eh ri pxfk ydoxh lq hfrqrplf
dqdo|vlv rxwvlgh ri qdwxudoo| glvfuhwh sureohpv/ rqh�glphqvlrqdo sureohpv/ ru sureohpv
zkhuh wkh vroxwlrqv duh vr qrqvprrwk wkdw glvfuhwl}dwlrq lv frpshwlwlyh zlwk vprrwk
dssur{lpdwlrq vfkhphv1 Wkh lpsudfwlfdolw| ri glvfuhwl}dwlrq lv lqglfdwhg e| wkh idfw wkdw
vxshufrpsxwhuv duh riwhq xvhg1 Pxowlglphqvlrqdo sureohpv duh sudfwlfdoo| lpsrvvleoh/
hyhq iru vxshufrpsxwhuv/ vlqfh wkh �fxuvh ri glphqvlrqdolw|� lv sduwlfxoduo| yh{lqj iru
wklv phwkrg> li Q srlqwv duh xvhg iru d rqh0glphqvlrqdo sureohp/ wkhq Qg srlqwv zloo
eh xvhg iru d g 0glphqvlrqdo sureohp1 Wkhuh duh vhyhudo lqjhqlrxv phwkrgv iru pdnlqj
glvfuhwh vwdwh sureohpv pruh h!flhqw> vhh Uxvw^445` iru d ghvfulswlrq ri wkhvh dojrulwkpv1
Zh zloo irfxv rq wkh dowhuqdwlyhv suhvhqwhg e| wkh dssolfdwlrq ri dssur{lpdwlrq lghdv1

;151 Pxowlolqhdu Dssur{lpdwlrq1 Zkloh wkh glvfuhwl}dwlrq dssurdfk kdv ehhq srs0
xodu lq pdfurhfrqrplfv/ pdq| rwkhu hfrqrplvwv dqg wkh rshudwlrqv uhvhdufk olwhudwxuh
lq jhqhudo kdyh pryhg lqvwhdg wr frqwlqxrxv dssur{lpdwlrqv ri wkh ydoxh ixqfwlrq1 Wkh
vlpsohvw h{dpsoh ri wklv lv wkh G\JDP sdfndjh glvfxvvhg lq Gdqw}lj/ hw do1 ^74` zklfk
xvhg pxowlolqhdu lqwhusrodwlrq rq k|shufxehv zkhq frpsxwlqj aYq.4 iurp wkh lqirupdwlrq
jhqhudwhg e| W aYq1 Lq hfrqrplfv/ ]hoghv^463` kdv xvhg slhfhzlvh olqhdu dssur{lpdwlrqv lq
olih0f|foh prghoolqj1

Wklv surfhgxuh kdv vhyhudo dgydqwdjhv1 Idu ihzhu qrghv duh qhhghg frpsduhg wr d glv0
fuhwl}dwlrq phwkrg vlqfh wkh frqwlqxlw| ri Y lv ehlqj h{sorlwhg1 Wkhuh duh vrph gl!fxowlhv1
Iluvw/ wkh nlqnv pdnh wkh rswlpl}dwlrq vwhs pruh gl!fxow/ dqg duh xquhsuhvhqwdwlyh ri Y
li Y lv F51 Vhfrqg/ pxowlolqhdu dssur{lpdwlrq jhqhudwhv fxuydwxuh surshuwlhv zklfk pd|
fdxvh pxowlsoh orfdo rswlpd lq wkh rswlpl}dwlrq vwhs1 Wkh sureohp lv wkdw wkh lqwhusrodwlrq
pd| qrw kdyh wkh vdph vkdsh dv wkh gdwd1

;161 Sro|qrpldo Dssur{lpdwlrqv1 Li d olwwoh frqwlqxlw| lv jrrg/ wkhq pruh vkrxog
eh ehwwhu li Y lv vx!flhqwo| frqwlqxrxv1 Lq wklv vslulw/ Ehoopdq hw do1^:` sursrvhg wkh xvh ri
sro|qrpldov/ Gdqlho^6;` glvfxvvhg wkh xvh ri vsolqhv/ dqg Mrkqvrq hw do^97` uhsruw frpsxw0
lqj h{shulhqfh zlwk d ydulhw| ri dssur{lpdwlrq vfkhphv1 Mxgg^:7` suhvhqwv dq h{dpsoh
ri xvlqj d whqvru0surgxfw edvlv ri Fkhe|vkhy sro|qrpldov wr vroyh d wkuhh0glphqvlrqdo

48Diwhu frpsxwlqj wkh vroxwlrq wr +83,/ pdq| xvhuv wkhq xvh olqhdu lqwhusrodwlrq wr hvwlpdwh wkh ydoxh
ixqfwlrq dw srlqwv qrw sduw ri wkh glvfuhwl}hg vwdwh vsdfh1 Vlqfh wklv olqhdu lqwhusrodwlrq lv grqh rqo| diwhu
wkh ydoxh lwhudwlrq lv frpsohwhg/ lw grhv qrw d�hfw wkhvh frpphqwv dqg lw*v frqwulexwlrq wr lpsurylqj wkh
dojrulwkp*v dffxudf| lv olplwhg1
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rswlpdo jurzwk sureohp1 Wkh dgydqwdjhv ri sro|qrpldo dssur{lpdwlrqv duh wkdw ihzhu
srlqwv duh hydoxdwhg dqg lqfuhdvhg vprrwkqhvv pdnhv wkh rswlpl}dwlrq vwhs pruh udslg1

Wkhuh duh/ krzhyhu/ vrph sureohpv zklfk pd| dulvh zlwk sro|qrpldo dssur{lpdwlrq
zklfk grq*w dulvh zlwk glvfuhwl}dwlrq ru pxowlolqhdu dssur{lpdwlrq1 Wkh gl!fxow| lv wkdw
pdq| lqwhusrodwlrq vfkhphv gr qrw suhvhuyh vkdsh1 Hyhq li zh xvh wkh ehvw srvvleoh
lqwhusrodwlrq vfkhph/ wkh uhvxowlqj dssur{lpdwlrq pd| qrw eh jrrg lq ehwzhhq wkh qrghv
lq [/ dqg fdq ohdg wr lqvwdelolwlhv lq wkh ydoxh lwhudwlrq dojrulwkp1 Wr ghdo zlwk wklv/
Mxgg dqg Vroqlfn^:;` sursrvhv wkh xvh ri vkdsh0suhvhuylqj sro|qrpldov wr frqvwuxfw ydoxh
ixqfwlrq dssur{lpdwlrqv/ dqg frpsxwhv xsshu erxqgv rq wkh huuru zklfk duh vxshulru wr
wkrvh iurp wkh glvfuhwl}dwlrq dssurdfk1 Lq sduwlfxodu/ wklv ohdgv wr frqyhujhqfh surriv
iru ydoxh ixqfwlrq lwhudwlrq zlwk vkdsh0suhvhuylqj dssur{lpdwlrq/ dq lpsruwdqw idfw lq
lwvhoi vlqfh wkhuh fdq eh qr vxfk surri iru ydoxh lwhudwlrq zlwk sro|qrpldo dssur{lpdwlrq
vfkhphv lq jhqhudo1

<1 Surmhfwlrq Phwkrgv

Rxu glvfxvvlrq ri g|qdplf surjudpplqj lqglfdwhg wkdw dssur{lpdwlrq lghdv pd| eh xvhixo
lq vroylqj wkh rshudwru htxdwlrqv zklfk dulvh lq g|qdplf surjudpplqj1 Zh qh{w glvfxvv
krz wkhvh lghdv iurp dssur{lpdwlrq wkhru| qdwxudoo| ohdg wr dojrulwkpv iru vroylqj pdq|
ri wkh rshudwru htxdwlrqv zklfk dulvh lq hfrqrplfv1 Wkh| duh fdoohg surmhfwlrq phwkrgv/

dovr nqrzq dv zhljkwhg uhvlgxdo phwkrgv1 Zh zloo ghvfuleh wkh jhqhudo surmhfwlrq dssurdfk
iru vroylqj jhqhudo rshudwru sureohpv1 Lq idfw/ prvw ri wkh whfkqltxhv fxuuhqwo| xvhg e|
hfrqrplvwv duh dovr surmhfwlrq phwkrgv zkhq ylhzhg iurp wkh jhqhudo shuvshfwlyh1

Wkh �uvw lpsruwdqw revhuydwlrq lv wkdw lq pdq| hfrqrplf prghov/ htxloleulxp fdq
eh h{suhvvhg dv d froohfwlrq ri ixqfwlrqv1 Lq g|qdplf surjudpplqj sureohpv/ wkdw xq0
nqrzq ixqfwlrq zloo eh hlwkhu wkh ydoxh ixqfwlrq dqg2ru wkh rswlpdo srolf| ixqfwlrq1 Lq
g|qdplf jdphv/ wkh xqnqrzq ixqfwlrqv duh wkh djhqwv* vwudwhj| ixqfwlrqv1 Lq rswlpdo
jurzwk prghov/ wkh xqnqrzq ixqfwlrq pd| eh wkh rswlpdo srolf| ixqfwlrq1 Lq g|qdplf
htxloleulxp prghov/ wkh xqnqrzq ixqfwlrqv zrxog lqfoxgh ixqfwlrqv zklfk lqglfdwh frq0
vxpswlrq ghpdqg/ oderu vxsso|/ dvvhw wudglqj vwudwhjlhv/ dqg dvvhw dqg frpprglw| sulfhv/
doo dv ixqfwlrqv ri wkh xqghuo|lqj vwdwh yduldeohv1 Iru vshfl�flw|/ frqvlghu wkh iroorzlqj
vlpsoh ghwhuplqlvwlf jurzwk sureohp=

4[
w@3

�w x+fw,

zkhuh fdslwdo reh|v wkh odz ri prwlrq

nw.4 @ i+nw, � fw
Wr fdofxodwh wkh rswlpdo frqvxpswlrq srolf| +dqg frpshwlwlyh htxloleulxp frqvxpswlrq
ixqfwlrq,/ k+n,/ lw lv hqrxjk wr irfxv rq wkh Hxohu htxdwlrq/

3 @ x3+k+n,,� � x3+k+i+n,� k+n,,, i 3+i+n,� k+n,, � +Q +k,,+n, +85,

Wkh edvlf lghd ri surmhfwlrq whfkqltxhv lv wr �uvw h{suhvv htxloleulxp frqglwlrqv rq
wkhvh ixqfwlrqv dv d }hur ri dq rshudwru/ Q = E4 $ E5/ zkhuh E4 dqg E5 duh ixqfwlrq
vsdfhv1 Lq +85, deryh/ wkh Hxohu htxdwlrq huuru lv gh�qhg wr eh wkdw rshudwru/ zkhuh
E4 dqg E5 duh erwk htxdo wr wkh vsdfh ri frqwlqxrxv ixqfwlrqv rq ^3>4,1 Lq jhqhudo/
wkh rshudwru Q fdq eh dq ruglqdu| gl�huhqwldo htxdwlrq/ dv lq rswlpdo frqwuro sureohpv/
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d sduwldo gl�huhqwldo htxdwlrq/ dv lq frqwlqxrxv0wlph g|qdplf surjudpplqj/ ru d pruh
jhqhudo ixqfwlrqdo htxdwlrq/ dv lq Hxohu htxdwlrqv h{suhvvlqj qhfhvvdu| frqglwlrqv iru
uhfxuvlyh htxloleuld +dv irupxodwhg lq Suhvfrww dqg Phkud^59`,1 Ri frxuvh/ vsdfh dqg wlph
olplwdwlrqv pdnh lw lpsrvvleoh iru frpsxwhuv wr vwruh dqg hydoxdwh doo srvvleoh hohphqwv
ri E41 Wr pdnh wkh sureohp wudfwdeoh/ surmhfwlrq phwkrgv irfxv rq d �qlwh0glphqvlrqdo
vxevsdfh ri fdqglgdwhv lq E4 zklfk fdq eh hdvlo| uhsuhvhqwhg rq d frpsxwhu dqg lv olnho|
wr frqwdlq hohphqwv �forvh� wr wkh wuxh vroxwlrq1 Wkh vhohfwlrq ri wklv �qlwh0glphqvlrqdo
vsdfh qdwxudoo| h{sorlwv dssur{lpdwlrq phwkrgv1 Lw pd| eh gl!fxow iru wkh frpsxwhu wr
hydoxdwh Q / lq zklfk fdvh zh �qg d frpsxwdeoh rshudwru/ aQ / zklfk lv �vlplodu� wr Q 1
Zlwklq wkh �qlwh0glphqvlrqdo vsdfh ri fdqglgdwh vroxwlrqv/ zh �qg dq hohphqw zklfk lv
�doprvw� d }hur ri aQ 1

Zkloh wkh edvlf lghd lv qdwxudo/ wkhuh duh pdq| ghwdlov1 Wkh nh| ghwdlov duh vshfli|lqj
wkh dssur{lpdwlrq phwkrg zh zloo xvh/ wkh �qlwh0glphqvlrqdo vxevsdfh zlwklq zklfk zh
orrn iru dq dssur{lpdwh vroxwlrq/ dqg wkh frpsxwhu uhsuhvhqwdwlrq ri Q / gh�qlqj zkdw
�forvh� dqg �doprvw� phdq/ dqg �qglqj wkh dssur{lpdwh vroxwlrq1 E| vwxg|lqj wkhvh
ghwdlov/ zh zloo vhh krz wr lpsohphqw wkhvh lghdv h!flhqwo| wr vroyh qxphulfdoo| lqwhuhvwlqj
g|qdplf qrqolqhdu hfrqrplf sureohpv1

<141 Jhqhudo Surmhfwlrq Dojrulwkp1 Zh qh{w ghvfuleh wkh surmhfwlrq phwkrg lq
d jhqhudo frqwh{w1 Rqh ehjlqv zlwk dq rshudwru htxdwlrq uhsuhvhqwdwlrq ri wkh sureohp/
wkdw lv/ rqh uhgxfhv wkh hfrqrplf sureohp wr �qglqj dq rshudwru Q dqg d ixqfwlrq i vxfk
wkdw htxloleulxp lv uhsuhvhqwhg e| wkh vroxwlrq wr

Q +i, @ 3

zkhuh i = G � UQ $ UP / Q = E4 $ E5/ dqg wkh El duh ixqfwlrq vsdfhv1 W|slfdoo| Q lv
d frpsrvlwlrq ri dojheudlf rshudwlrqv/ gl�huhqwldo dqg lqwhjudo rshudwruv/ dqg ixqfwlrqdo
frpsrvlwlrqv/ dqg lv iuhtxhqwo| qrqolqhdu1 Zh vkdoo vkrz krz wr lpsohphqw wkh fdqrqlfdo
surmhfwlrq whfkqltxh lq d vwhs0e|0vwhs idvklrq1 Zh �uvw jlyh dq ryhuylhz ri wkh dssurdfk/
wkhq kljkoljkw wkh fulwlfdo lvvxhv iru hdfk vwhs/ dqg glvfxvv krz wkh vwhsv lqwhudfw1

Wkh �uvw vwhs lv wr ghflgh krz wr uhsuhvhqw dssur{lpdwh vroxwlrqv1 Rqh jhqhudo zd|
lv wr dvvxph wkdw rxu dssur{lpdwlrq/ ai / lv exlow xs dv d olqhdu frpelqdwlrq ri vlpsoh
ixqfwlrqv1 Zh zloo dovr qhhg d frqfhsw ri zkhq wzr ixqfwlrqv duh forvh1 Wkhuhiruh/ wkh
�uvw vwhs lv wr fkrrvh d edvlv dqg dq dssursuldwh frqfhsw ri glvwdqfh=

Vwhs 4, Fkrrvh edvhv/ �m @ i*lj4l@4/ dqg lqqhu surgxfwv/ ? �> � Am / ryhu Em/ m @ 4> 51

Wkh edvlv ryhu E4 vkrxog eh  h{leoh/ fdsdeoh ri |lhoglqj d jrrg dssur{lpdwlrq iru wkh
vroxwlrq/ dqg wkh lqqhu surgxfwv vkrxog lqgxfh xvhixo qrupv rq wkh vsdfhv1

Qh{w/ zh ghflgh krz pdq| edvlv hohphqwv wr xvh dqg krz wr lpsohphqw Q =

Vwhs 5, Fkrrvh d ghjuhh ri dssur{lpdwlrq q iru i/ d frpsxwdeoh dssur{lpdwlrq aQ ri
Q / dqg d froohfwlrq ri q ixqfwlrqv iurp E5/ sl = G$ UP > l @ 4> � � � > q=
Wkh dssur{lpdwh vroxwlrq zloo eh ai � 	q

l@4 dl *l+{,1 Wkh frqyhqwlrq lv wkdw wkh *l lqfuhdvh
lq �frpsoh{lw|� dqg �qrqolqhdulw|� dv l lqfuhdvhv/ dqg wkdw wkh �uvw q hohphqwv duh xvhg1
Wkh ehvw fkrlfh ri q fdqqrw eh ghwhuplqhg d sulrul1 Jhqhudoo|/ wkh rqo| �fruuhfw� fkrlfh
lv q @41 Odujhu q vkrxog |lhog ehwwhu dssur{lpdwlrqv/ exw rqh lv prvw lqwhuhvwhg lq wkh
vpdoohvw q zklfk |lhogv dq dffhswdeoh dssur{lpdwlrq1 Rqh lqlwldoo| ehjlqv zlwk vpdoo q
dqg lqfuhdvhv q xqwlo vrph gldjqrvwlf lqglfdwhv wkdw olwwoh lv jdlqhg e| frqwlqxlqj1 Vlplodu
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lvvxhv dulvh lq fkrrvlqj aQ 1 Vrphwlphv zh fdq wdnh aQ @ Q / exw pruh jhqhudoo| vrph
dssur{lpdwlrq lv qhfhvvdu|1 Wkh sl duh wkh surmhfwlrq gluhfwlrqv zh zloo xvh wr ghwhuplqh
�d1

Vwhs 4 od|v grzq wkh wrsrorjlfdo vwuxfwxuh ri rxu dssur{lpdwlrq dqg Vwhs 5 �{hv wkh
 h{lelolw| ri wkh dssur{lpdwlrq1 Rqfh zh kdyh pdgh wkhvh edvlf ghflvlrqv/ zh ehjlq rxu
vhdufk iru dq dssur{lpdwh vroxwlrq wr wkh sureohp1 Vlqfh wkh wuxh vroxwlrq i vdwlv�hv
Q +i, @ 3/ zh zloo fkrrvh dv rxu dssur{lpdwlrq vrph ai zklfk pdnhv aQ + ai, �qhduo|�

htxdo wr wkh }hur ixqfwlrq1 Vlqfh ai lv sdudphwhul}hg e| �d/ wkh sureohp uhgxfhv wr �qglqj
d frh!flhqw yhfwru �d zklfk pdnhv aQ + ai, qhduo| }hur1 Wklv vhdufk iru �d lv wkh irfxv ri
Vwhsv 6�81

Vwhs 6, Iru d jxhvv �d/ frpsxwh wkh dssur{lpdwlrq/ ai � 	q
l@4 dl *l+{,/ dqg wkh uhvlgxdo

ixqfwlrq/
U+{ > �d, � + aQ + ai,, +{,=

Wkh �uvw jxhvv ri �d vkrxog uh hfw vrph lqlwldo nqrzohgjh derxw wkh vroxwlrq1 Diwhu wkh
lqlwldo jxhvv/ ixuwkhu jxhvvhv duh jhqhudwhg lq Vwhsv 7 dqg 8/ zkhuh zh vhh krz zh xvh wkh
lqqhu surgxfw/ ? �> � A5/ gh�qhg lq wkh vsdfh E5/ wr gh�qh zkdw �qhdu� phdqv1

Vwhs 7, Iru hdfk jxhvv ri �d/ frpsxwh wkh q surmhfwlrqv/

Sl+�d, � kU+� > �d, > sl+�,l5> l @ 4> � � � > q=
Vwhs 8, E| pdnlqj d vhulhv ri jxhvvhv ryhu �d dqg lwhudwlqj ryhu vwhsv 6 dqg 7/ �qg �d

zklfk vhwv wkh q surmhfwlrqv htxdo wr }hur1

Wklv jhqhudo dojrulwkp euhdnv wkh qxphulfdo sureohp lqwr vhyhudo glvwlqfw vwhsv1 Lw
srlqwv rxw wkh pdq| glvwlqfw whfkqltxhv ri qxphulfdo dqdo|vlv zklfk duh lpsruwdqw1 Iluvw/
lq Vwhsv 4 dqg 5 zh fkrrvh wkh �qlwh0glphqvlrqdo vsdfh zkhuhlq zh orrn iru dssur{lpdwh
vroxwlrqv/ krslqj wkdw zlwklq wklv vhw wkhuh lv vrphwklqj �forvh� wr wkh uhdo vroxwlrq1
Wkhvh vwhsv uhtxluh xv wr wklqn vhulrxvo| derxw dssur{lpdwlrq wkhru| phwkrgv1 Vhfrqg/
Vwhs 7 zloo lqyroyh qxphulfdo lqwhjudwlrq li zh fdqqrw h{solflwo| frpsxwh wkh lqwhjudov
zklfk gh�qh wkh surmhfwlrqv1 Wklug/ Vwhs 8 lv d glvwlqfw qxphulfdo sureohp/ lqyroylqj wkh
vroxwlrq ri d qrqolqhdu vhw ri vlpxowdqhrxv htxdwlrqv ru wkh vroxwlrq ri d plqlpl}dwlrq
sureohp1 Zh vkdoo qrz frqvlghu hdfk ri wkhvh qxphulfdo sureohpv lq lvrodwlrq1

Fkrlfh ri Edvlv dqg Lqqhu Surgxfw1 Wkhuh duh pdq| fulwhuld zklfk wkh edvlv
dqg lqqhu surgxfw vkrxog vdwlvi|1 Wkh ixoo edvlv �4 iru wkh vsdfh ri fdqglgdwh vroxwlrqv
vkrxog eh �ulfk�> lq sduwlfxodu/ lw vkrxog eh frpsohwh lq E41 Zh zloo jhqhudoo| xvh lqqhu
surgxfwv ri wkh irup

ki+{, > j+{,l4 �
]
G

i+{,j+{,z+{, g{

iru vrph zhljkwlqj ixqfwlrq z+{, � 31
Frpsxwdwlrqdo frqvlghudwlrqv dovr sod| d uroh lq fkrrvlqj d edvlv1 Wkh *l vkrxog eh

vlpsoh wr frpsxwh1 Wkh| vkrxog eh vlplodu lq vl}h wr dyrlg vfdolqj sureohpv1 Zkloh
dv|pswrwlf uhvxowv vxfk dv wkh Fkhe|vkhy Lqwhusrodwlrq Wkhruhp pd| oxoo rqh lqwr df0
fhswlqj sro|qrpldo dssur{lpdwlrqv/ sudfwlfdo vxffhvv uhtxluhv d edvlv zkhuh rqo| d ihz
hohphqwv zloo gr wkh mre1 Wklv uhtxluhv wkdw wkh edvlv hohphqwv vkrxog �orrn vrphwklqj
olnh� wkh vroxwlrq1 Lq sduwlfxodu/ rxu glvfxvvlrq ri dssur{lpdwlrq phwkrgv deryh vkrzv
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wkdw zh vkrxog xvh vprrwk ixqfwlrqv wr dssur{lpdwh vprrwk ixqfwlrqv/ exw xvh vsolqhv
wr dssur{lpdwh ixqfwlrqv zklfk pd| kdyh nlqnv ru rwkhu h{wuhph orfdo ehkdylru1 Zh zloo
dovr vhh wkdw wkh xvh ri ruwkrjrqdo edvhv zloo hqkdqfh h!flhqf| dqg dffxudf|1 Ehfdxvh ri
lwv vshfldo surshuwlhv/ d jhqhudoo| xvhixo fkrlfh lv wkh Fkhe|vkhy sro|qrpldo idplo|1 Li/ rq
wkh rwkhu kdqg/ rqh kdv d edvlv zklfk lv nqrzq wr h!flhqwo| dssur{lpdwh wkh vroxwlrq/
rqh vkrxog xvh wkdw lqvwhdg ru frpelqh lw zlwk wkh Fkhe|vkhy sro|qrpldov1 D jrrg/
sureohp�vshfl�f/ fkrlfh ri edvlv fdq vxevwdqwldoo| lpsuryh dojrulwkplf shuirupdqfh ryhu
wkh jhqhulf dssur{lpdwlrq phwkrgv glvfxvvhg deryh1 Krzhyhu/ wkh jhqhulf dssurdfkhv duh
xvxdoo| txlwh dffhswdeoh li rqh kdv qr dssduhqw sureohp�vshfl�f dowhuqdwlyh1

Fkrlfh dqg Hydoxdwlrq ri Surmhfwlrq Frqglwlrqv1 Surmhfwlrq whfkqltxhv lq0
foxgh d ydulhw| ri vshfldo phwkrgv1 Jhqhudoo| zh xvh ? � > � A wr phdvxuh wkh �vl}h� ri
wkh uhvlgxdo ixqfwlrq/ U+{> �d,1 Wkh jhqhudo vwudwhj| lv wr �qg dq �d zklfk pdnhv U+{> �d,
vpdoo1 Wkhuh duh vhyhudo zd|v wr surfhhg1

Iluvw/ zh kdyh wkh ohdvw0vtxduhv dssurdfk zklfk fkrrvhv �d vr dv wr plqlpl}h wkh
�zhljkwhg vxp ri vtxduhg uhvlgxdov�=

plq
�d

kU+{> �d,> U+{> �d, l=

Wklv uhsodfhv dq lq�qlwh0glphqvlrqdo rshudwru htxdwlrq zlwk d qrqolqhdu plqlpl}dwlrq
sureohp lq Uq1 Wkh vwdqgdug gl!fxowlhv pd| dulvh> iru h{dpsoh/ wkhuh pd| eh orfdo
plqlpd zklfk duh qrw joredo plqlpd1 Wkh remhfwlyh pd| eh srruo| frqglwlrqhg1 Krzhyhu/
wkhuh lv qr uhdvrq iru wkhvh sureohpv wr dulvh pruh riwhq khuh wkdq lq dq| rwkhu frqwh{w/
vxfk dv pd{lpxp olnholkrrg hvwlpdwlrq/ zkhuh h{wuhpdo sureohpv duh vroyhg qxphulfdoo|1

Zkloh wkh ohdvw0vtxduhv phwkrg lv d gluhfw dssurdfk wr pdnlqj U+{> �d, vpdoo/ prvw
surmhfwlrq whfkqltxhv �qg dssur{lpdwlrqv e| �{lqj q surmhfwlrqv dqg fkrrvlqj �d wr pdnh
wkh surmhfwlrq ri wkh uhvlgxdo ixqfwlrq lq hdfk ri wkrvh q gluhfwlrqv }hur1 Irupdoo|/ wkhvh
phwkrgv �qg �d vxfk wkdw kU+{>�d,> sl+{,l5 @ 3 iru vrph vshfl�hg froohfwlrq ri ixqfwlrqv/
sl1 Gl�huhqw fkrlfhv ri wkh sl gh�qhv gl�huhqw lpsohphqwdwlrqv ri wkh surmhfwlrq phwkrg1

Rqh vxfk whfkqltxh lv wkh Jdohunlq phwkrg1 Lq wkh Jdohunlq phwkrg zh xvh wkh �uvw
q hohphqwv ri wkh edvlv iru wkh surmhfwlrq gluhfwlrqv1 Wkhuhiruh/ �d lv fkrvhq wr vroyh wkh
htxdwlrqv=

Sl+�d, � kU+{> �d,> *l+{, l @ 3> l @ 4> � � � > q
Qrwlfh wkdw khuh zh kdyh uhgxfhg wkh sureohp ri vroylqj d ixqfwlrqdo htxdwlrq wr vroylqj d
�qlwh vhw ri �qlwh�glphqvlrqdo qrqolqhdu htxdwlrqv1 Lq vrph fdvhv lq sk|vlfv/ wkh Jdohunlq
surmhfwlrq htxdwlrqv duh wkh �uvw0rughu frqglwlrqv wr vrph ohdvw0vtxduhv plqlpl}dwlrq
sureohp/ lq zklfk fdvh wkh Jdohunlq phwkrg lv dovr fdoohg wkh Ud|ohljk0Ulw} phwkrg1 Wklv
lv qrw dv olnho| wr kdsshq lq hfrqrplfv sureohpv ehfdxvh ri wkh lqkhuhqw qrqolqhdulwlhv1

Wkhuh duh reylrxvo| pdq| zd|v wr lpsohphqw wkh surmhfwlrq lghd1 D froorfdwlrq
phwkrg wdnhv q srlqwv iurp wkh grpdlq G/ i{ljql@4/ dqg fkrrvhv �d wr vroyh

U+{l > �d, @ 3> l @ 4> � � � > q
Wklv lv d vshfldo fdvh ri wkh surmhfwlrq dssurdfk vlqfh U+{l >�d, htxdov wkh surmhfwlrq ri
U+{>�d, djdlqvw wkh Gludf ghowd ixqfwlrq dw {l/ �+{ � {l,1 Wklv surmhfwlrq lv zulwwhq
kU+{> �d,> �+{ � {l,l51 Ruwkrjrqdo froorfdwlrq fkrrvhv wkh froorfdwlrq srlqwv lq d vshfldo
zd|1 Wkh fkrvhq {l duh wkh }hurv ri wkh q*wk edvlv hohphqw/ zkhuh wkh edvlv hohphqwv
duh ruwkrjrqdo zlwk uhvshfw wr wkh lqqhu surgxfw1 Wkh Fkhe|vkhy Lqwhusrodwlrq Wkhruhp
vxjjhvwv lwv srzhu1 Vxssrvh zh kdyh irxqg dq �d vxfk wkdw U+}ql > �d, @ 3> l @ 4> � � � > q>
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zkhuh wkh }ql duh wkh q }hurv ri Wq1 Dv orqj dv U+{>�d, lv vprrwk lq {/ wkh Fkhe|vkhy
Lqwhusrodwlrq Wkhruhp vd|v wkdw wkhvh }hur frqglwlrqv irufh U+{>�d, wr eh forvh wr }hur
iru doo {/ dqg wkdw wkhvh duh wkh ehvw srvvleoh srlqwv wr xvh li zh duh wr irufh U+{>�d, wr
eh forvh wr }hur1 Hyhq diwhu devruelqj wkhvh frqvlghudwlrqv/ lw lv qrw fhuwdlq wkdw hyhq
ruwkrjrqdo froorfdwlrq lv d uholdeoh phwkrg> iruwxqdwho|/ lwv shuirupdqfh wxuqv rxw wr eh
vxusulvlqjo| jrrg1

Fkrrvlqj wkh surmhfwlrq frqglwlrqv lv d fulwlfdo ghflvlrq vlqfh wkh pdmru frpsxwdwlrqdo
wdvn lv wkh frpsxwdwlrq ri wkrvh surmhfwlrqv1 Wkh froorfdwlrq phwkrg lv idvwhvw lq wklv
uhjdug vlqfh lw rqo| xvhv wkh ydoxh ri U dw q srlqwv1 Pruh jhqhudoo|/ wkh surmhfwlrqv
zloo lqyroyh lqwhjudwlrq1 Lq vrph fdvhv rqh pd| eh deoh wr h{solflwo| shuirup wkh lqwh0
judwlrq1 Wklv lv jhqhudoo| srvvleoh iru olqhdu sureohpv/ dqg srvvleoh iru vshfldo qrqolqhdu
sureohpv1 Krzhyhu/ rxu h{shulhqfh lv wkdw wklv zloo jhqhudoo| eh lpsrvvleoh iru qrqolqhdu
hfrqrplf sureohpv1 Zh lqvwhdg qhhg wr xvh qxphulfdo txdgudwxuh whfkqltxhv wr frpsxwh
wkh lqwhjudov dvvrfldwhg zlwk hydoxdwlqj k�> �l1 D w|slfdo txdgudwxuh irupxod dssur{lpdwhvU e
d
i+{, j+{, g{ zlwk d �qlwh vxp

Sq
l@4 $li+{l, zkhuh wkh {l duh wkh txdgudwxuh qrghv dqg

wkh $l duh wkh zhljkwv1 Vlqfh wkhvh irupxodv dovr hydoxdwh U+{>�d , dw mxvw d �qlwh qxpehu
ri srlqwv/ {l/ txdgudwxuh0edvhg surmhfwlrq whfkqltxhv duh hvvhqwldoo| zhljkwhg froorfdwlrq
phwkrgv1 Wkh dgydqwdjh ri txdgudwxuh irupxodv ryhu froorfdwlrq lv wkdw lqirupdwlrq dw
pruh srlqwv lv xvhg wr frpsxwh wkh dssur{lpdwlrq/ krshixoo| |lhoglqj d pruh dffxudwh
dssur{lpdwlrq ri wkh surmhfwlrqv1

Ilqglqj wkh Vroxwlrq1 Vwhs 8/ zklfk ghwhuplqhv �d e| vroylqj wkh surmhfwlrq frq0
glwlrqv frpsxwhg lq Vwhs 7/ xvhv hlwkhu d plqlpl}dwlrq dojrulwkp +lq wkh ohdvw0vtxduhv
dssurdfk, ru d qrqolqhdu htxdwlrq vroyhu wr vroyh wkh v|vwhp S +�d, @ 31 Pdq| dowhuqdwlyhv
h{lvw/ lqfoxglqj vxffhvvlyh dssur{lpdwlrq/ Qhzwrq*v phwkrg/ dqg krprwrs| phwkrgv/ doo
ri zklfk kdyh ehhq xvhg lq wkh hfrqrplfv dssolfdwlrqv ri wkh surmhfwlrq phwkrg1

431 Dssolfdwlrqv ri Surmhfwlrq Phwkrgv wr Udwlrqdo H{shfwdwlrqv

Prghov

Prvw phwkrgv xvhg lq qxphulfdo dqdo|vlv ri hfrqrplf prghov idoo zlwklq wkh jhqhudo
ghvfulswlrq deryh1 Zh zloo vhh wklv ehorz zkhq zh frpsduh krz ydulrxv phwkrgv dwwdfn
jurzwk sureohpv1 Wkh nh| idfw lv wkdw wkh phwkrgv gl�hu lq wkhlu fkrlfhv ri edvlv/ �wwlqj
fulwhulrq/ dqg txdgudwxuh whfkqltxhv1 Zlwk wkh jhqhudo phwkrg odlg rxw/ zh zloo qrz
uhsruw rq d sduwlfxoduo| lpsruwdqw dssolfdwlrq wr vkrz lwv xvhixoqhvv1

43141 Glvfuhwh0Wlph Ghwhuplqlvwlf Rswlpdo Jurzwk1 Zh h{dplqh rswlpdo jurzwk
sureohpv lq glvfuhwh wlph dqg vkrz krz surmhfwlrq whfkqltxhv fdq eh dgdswhg wr fdofxodwh
vroxwlrqv1 Wkh vwrfkdvwlf fdvh lv rqh zklfk kdv ehhq vwxglhg e| pdq| rwkhuv zlwk ydulrxv
qxphulfdo whfkqltxhv1 Lq idfw/ rqh srlqw zh pdnh ehorz lv wkdw prvw ri wkhvh surfhgxuhv
duh uhdoo| surmhfwlrq phwkrgv1 E| uhfrjql}lqj wkh frpprq surmhfwlrq dssurdfk xqghuo|0
lqj wkhvh surfhgxuhv/ zh fdq ehwwhu xqghuvwdqg wkhlu gl�huhqfhv/ sduwlfxoduo| lq dffxudf|
dqg vshhg1 Zh frqmhfwxuh wkdw wkh frpsdudwlyh shuirupdqfhv ri wkhvh ydulrxv lpsoh0
phqwdwlrqv ri surmhfwlrq lghdv lq wkh glvfuhwh0wlph vwrfkdvwlf rswlpdo jurzwk sureohp lv
lqglfdwlyh ri wkhlu uhodwlyh ydoxh lq rwkhu ixwxuh sureohpv1

Zh �uvw h{dplqh wkh ghwhuplqlvwlf jurzwk sureohp ghvfulehg deryh zklfk lv fkdudfwhu0
l}hg lq +85,1 Zh vkdoo qrz ghvfuleh wkh ghwdlov ri d surmhfwlrq dssurdfk wr wkdw sureohp1
Wkh grpdlq G ri rxu dssur{lpdwlrq zloo eh ^np> nP `1 np dqg nP duh fkrvhq vr wkdw wkh
vroxwlrq zloo kdyh n frq�qhg wr ^np> nP `1 Lq sduwlfxodu/ ^np> nP ` pxvw frqwdlq wkh vwhdg|
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vwdwh/ d srlqw zklfk zh fdq ghwhuplqh ehiruh fdofxodwlrqv ehjlq1 Rxu dssur{lpdwlrq wr k
lv sdudphwulfdoo| jlyhq e|

ak+n > �d, @
q[
l@4

dl#l+n,

zkhuh q lv wkh qxpehu ri whupv xvhg1 Frpprq fkrlfhv lqfoxgh wkh Fkhe|vkhy sro|qrpldov
#l+n, � Wl�4+5

n�np
nP�np

� 4,/ wkh whqw ixqfwlrqv/ ru wkh ruglqdu| sro|qrpldov1
Lq wklv sureohp/ Q lv d vlpsoh rshudwru xvlqj rqo| dulwkphwlf rshudwlrqv dqg frp0

srvlwlrq1 Wkhuhiruh/ zh fdq wdnh aQ @ Q 1 Vlqfh k lv frqwlqxrxv/ zh gh�qh Q wr kdyh
grpdlq dqg udqjh lq F3^np> nP `1 Khqfh/ E4 @ E5 @ F3^np> nP `/ wkh frqwlqxlw| ri Q lq

wkh O4 qrup iroorzlqj iurp wkh x/ i / dqg ak ehlqj F4 lq doo wkhlu dujxphqwv1 Jlyhq wkh
Hxohu htxdwlrq/ +85,/ wkh uhvlgxdo ixqfwlrq ehfrphv

U+n >�d, @ x3+k+n >�d,,� �x3+k+i+n,� k+n >�d,>�d,,i 3+i+n,� k+n >�d,, @ Q +ak,

Wr frpsxwh �d/ zh fdq gr rqh ri vhyhudo wklqjv1 Iluvw/ zh frqvlghu ruwkrjrqdo froor0
fdwlrq1 Zh fkrrvh q ydoxhv ri n/ ghqrwhg e| nl/ l @ 4> ===> q1 Zh wkhq fkrrvh �d vr wkdw
U+nl >�d, @ 3 iru hdfk l 1 Ruwkrjrqdo froorfdwlrq fkrrvhv wkh nl wr eh wkh q }hurv ri #1
Wkh Fkhe|vkhy Lqwhusrodwlrq Wkhruhp vwurqjo| dujxhv iru xvlqj Fkhe|vkhy sro|qrpldov
lq wklv fdvh1 Li U+nl >�d, @ 3 iru hdfk nl/ wkhq zh zrxog olnh wr frqfoxgh wkdw U+nl >�d, lv
wkh }hur ixqfwlrq rq wkh grpdlq G1 Wkh Fkhe|vkhy Lqwhusrodwlrq Wkhruhp vd|v wkdw wklv
lv prvw mxvwl�hg li wkh nl zhuh wkh Fkhe|vkhy }hurv/ dqg wkdw li zh xvh Fkhe|vkhy }hurv/
zh duh yhu| olnho| wr U+nl >�d, wr eh qhduo| }hur1

Zh frxog dovr lpsohphqw wkh Jdohunlq phwkrg1 Li zh xvh Fkhe|vkhy sro|qrpldov dv
d edvlv/ wkhq zh xvh surmhfwlrqv zlwk wkh lqqhu surgxfw

ki+n,> j+n,l �
] nP

np

i+n,j+n,z+n,gn

zkhuh

z+n, � +4� +5
n � np
nP � np � 4,5,�

4

5 =

Zlwk wklv fkrlfh ri lqqhu surgxfw/ wkh edvlv lv ruwkrjrqdo1 Wkh Jdohunlq phwkrg frpsxwhv
wkh q surmhfwlrqv

Sl+�d, �
] nP

np

U+n>�d,#l+n,z+n, gn> l @ 4> = = = > q

dqg fkrrvhv �d vr wkdw S +�d, @ 31 Khuh wkh gl!fxow| lv wkdw hdfk Sl+�d, lv dq lqwhjudo zklfk
qhhgv wr eh frpsxwhg qxphulfdoo|1 Wkh irup ri z+n, lpsolhv wkh xvh ri Jdxvv0Fkhe|vkhy
txdgudwxuh1 Wkdw lv/ zh dssur{lpdwh Sl+�d, @ 3 frqglwlrqv zlwk

3 @
p[
m@4

U+nm>�d,#l+nm,

iru vrph p A q/ zlwk wkh nm ehlqj wkh p }hurv ri #p.41
Zkhq zh kdyh fdofxodwhg rxu hvwlpdwh ri �d/ zh zrxog olnh wr fkhfn li wklv surfhgxuh

|lhogv uholdeoh dssur{lpdwlrqv1 Vhyhudo gldjqrvwlfv fdq eh xvhg wr vhh li wkh sursrvhg
vroxwlrq lv dffhswdeoh1 Iluvw/ wkh dn frh!flhqwv ghfolqh udslgo| lq n> dv suhglfwhg e| wkh
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Fkhe|vkhy dssur{lpdwlrq wkhruhp1 Vhfrqg/ wkh orz0rughu frh!flhqwv vkrxog eh lqvhqvl0
wlyh wr wkh fkrlfh ri q1 Zkloh wkhvh idfwv gr qrw suryh wkdw wkh dssur{lpdwlrq lv jrrg/ zh
zrxog eh xqfrpiruwdeoh li wkh kljk0rughu frh!flhqwv zhuh qrw vpdoo/ ru li wkh frh!flhqw
hvwlpdwhv zhuh qrw vwdeoh dv zh lqfuhdvh q1 Zh dovr zdqw wr h{dplqh whvw fdvhv wr vhh li wkh
uhvxowv iurp wkh surmhfwlrq phwkrg djuhh zlwk wkh dqvzhu iurp dqrwkhu phwkrg nqrzq wr
eh dffxudwh1 Mxgg^:5` shuirupv wkhvh whvwv rq d ydulhw| ri hpslulfdoo| lqwhuhvwlqj fdvhv/
�qglqj wkdw wkh surmhfwlrq phwkrg dssolhg wr wklv prgho lv yhu| dffxudwh dqg yhu| idvw1

Wdeoh 5 +zklfk lv wdnhq iurp Mxgg^:5`, lqglfdwhv wkh nlqg ri dffxudf| zklfk fdq eh
dfklhyhg1 Zh dvvxph wkdw i+n, zdv Free�Grxjodv zlwk fdslwdo vkduh ri 158/ dqg wkdw wkh
vwhdg| vwdwh fdslwdo vwrfn lv n @ 41 Zh �uvw vroyhg wkh sureohp zlwk dq ;33/333 srlqw
glvfuhwl}dwlrq ryhu wkh udqjh ^=8> 4=6`= Zh wkhq xvhg wkh surmhfwlrq phwkrg wr vroyh wkh
sureohp1 Wkh hqwu| xqghu SURG lqglfdwhv wkh rxwsxw dw n/ dqg FRQV lqglfdwhv wkh
rswlpdo frqvxpswlrq dv frpsxwhg e| d ;33/333 srlqw glvfuhwl}dwlrq phwkrg1 Wkh hqwulhv
xqghu q @ <>9>7> 5 froxpqv lqglfdwh wkh huuru ri wkh ghjuhh q sro|qrpldo dssur{lpd0
wlrq1 Wkh qrwdwlrq d+�p, phdqv d � 43�p1 Wkh uhvxowv lqglfdwh wkdw hyhq d orz0rughu
dssur{lpdwlrq grhv txlwh zhoo1

Wdeoh 5= Huuruv lq Frqvxpswlrq Srolf| Ixqfwlrq

n SURG FRQV q @ < q @ 9 q @ 7 q @ 5
3=83 3=4586544 3=447:944 6+�:, 6+�:, 3=34 �4+�7,
3=:3 3=4734<87 3=4668<87 �6+�:, �6+�:, �4+�9, 4+�7,
3=;3 3=4798:98 3=4754498 �5+�:, �4+�:, �8+�9, 5+�7,
3=<3 3=485778: 3=4834<8: 7+�:, 3=37 �8+�9, 5+�7,
4=33 3=48:;<7: 3=48:;<7: 3 �3=34 �6+�9, 5+�7,
4=43 3=495<<49 3=4985;49 �5+�:, �5+�:, 5+�9, <+�8,
4=63 3=4:56585 3=4:<5;85 5+�:, 5+�:, 7+�9, �4+�7,

Wkh whqw ixqfwlrq dssurdfk zdv xvhg lq El}hu dqg Mxgg^44` lq d vlplodu prgho1 Wkhuh
wkh lqwhusrodwlrq qrghv zhuh fkrvhq wr eh xqlirupo| glvwulexwhg lq G1 Wkh dgydqwdjh ri
wkh slhfhzlvh olqhdu dssur{lpdwlrq lv wkdw wkh uhvxowlqj lqwhusrodwlrq lv vkdsh0suhvhuylqj1
Wklv pd| eh xvhixo vlqfh zh nqrz wkdw k lv prqrwrqh lqfuhdvlqj1 Krzhyhu/ wkh vkdsh�
suhvhuydwlrq frqvlghudwlrqv wxuq rxw qrw wr eh lpsruwdqw uhodwlyh wr wkh gl�huhqwldelolw|
frqvlghudwlrqv zklfk dujxh iru Fkhe|vkhy sro|qrpldov1 Wkh srolf| ixqfwlrqv frpsxwhg lq
Mxgg^:5` xvlqj Fkhe|vkhy sro|qrpldov zhuh prqrwrqh lqfuhdvlqj/ dqg xvlqj whqw ixqfwlrqv
vxevwdqwldoo| uhgxfhg wkh dojrulwkp*v h!flhqf|1

43151 Vwrfkdvwlf Rswlpdo Jurzwk1 Zh qh{w wxuq wr d vwrfkdvwlf rswlpdo jurzwk
prgho1 Wklv h{dpsoh zloo vkrz xv krz wr kdqgoh pxowlglphqvlrqdo sureohpv dqg wkh
frqglwlrqdo h{shfwdwlrqv zklfk dulvh lq vwrfkdvwlf g|qdplf sureohpv1 Zh zloo dovr eh
deoh wr ghvfuleh wkh sdudphwhul}hg h{shfwdwlrqv phwkrg ri vroylqj udwlrqdo h{shfwdwlrqv
prghov1

Pruh vshfl�fdoo|/ zh h{dplqh wkh sureohp

pd{ H i	4w@3 �
w x+fw,j

nw.4 @ �wi+nw,� fw
oq �w.4 @ � oq �w . �w.4

+86,
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zkhuh �w lv d vwdwlrqdu| DU+4, pxowlsolfdwlyh surgxfwlylw| sdudphwhu1 Zh zloo dvvxph
wkdw wkh surgxfwlylw| vkrfnv �w � Q+3> �5, duh lqghshqghqw1 Lq wklv sureohp/ erwk wkh
ehjlqqlqj0ri0shulrg fdslwdo vwrfn dqg wkh fxuuhqw ydoxh ri � duh qhhghg iru d vx!flhqw
ghvfulswlrq ri wkh vwdwh1 Khqfh/ frqvxpswlrq lv d ixqfwlrq ri erwk n dqg �> k+n> �,/ dqg
wkh Hxohu htxdwlrq lv

x3 +k+n> �,, @ �H ix3+k+�i+n, � k+n> �,> ��,, ��i 3+�i+n, � k+n> �,, m �j +87,

Dw wklv srlqw/ zh zloo uhzulwh wkh Hxohu htxdwlrq wr pdnh lw pruh olqhdu1 Zh nqrz
wkdw surmhfwlrq dojrulwkpv zrun zhoo iru olqhdu sureohpv1 Shukdsv rxu dojrulwkp zloo gr
ehwwhu li zh pdnh lw pruh olnh d olqhdu sureohp1 Wr wkdw hqg/ uhzulwh +87, dv

3 @ k+n> �,� +x3,�4+� H ix3+k+�i+n,� k+n> �,>��,, ��i 3+�i+n,� k+n> �,, m �j, +88,

Qrwh wkdw +88, kdv wzr whupv/ rqh olqhdu lq k+n> �,/ dqg wkh rwkhu lv vlplodu wr d FUWV
ixqfwlrq ri qh{w shulrg*v srwhqwldo frqvxpswlrq ydoxhv1 Wklv lv wkh sureohp lqyhvwljdwhg
lq Mxgg^:5` dqg lq wkh Wd|oru�Xkolj v|psrvlxp1 Zh vkdoo qrz ghvfuleh dqg frpsduh wkh
ydulrxv phwkrgv1

Wkh surfhgxuh iru �qglqj ak lv vlplodu wr wkh ghwhuplqlvwlf fdvh1 Iluvw ri doo/ zh qhhg
wr dssur{lpdwh wkh srolf| ixqfwlrq1 Mxgg^:5` dqg Frohpdq^69` xvh dssur{lpdwlrqv ri wkh
irup

ak+n> �> d, @

qn[
l@4

q�[
m@4

dlm#lm+n> �,

zkhuh wkh #lm ixqfwlrqv duh surgxfwv ri Fkhe|vkhy ixqfwlrqv ri n dqg � lq Mxgg/ dqg whqw
ixqfwlrqv ri oq n dqg oq � lq Frohpdq^69`1 Mxgg^:5` dovr frqvlghuhg frpsohwh sro|qrpl0
dov1 Frpsdulvrqv iroorzhg wkh frqvlghudwlrqv rxwolqhg deryh1 Vlqfh wkh srolf| ixqfwlrq lv
vprrwk/ wkh vprrwk dssur{lpdwlrq surfhgxuhv glg ehwwhu zlwk wkh frpsohwh sro|qrpldo
dssurdfk grlqj ehvw/ wkdw lv/ wkh juhdwhvw dffxudf| shu xqlw ri frpsxwhu wlph1 Frohpdq*v
fkrlfh ri d �qlwh hohphqw dssurdfk uhgxfhg h!flhqf| vlqfh lw xvhg idu pruh edvlv hohphqwv>
ixuwkhupruh/ lw fdqqrw vzlwfk wr d frpsohwh sro|qrpldo dssurdfk1 Wkhvh gl�huhqfhv eh0
wzhhq wkh vshfwudo dssurdfk dgyrfdwhg lq Mxgg dqg wkh �qlwh hohphqw dssurdfk xvhg lq
Frohpdq ehfrph hyhq odujhu dv zh pryh wr kljkhu glphqvlrqv1

Lq wkhlu dssurdfk wr wkh vwrfkdvwlf jurzwk prgho/ ghq Kddq dqg Pdufhw ^8:` sdudph0
whul}hg wkh srolf| ixqfwlrq wr eh

k+n> �, @ +n�5��6h�4,4@� @ +h{si�4 . �5 oq n . �6 oq �j, 4

� +89,

wkdw lv/ wkh| dvvxph wkdw orj frqvxpswlrq lv d olqhdu ixqfwlrq ri oq n dqg oq �1 Krzhyhu/
wklv edvlv lv qrw ruwkrjrqdo1 Zkhq wkh| wulhg wr lpsuryh wkh dssur{lpdwlrq wr d txdgudwlf
irup lq oq n dqg oq �> wkh odfn ri ruwkrjrqdolw| ohdg wr gl!fxowlhv zklfk suhyhqwhg wkhp
iurp lpsurylqj rq wkh olqhdu dssur{lpdwlrq1 Wkh| dujxh wkdw wkh froolqhdulw| ri wkhlu
edvlv hohphqwv lv �d iruwxqdwh vlwxdwlrq� dqg mxvwl�hv wkhlu irfxv rq orz0rughu sro|qr0
pldo dssur{lpdwlrqv1 Lq frqwudvw/ wkh xvh ri ruwkrjrqdo edvhv lq Mxgg dqg wkh xvh ri d
�qlwh hohphqw dssurdfk lq Frohpdq ohdgv wr qr gl!fxowlhv lq �qglqj vxevwdqwldoo| ehwwhu
dssur{lpdwlrqv eh|rqg orz0rughu sro|qrpldov1

Wkh frpsdulvrqv ri wkh Frohpdq/ ghq Kddq dqg Pdufhw/ dqg Mxgg dssurdfkhv wr
vroylqj 87 looxvwudwhv wkh lpsruwdqfh ri dssur{lpdwlrq lghdv1 ghq Kddq dqg Pdufhw/ dqg
Mxgg xvh sro|qrpldov wr dssur{lpdwh zkdw lv suhvxphg wr eh d vprrwk ixqfwlrq1 Froh0
pdq*v frqwudvwlqj xvh ri �qlwh hohphqwv lqwurgxfhv nlqnv lq wkh dssur{lpdwlrq zklfk irufhv
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klp wr xvh pdq| hohphqwv1 Wkh �qlwh hohphqw dssurdfk dqg wkh ruwkrjrqdo sro|qrpldo
dssurdfk dyrlgv wkh pxowlfroolqhdulw| sureohpv zklfk olplwhg ghq Kddq dqg Pdufhw wr
orz�rughu dssur{lpdwlrqv1 Dv wkhvh sdshuv glvfxvv/ wkhvh gl�huhqfhv ohdg wr frqvlghudeoh
gl�huhqfhv lq frpsxwdwlrqdo vshhg dqg dffxudf| lq wkh �qdo uhvxow1

43161 Sureohpv zlwk Lqhtxdolw| Frqvwudlqwv1 Wkh rswlpdo jurzwk sureohp gh0
vfulehg deryh zdv vlpsoh lq wkdw wkh htxloleulxp zdv ghvfulehg lq whupv ri dq Hxohu htxd0
wlrq zklfk dozd|v kdg dq lqwhulru vroxwlrq1 Lq vrph sureohpv/ frqvwudlqwv phdq wkdw wkh
�uvw0rughu frqglwlrqv pxvw eh frpsohphqwhg zlwk frpsohphqwdu| vodfnqhvv frqglwlrqv1
Wklv zdv wkh qdwxuh ri wkh sureohpv zklfk zhuh wkh �uvw wr ohdg wr qxphulfdo vroxwlrqv
ri qrqolqhdu udwlrqdo h{shfwdwlrqv htxloleuld1 Jxvwdivrq ^89` lqyhvwljdwhg wkh sureohp ri
htxloleulxp vwrudjh ri d vwrudeoh frpprglw|1 Kh dvvxph wkdw rxwsxw lq shulrg w lv dq
h{rjhqrxv udqgrp yduldeoh/ h{w/ zklfk lv glylghg ehwzhhq d fkdqjh lq vwrudjh/ Vw.4 � Vw
+Vw lv wkh ehjlqqlqj�ri�shulrg0w vwrfn,/ dqg frqvxpswlrq/ fw= Lq htxloleulxp/ sulfh lv d
ixqfwlrq ri wrwdo vwrfn/ s+Vw . {w,/ dqg reh|v wkh frqglwlrqv

s+Vw . {w,�His+Vw.4 . {w.4,j � 3

+8:,

+s+Vw . {w,�His+Vw.4 . {w.4,j,Vw.4 @ 3

zkhuh Vw.4 @ Vw . {w �G+s+Vw . {w,, dqg G+s, lv wkh ghpdqg ixqfwlrq1
Lq vrph vwdwhv ri wkh zruog/ wkh htxloleulxp vwrudjh ohyho zloo eh }hur dqg wkh sulfh

ixqfwlrq zloo qrw eh d vprrwk1 Jxvwdivrq^89` xvhg d slhfhzlvh olqhdu dssur{lpdwlrq ri
wkh htxloleulxp sulfh ixqfwlrq lq klv vroxwlrq phwkrg1 Slhfhzlvh olqhdu dssur{lpdwlrqv
duh uhodwlyho| lqh!flhqw ehfdxvh pdq| slhfhv duh qhfhvvdu| wr jhw d jrrg dssur{lpdwlrq1
Lq wkhlu dqdo|vlv ri wkh sureohp +zklfk dovr jhqhudol}hg Jxvwdivrq wr kdqgoh hqgrjhqrxv
rxwsxw, Zlooldpv dqg Zuljkw vroyhg iru Hisw.4 m Vw.4j dv d ixqfwlrq ri Vw.4>h{suhvvlqj
wklv |hdu*v h{shfwdwlrq ri qh{w |hdu*v sulfh frqglwlrqdo rq wkh dprxqw vwruhg iru qh{w |hdu1
Wklv ixqfwlrq ghwhuplqhv wkh fxuuhqw sulfh/ ixwxuh vxsso|/ dqg fxuuhqw vwrfnslolqj wkurxjk
dq Hxohu htxdwlrq vlplodu wr +8:,/ exw lv vprrwk ehfdxvh lw lv d frqglwlrqdo h{shfwdwlrq1
Khqfh/ wkh| irxqg wkdw d orz�rughu sro|qrpldo dssur{lpdwlrq zdv vx!flhqw wr vroyh
wkh sureohp1 Pludqgd dqg Khopexujhu ^<;` dovr xvhg wklv lqvljkw lq wkhlu dqdo|vlv ri
vwrfnslolqj1 Fkulvwldqr dqg Ilvkhu^65` dssolhg wkhZuljkw�Zlooldpv whfkqltxh iru kdqgolqj
wkh lqhtxdolw| frqvwudlqw wr d frqvwudlqhg yhuvlrq ri +86, dqg irxqg vlplodu dgydqwdjhv wr
xvlqj d vprrwk dssur{lpdwlrq1

Wklv glvfxvvlrq srlqwv rxw wzr idfwv zkhq ghdolqj zlwk lqhtxdolw| frqvwudlqwv1 Iluvw/
zh fdq vwloo xvh wkh vdph dssur{lpdwlrq lghdv exw zh pd| kdyh wr dgdsw wr kdqgoh wkh
nlqnv zklfk pd| dulvh1 Vhfrqg/ vnlooixo frqvwuxfwlrq ri wkh sureohp pd| uhvxow lq �qglqj
d vprrwk ixqfwlrq zklfk fkdudfwhul}hv htxloleulxp dqg doorzv xv wr xvh wkh pruh h!flhqw
vprrwk dssur{lpdwlrq vfkhphv1 Djdlq/ dssur{lpdwlrq lghdv fdq eh h{sorlwhg wr surgxfh
vxshulru phwkrgv1

43171 G|qdplf Jdphv1 Phwkrgv zklfk duh xvhixo iru g|qdplf surjudpplqj duh dovr
qdwxudoo| xvhixo iru frpsxwlqj forvhg�orrs +dovr nqrzq dv Pdunry, htxloleuld ri g|qdplf
jdphv1 Wklv krogv vlqfh hdfk sod|hu vroyhv d g|qdplf surjudpplqj sureohp/ dqg htxl0
oleulxp fdq eh h{suhvvhg dv d frxsohg froohfwlrq ri Ehoopdq htxdwlrqv iru hdfk sod|hu*v
g|qdplf surjudpplqj sureohp1 Nrwolnr�/ Vkryhq/ dqg Vslydn^;3` xvhg ruglqdu| sro|0
qrpldov lq wkhlu vwxg| ri vwudwhjlf vdylqj dqg ehtxhvwv1 Pludqgd dqg Uxl^<<` frpsxwhg
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forvhg�orrs htxloleuld iru g|qdplf vwrfnslolqj jdphv dprqj frpprglw| surgxflqj frxq0
wulhv1 Wkh| xvhg Fkhe|vkhy sro|qrpldo dssur{lpdwlrqv wr sod|huv* ydoxh ixqfwlrqv dqg
surmhfwlrq phwkrgv wr ghwhuplqh htxloleulxp ydoxh ixqfwlrqv1 Lq erwk fdvhv/ htxloleulxp
zdv frpsxwhg zlwk uhodwlyh hdvh1

43181 Frqwlqxrxv Wlph Sureohpv1 Wkh h{dpsohv deryh kdyh ehhq ri glvfuhwh0wlph
v|vwhpv1 Surmhfwlrq phwkrgv kdyh dovr ehhq xvhg wr vroyh frqwlqxrxv�wlph prghov1 Rqh
vlpsoh h{dpsoh lv wkh fdqrqlfdo frqwlqxrxv0wlph rswlpdo jurzwk sureohp ghvfulehg deryh
lq +54,/ zklfk uhgxfhg wr vroylqj wkh gl�huhqwldo htxdwlrq=

3 @ F 3+n, +i+n,�F+n,, � x3+F+n,,

x33+F+n,,
+�� i 3+n,, � H +n> F,

Mxgg^:4` xvhg d edvlv ri Fkhe|vkhy sro|qrpldov wr dssur{lpdwh F+n, zlwk aF+n> d, �Sq�4
l@3 dl Wl+n,> rq d odujh lqwhuydo ri fdslwdo vwrfnv1 Djdlq/ wkh shuirupdqfh ri wkh do0

jrulwkp zdv yhu| jrrg/ lqghshqghqw ri wkh ghwdlov ri wkh lpsohphqwdwlrq1 Lq idfw/ lw
hdvlo| rxwshuiruphg wkh pruh frpprqo| xvhg vkrrwlqj dssurdfk wr wkh sureohp1 Mxgg
dovr h{whqghg wklv prgho wr doorz iru wd{dwlrq dqg xqfhuwdlqw| lq frqwlqxrxv wlph1 Lq
doo fdvhv/ dffxudwh uhvxowv zhuh rewdlqhg txlfno|1 Vlqfh surmhfwlrq phwkrgv zhuh lqlwldoo|
ghyhorshg wr ghdo zlwk frqwlqxrxv�wlph v|vwhpv uhsuhvhqwhg e| ruglqdu| dqg sduwldo gli0
ihuhqwldo htxdwlrqv/ wklv lv qrw vxusulvlqj1 Rqh vxvshfwv wkdw frqwlqxrxv�wlph v|vwhpv lq
jhqhudo zloo eh uhdglo| frpsxwhg zlwk surmhfwlrq phwkrgv1

43191 Prghov zlwk Dv|pphwulf Lqirupdwlrq1 Pdq| ri wkh h{dpsohv glvfxvvhg
deryh uhgxfhg wr dsso|lqj wkh surmhfwlrq phwkrg wr vwdqgdug pdwkhpdwlfdo sureohpv �
ruglqdu| dqg sduwldo gl�huhqwldo htxdwlrqv dqg lqwhjudo htxdwlrqv1 Wr ghprqvwudwh wkh
 h{lelolw| ri wkh surmhfwlrq phwkrg/ zh qh{w h{dplqh d yhu| gl�huhqw nlqg ri sureohp
� htxloleulxp zkhuh lqglylgxdo djhqwv kdyh gl�huhqw lqirupdwlrq1 Wkhvh sureohpv gr
qrw uhgxfh wr dq| ri wkh vwdqgdug rshudwru sureohpv glvfxvvhg lq dssolhg pdwkhpdwlfdo
olwhudwxuh1 Krzhyhu/ rqh fdq dwwdfn wkhp vxffhvvixoo| zlwk wkh surmhfwlrq phwkrg1 Zh
zloo �uvw ghvfuleh dq dssolfdwlrq wr dvvhw pdunhwv zlwk dv|pphwulf lqirupdwlrq1 Zh zloo
wkhq glvfxvv rwkhu hfrqrplf sureohpv zkhuh wkhvh phwkrgv kdyh srwhqwldo1

Lqirupdwlrq dqg Dvvhw Pdunhwv1 Dvvhw pdunhw htxloleulxp zlwk lpshuihfw lqiru0
pdwlrq kdyh ehhq uljrurxvo| vwxglhg lq uhfhqw |hduv1 Jurvvpdq^87` dqg Jurvvpdq dqg
Vwljolw}^88` ehjdq d orqj olwhudwxuh rq wkh sduwldo htxloleulxp dqdo|vlv ri vhfxulw| pdunhwv
zlwk dv|pphwulf lqirupdwlrq1 Krzhyhu/ pxfk ri wklv olwhudwxuh pdnhv yhu| vshfldo dqg
vlpsoh dvvxpswlrqv derxw wkh glvwulexwlrq ri uhwxuqv/ wkh lqirupdwlrq dv|pphwulhv/ lq0
yhvwru wdvwhv/ dqg dvvhw vwuxfwxuh1 Wkh uhvwulfwlrqv vxevwdqwldoo| olplw wkh jhqhudolw| ri
wkh uhvxowv dqg wkh udqjh ri txhvwlrqv zklfk fdq eh dgguhvvhg1

Uhfhqwo|/ Mxgg dqg Ehuqdugr^:9` dssolhg surmhfwlrq phwkrgv wr dqdo|}h wkhvh prghov
zlwkrxw vshfldo ixqfwlrqdo irup dvvxpswlrqv1 D vlpsoh rqh0shulrg lqyhvwphqw sureohp
looxvwudwhv wkh phwkrg1 Vxssrvh hdfk lqyhvwru lqyhvwv lq wzr dvvhwv1 Wkh vdih dvvhw sd|v
rxw U grooduv shu groodu lqyhvwhg/ dqg wkh edvlf ulvn| dvvhw +zh zloo fdoo lw vwrfn, sd|v rxw
�] grooduv shu vkduh1 Li dq lqyhvwru ehjlqv wkh �uvw shulrg zlwk Z grooduv lq fdvk dqg �3
vkduhv ri vwrfn/ dqg hqgv wkh �uvw shulrg zlwk � vkduhv ri vwrfn zklfk wudgh dw d sulfh ri
s grooduv shu vkduh/ klv vhfrqg/ dqg �qdo/ shulrg frqvxpswlrq zloo eh

�f @ +Z � +� � �3,s,U . � �]= +8;,
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Wkh �uvw0rughu frqglwlrq iru wkh fkrlfh ri � zloo eh

3 @ Hix3+�f, + �] � sU, m Lj +8<,

zkhuh L lv wkh lqyhvwru*v lqirupdwlrq vhw1

Frpsxwlqj Frqglwlrqdo H{shfwdwlrqv1 Wkh frqglwlrqdo h{shfwdwlrq lq +8<, lp0
solhv wkdw rxu htxloleulxp frqfhsw lqyroyhv d frqglwlrqdo h{shfwdwlrq1 Qxphulfdo lpsoh0
phqwdwlrq ri wkh frqglwlrqdo h{shfwdwlrq frqglwlrqv lv wkh prvw fkdoohqjlqj dvshfw ri
wklv sureohp1 Wr vroyh wklv sureohp/ Mxgg dqg Ehuqdugr xvhg wkh iroorzlqj gh�qlwlrq ri
frqglwlrqdo h{shfwdwlrq=

]+[, @ Hi\ m [j
li dqg rqo| li

Hi+]+[,� \ ,i+[,j @ 3

iru doo erxqghg phdvxudeoh ixqfwlrqv/ i+[,/ ri[1 Lqwxlwlyho|/ wklv vd|v wkdw wkh suhglfwlrq
huuru ri wkh frqglwlrqdo h{shfwdwlrq/ Hi\ m [j/ lv xqfruuhodwhg zlwk dq| phdvxudeoh
ixqfwlrq ri wkh frqglwlrqlqj lqirupdwlrq/ [1 Wklv gh�qlwlrq uhsodfhv wkh frqglwlrqdo
h{shfwdwlrq zlwk dq lq�qlwh qxpehu ri xqfrqglwlrqdo h{shfwdwlrq frqglwlrqv1

Frpsxwlqj dq Dv|pphwulf Lqirupdwlrq Udwlrqdo H{shfwdwlrqv Htxlole0

ulxp1 Zh qrz vkrz krz wr frpsxwh dq htxloleulxp1 Dvvxph wkuhh w|shv ri lqyhvwruv/
zlwk w|sh l lqyhvwruv revhuylqj |l1 Wkh vwdwh ri wkh pdunhw lqfoxghv doo sulydwh vljqdov/
| @ +|4> |5> |6,> exw hdfk lqyhvwru vhhv rqo| wkh pdunhw0fohdulqj sulfh dqg klv rzq lqiru0
pdwlrq1 Wkhuhiruh/ d udwlrqdo h{shfwdwlrqv htxloleulxp lqfoxghv d sulfh ixqfwlrq s+|, dqg
w|sh0vshfl�f ghpdqg srolf| ixqfwlrqv/ �l+s> |l, iru l @ 4>5>6/ vxfk wkdw jlyhq s+|,/ �l
vroyhv +8<, iru l @ 4>5>6 / dqg

S6
l@4 �l+|l> s+|,, @ 4 iru doo vwdwhv |1

Lq wkhlu vroxwlrq/ Mxgg dqg Ehuqdugr ^:9` dssur{lpdwh wkh sulfh odz/ s+|4> |5> |6,/ dqg
wkh ghpdqg uxohv/ �l+s+|,> |l,/ zlwk pxowlyduldwh sro|qrpldov1 Wr ghwhuplqh wkh xqnqrzq
frh!flhqwv lq wkrvh sro|qrpldov/ wkh| lpsrvh surmhfwlrq frqglwlrqv rq wkh lqyhvwruv* �uvw0
rughu frqglwlrqv1 Wkh �uvw0rughu0frqglwlrq iru d w|sh l lqyhvwru lv jlyhq e|

H|>]ix3+�fl,+ �] � sU, m |l> sj @ 3> l @ 4> 5>6= +93,

Xvlqj wkh gh�qlwlrq ri frqglwlrqdo h{shfwdwlrq jlyhq deryh wkh| lpsrvh surmhfwlrq frqgl0
wlrqv ri wkh irup

H|>]ix3+�fl,+ �] � s+|,U,s+|,m|nl j @ 3> = +94,

iru ydulrxv fkrlfhv ri m> n � 3= Wkh frqglwlrq lq +94, vwdwhv wkdw wkh surgxfw ri wkh h{fhvv
uhwxuq dqg wkh pdujlqdo xwlolw| ri frqvxpswlrq iru d w|sh l djhqw lv xqfruuhodwhg zlwk
sro|qrpldov lq s+|, dqg |l1

Diwhu lpsrvlqj d vx!flhqw qxpehu ri vxfk frqglwlrqv/ wkh uhvxow lv d v|vwhp ri surmhf0
wlrq frqglwlrqv frqvwlwxwlqj d �qlwh qrqolqhdu v|vwhp ri dojheudlf htxdwlrqv1 Wklv uhgxfhv
dq lq�qlwh glphqvlrqdo ixqfwlrqdo sureohp wr d �qlwh0glphqvlrqdo dojheudlf sureohp1 Wkh
surmhfwlrq frqglwlrqv jlyhq lq htxdwlrqv +94, duh rqo| sduw ri wkh frqglwlrqdo h{shfwdwlrq
frqglwlrq jlyhq lq htxdwlrq +93,1 Wkh krsh lv wkdw d vpdoo qxpehu ri surmhfwlrqv fdq |lhog
d xvhixo dssur{lpdwlrq1 Mxgg dqg Ehuqdugr grfxphqw wkh dffxudf| iru wklv dssur{lpd0
wlrq phwkrg iru d ydulhw| ri glvwulexwlrqv1 Ryhudoo/ wkhlu h{shulhqfh lv wkdw wklv phwkrg
lv uholdeoh dqg uhdvrqdeo| idvw1
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431:1 Frqyhujhqfh Surshuwlhv dqg Dffxudf| ri Surmhfwlrq Phwkrgv1 Zkhq
xvlqj qxphulfdo surfhgxuhv/ lw lv ghvludeoh wr nqrz vrphwklqj frqfhuqlqj lwv huuruv1 Dq
lpsruwdqw irfxv ri wkhruhwlfdo qxphulfdo dqdo|vlv lv wkh ghulydwlrq ri erxqgv rq huuruv1
Wzr nlqgv ri huuru uhvxowv duh ghvludeoh1 Iluvw/ lw lv ghvludeoh wr ghulyh dq xsshu erxqg rq
wkh huuru iru d jlyhq ohyho ri dssur{lpdwlrq1 Vhfrqg/ li vxfk xsshu erxqgv duh qrw srvvleoh/
lw pd| vwloo eh ydoxdeoh wr nqrz wkdw wkh huuru jrhv wr }hur dv|pswrwlfdoo|/ wkdw lv/ dv rqh
ohwv wkh ghjuhh ri dssur{lpdwlrq ehfrph duelwudulo| odujh1 Wkh �uvw nlqg ri huuru lqiru0
pdwlrq lv uduho| dydlodeoh1 Pruh w|slfdo lq qxphulfdo dojrulwkpv iru gl�huhqwldo htxdwlrqv
duh dv|pswrwlf uhvxowv1 Wkhuh kdv ehhq olwwoh zrun rq surylqj wkdw wkh dojrulwkpv xvhg e|
hfrqrplvwv duh dv|pswrwlfdoo| ydolg1 Iruwxqdwho|/ wkhuh duh jhqhudo wkhruhpv frqfhuqlqj
wkh frqvlvwhqf| ri wkh Jdohunlq phwkrg1 ]hlgohu ^45;` dqg Nudvqrvho*vnll dqg ]deuhlnr^;4`
ghprqvwudwh frqvlvwhqf| xqghu d ydulhw| ri frqglwlrqv1 Hyhq wkrxjk lw uhpdlqv wr eh vhhq
zkhwkhu wkhvh wkhruhpv gr fryhu rxu sureohpv/ wkh| gr lqglfdwh wkdw surmhfwlrq phwkrgv
duh srwhqwldoo| ydolg iru rxu hfrqrplf sureohpv1

Hyhq li rqh kdg d frqyhujhqfh wkhruhp iru d phwkrg/ lw lv fohdu wkdw rqh fdqqrw mxvw
eolqgo| dffhsw dq| dqvzhu rqh jhwv iurp d frpsxwdwlrq1 Dv|pswrwlf wkhruhpv kdyh d
qdvw| ihdwxuh ri whoolqj |rx rqo| wkdw wkh huuru jrhv wr }hur dv |rxu frpsxwdwlrqdo h�ruw
dssurdfkhv lq�qlw|/ exw jhqhudoo| qrw whoolqj |rx dw zkdw �qlwh ohyho ri h�ruw |rx pd|
vwrs1 Wkhuhiruh/ d pruh sudjpdwlf dssurdfk lv wr ljqruh frqyhujhqfh wkhruhpv dqg lqvwhdg
xvh gldjqrvwlfv wr dvn zkhwkhu d vroxwlrq lv dffhswdeoh1 Zh dfwxdoo| glg wkdw deryh lq
rxu frqvwuxfwlrq ri +59,1 Wkhuh wkh lvvxh zdv krz zhoo d shuwxuedwlrq h{sdqvlrq vroyhg
d frqwlqxrxv0wlph Hxohu htxdwlrq1 Zh frqvwuxfwhg wkh dssur{lpdwlrq/ vxevwlwxwhg lw lq
wkh Hxohu htxdwlrq/ dqg xvhg wkh uhvxow/ +59, wr phdvxuh wkh dprxqw ri luudwlrqdolw| dq
hfrqrplf djhqw lv jxlow| ri lq htxloleulxp li hdfk djhqw iroorzhg rxu dssur{lpdwh uxoh1 Li
wkdw qxpehu lv vpdoo/ vd| d groodu shu ploolrq vshqw/ wkhq zh dujxh wkdw wkh dssur{lpdwh
uxoh lv dv uhdvrqdeoh d suhglfwlrq iru ehkdylru dv wkh �wuxh� htxloleulxp vlqfh shrsoh
jhqhudoo| gr qrw rswlpl}h eh|rqg rqh sduw lq d ploolrq1

Lq hfrqrplf sureohpv zh fdq jhqhudoo| frpsxwh vxfk gldjqrvwlfv dqg phdvxuh wkh ohyho
ri lpsolhg �luudwlrqdolw|1� Wklv gldjqrvwlf dssurdfk wr hydoxdwlqj d fdqglgdwh vroxwlrq
fdq eh dssolhg lqghshqghqw ri wkh frpsxwdwlrqdo phwkrg zklfk surgxfhg wkh fdqglgdwh
vroxwlrq1 Lw grhv qrw uho| rq frqyhujhqfh> lq idfw/ hyhq li rqh xvhv d frqyhujhqw phwkrg/
rqh vkrxog vwloo xvh vxfk gldjqrvwlfv wr pdnh vxuh wkdw rqh glg qrw vwrs wkh phwkrg wrr
hduo|1 Ixuwkhupruh/ li rqh xvhv d phwkrg iru zklfk wkhuh lv qr frqyhujhqfh wkhruhp/ exw
lw surgxfhv d vroxwlrq zklfk sdvvhv vxfk gldjqrvwlfv/ wkh odfn ri d frqyhujhqfh wkhruhp lv
luuhohydqw1

441 K|eulg Shuwxuedwlrq0Jdohunlq Phwkrg

Zh kdyh glvfxvvhg erwk shuwxuedwlrq dqg surmhfwlrq phwkrgv iru vroylqj hfrqrplf prghov1
Zkloh wkh| duh gl�huhqw dssurdfkhv wr dssur{lpdwlrq sureohpv/ zh zloo qh{w ghvfuleh
d phwkrg/ wkh k|eulg shuwxuedwlrq0Jdohunlq phwkrg zklfk v|qhujlvwlfdoo| h{sorlwv wkhlu
gl�huhqfhv dqg vlplodulwlhv1

Vxssrvh wkdw wkhuh duh d frqwlqxxp ri sureohpv wr eh vroyhg lqgh{hg e| d sdudphwhu
� zlwk wkh irup

Q +i+{> �,> �, @ 3

Vxssrvh wkdw zh fdq vroyh wkh � @ 3 lqvwdqfh1 Wkh uhvxow ri dsso|lqj shuwxuedwlrq phwkrgv
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qhdu wkh � @ 3 vroxwlrq lv wkh fdofxodwlrq ri d vhulhv ri wkh irup

i+{> �, �
q[
l@3

�l+�,*l+{, +95,

zkhuh wkh *l+{, ixqfwlrqv duh frpsxwhg e| wkh shuwxuedwlrq fdofxodwlrqv dqg wkh �l +�, duh
wkh jhqhudoo| suhvshfl�hg jdxjh ixqfwlrqv1 Vlploduo|/ wkh uhvxow ri d surmhfwlrq dssurdfk
lv dq dssur{lpdwlrq ri wkh irup

i+{> �, *
q[
l@3

dl+�,*l+{, +96,

zkhuh wkh *l+{, ixqfwlrqv duh wkh suhvshfl�hg edvlv hohphqwv ri wkh dssur{lpdwlrq v|v0
whp dqg wkh dl+�, frh!flhqwv duh frpsxwhg e| wkh surmhfwlrq phwkrg1 Wkh vwuhqjwk ri
shuwxuedwlrq phwkrgv lv wkdw wkh dssur{lpdwlrqv duh txlwh jrrg +lq idfw/ dv|pswrwlfdoo|
rswlpdo, iru vpdoo �/ exw wkh zhdnqhvv lv wkdw wkh txdolw| pd| qrw krog xs dv � lqfuhdvhv1
Wkh surmhfwlrq dssurdfk wulhv wr eh jrrg iru dq| �/ exw wkh gl!fxow| lv �qglqj jrrg edvhv
zklfk zloo doorz wkh vhulhv lq +96, wr eh vkruw1 Wkhuhiruh/ wkh vwuhqjwkv dqg zhdnqhvvhv
ri wkhvh phwkrgv duh frpsohphqwdu|1

Wklv revhuydwlrq wxuqv rxw wr eh vxevwdqwlyh1 Wkh lghd ri wkh k|eulg shuwxuedwlrq0
Jdohunlq phwkrg lv wr xvh wkh *l+{, ixqfwlrqv iurp shuwxuedwlrq fdofxodwlrqv dv wkh edvlv
ixqfwlrqv wr eh xvhg lq d surmhfwlrq phwkrg1 Zh nqrz wkdw wkhvh ixqfwlrqv frqvwlwxwh dq
rswlpdo edvlv iru vpdoo �> dqg wkdw wkh rswlpdo zhljkw rq *l+{, lv �l+�, iru vpdoo �1 Wkh
frqmhfwxuh lv wkdw wkh *l ixqfwlrqv vwloo irup d jrrg edvlv iru dssur{lpdwlqj i+{> �, exw
wkdw wkh zhljkw rq *l vkrxog qrw eh wkh suhvshfl�hg �l+�, exw udwkhu vkrxog eh frpsxwhg
e| +96,1

Rxu frqwlqxrxv0wlph jurzwk prgho jlyhv d vlpsoh h{dpsoh ri wklv dssurdfk1 Uhfdoo
wkh frqwlqxxp ri sureohpv uhsuhvhqwhg +5:, dqg wkh uhodwhg h{sdqvlrq +5;,1 Wkh remhf0
wlyh wkhuh zdv wr xvh d shuwxuedwlrq phwkrg wr vroylqj +54,1 Zh zloo xvh wkh uhvxowv ri
wkh shuwxuedwlrq dssurdfk wr ghyhors d surmhfwlrq dssurdfk wr vroylqj +54,1 Wkh �uvw
shuwxuedwlrq zdv wkh ixqfwlrq

F�+n, @ n��+��4 � �, . +� � �,n +97,

Qrwh wkdw wklv ixqfwlrq kdv d vlqjxodulw| dw n @ 3> d ihdwxuh zklfk lv srvvleo| dovr wuxh ri
wkh vroxwlrq wr F+n> 4,1 Wklv ihdwxuh lv devhqw lq wkh ruwkrjrqdo edvhv zh glvfxvvhg deryh1
Zh vhh khuh douhdg| wkdw wklv surfhgxuh kdv surgxfhg d edvlv hohphqw zklfk kdv vrph
dgydqwdjhv1 Wr vhh li wklv lv d jrrg edvlv hohphqw/ rqh fdq frpsduh wkh edvlv i4> n>F�+n,j
zlwk wkh edvlv i4> n> n5j1 Frpsxwdwlrqv vkrz wkdw wkh fxvwrp0pdgh edvlv ohdg wr vroxwlrqv
zklfk kdg pxfk vpdoohu huuruv1

Qrwh zkdw +97, uhdoo| vxjjhvwv1 Vlqfh wkh ixqfwlrq n lv douhdg| lq wkh edvlv/ F� +n,
hvvhqwldoo| dggv wkh surgxfwlrq ixqfwlrq/ n�/ wr wkh edvlv1 Wklv uh hfwv wkh jhqhudo lghd
wkdw wkh edvlv vkrxog eh dxjphqwhg e| ixqfwlrqv zklfk duh qdwxudo wr wkh sureohp1 Deryh
zh xvhg gl�huhqwldelolw| surshuwlhv wr prwlydwh edvlv hohphqwv1 Wkh k|eulg dssurdfk
dwwdfnv pruh suhflvho| wkh sureohp ri ghyhorslqj sureohp�dssursuldwh edvhv1

Frqwlqxlqj wkh shuwxuedwlrq dssurdfk zloo jhqhudwh d vhulhv ri ixqfwlrqv zklfk fdq eh
xvhg dv d edvlv iru d surmhfwlrq dssurdfk1 Iru h{dpsoh/ F��+n, lv d frpsolfdwhg ixqfwlrq
zklfk hvvhqwldoo| dggv n5��4 wr wkh edvlv i4> n> F�+n,j1 Wklv dgglwlrqdo hohphqw lv qrw
dv lqwxlwlyh dv F�+n,/ vkrzlqj wkdw wkh shuwxuedwlrq phwkrg zloo eulqj lq hohphqwv rwkhu
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wkdq reylrxv rqhv1 Djdlq/ frpsxwdwlrqv vkrz wkdw wkh edvlv i4> n> F�+n,> F��+n,j grhv
pxfk ehwwhu wkdq wkh edvlv i4> n> n5> n6j lq vroylqj

Wkhvh dgglwlrqdo edvlv hohphqwv zloo srvvleo| eh froolqhdu zlwk suhylrxv hohphqwv1 Krz0
hyhu/ iru dq| vshfl�hg lqqhu surgxfw/ zh fdq xvh d vwdqgdug Judp�Vfkplgw surfhgxuh wr
frqvwuxfw d edvlv zklfk vsdqv wkh vdph vsdfh dqg lv ruwkrjrqdo1 Lq wklv zd|/ zh fdq frp0
elqh wkh frqglwlrqlqj dgydqwdjhv ri ruwkrjrqdo edvhv zlwk wkh ghvludeoh vkdsh surshuwlhv
ri wkh shuwxuedwlrq ixqfwlrqv1

Mxgg^:6` glvfxvvhv ixuwkhu wkh xvhixoqhvv ri wklv dssurdfk wr surgxflqj edvhv1 Wkh
h{dpsoh deryh mxvw klqwv dw wkh phwkrg*v srwhqwldo1 Lq wklv h{dpsoh/ uhgxflqj wkh qxpehu
ri edvlv hohphqwv lv qrw lpsruwdqw vlqfh wkh edvlv vl}h lv qrw d olplwlqj idfwru lq rqh0
glphqvlrqdo sureohpv zlwk vprrwk zhoo0ehkdyhg vroxwlrqv1 Krzhyhu/ edvlv vl}h lv d yhu|
lpsruwdqw frqvlghudwlrq lq pxowlglphqvlrqdo sureohpv1 Lq wkrvh sureohpv/ d ihz zhoo0
fkrvhq edvlv hohphqwv pd| doorz iru gudvwlf uhgxfwlrq lq edvlv vl}h1 Rqh vxvshfwv wkdw
wkh k|eulg shuwxuedwlrq0Jdohunlq phwkrg kdv vxevwdqwldo srwhqwldo lq pxowlglphqvlrqdo
sureohpv zkhuh hfrqrpl}lqj rq wkh edvlv vl}h lv lpsruwdqw1

Wkh k|eulg shuwxuedwlrq0Jdohunlq phwkrg dovr srlqwv rxw wkh ydoxh ri frpelqlqj phwk0
rgv1 Vlqfh hfrqrplfv sureohpv gr qrw �w lqwr vwdqgdug pdwkhpdwlfdo fodvvl�fdwlrqv/ lw lv
olnho| wkdw vnlooixo frpelqdwlrqv ri ydulrxv whfkqltxhv zloo suryh wr eh d srzhuixo whfkqltxh1

451 Frqfoxvlrqv

Lq wklv fkdswhu zh kdyh uhylhzhg d froohfwlrq ri dssur{lpdwlrq lghdv zklfk kdyh suryhg
wkhpvhoyhv xvhixo lq frpsxwdwlrqdo dqdo|vhv ri hfrqrplf prghov1 Zh kdyh dovr vkrzq
wkdw d jhqhudo fodvv ri whfkqltxhv iurp wkh qxphulfdo sduwldo gl�huhqwldo htxdwlrqv olwhud0
wxuh fdq eh xvhixoo| dssolhg dqg dgdswhg wr vroyh qrqolqhdu hfrqrplf sureohpv1 Ghvslwh
wkh vshfl�flw| ri wkh dssolfdwlrqv glvfxvvhg khuh/ wkh jhqhudo ghvfulswlrq pdnhv fohdu wkh
jhqhudo xvhixoqhvv ri shuwxuedwlrq dqg surmhfwlrq phwkrgv iru hfrqrplf sureohpv/ erwk
wkhruhwlfdo prghoolqj dqg hpslulfdo dqdo|vlv1 Wkh dssolfdwlrq ri shuwxuedwlrq dqg surmhf0
wlrq phwkrgv dqg wkh xqghuo|lqj dssur{lpdwlrq lghdv kdyh douhdg| vxevwdqwldoo| lpsuryhg
wkh h!flhqf| ri hfrqrplf frpsxwdwlrqv1 Ixuwkhu h{sorlwdwlrq ri wkhvh lghdv zloo vxuho|
ohdg wr ixuwkhu surjuhvv1
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Mrxuqdo ri Srolwlfdo Hfrqrp| <8 +Dxjxvw/ 4<;:,1

^9<` Mxgg/ Nhqqhwk O1 �Forvhg0Orrs Htxloleulxp lq d Pxowl�Vwdjh Lqqrydwlrq Udfh/�
plphr/ 4<;81

^:3` Mxgg/ Nhqqhwk O1 �Dv|pswrwlf phwkrgv lq g|qdplf hfrqrplf prghov/� plphr/
Krryhu Lqvwlwxwlrq/ Rfwrehu/ 4<<31
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^:4` Mxgg/ Nhqqhwk O1 �Plqlpxp zhljkwhg uhvlgxdo phwkrgv iru vroylqj g|qdplf hfr0
qrplf prghov/� plphr/ Krryhu Lqvwlwxwlrq/ 4<<31

^:5` Mxgg/ Nhqqhwk O1 �Surmhfwlrq Phwkrgv iru Vroylqj Djjuhjdwh Jurzwk Prghov�/
Mrxuqdo ri Hfrqrplf Wkhru| 8; +Qr15/ Ghfhpehu/ 4<<5,= 743�7851

^:6` Mxgg/ Nhqqhwk O1 �K|eulg Jdohunlq0Shuwxuedwlrq Phwkrgv Dssolhg wr Hfrqrplf
Sureohpv/� Krryhu Lqvwlwxwlrq/ plphr/ 4<<81

^:7` Mxgg/ Nhqqhwk O1 Qxphulfdo Phwkrgv lq Hfrqrplfv / PLW Suhvv +iruwkfrplqj,1

^:8` Mxgg/ Nhqqhwk O1/ dqg V|0Plqj Jxx1 �Shuwxuedwlrq Vroxwlrq Phwkrgv iru Hfr0
qrplf Jurzwk Prghov/� lq Hfrqrplf dqg Ilqdqfldo Prgholqj zlwk Pdwkhpdwlfd/
Kdo Yduldq/ hg1/ Vsulqjhu0Yhuodj= Qhz \run/ 4<<61

^:9` Mxgg/ Nhqqhwk O1/ dqg Dqwrqlr Ehuqdugr/ �Dvvhw Pdunhw Htxloleulxp zlwk Jhq0
hudo Vhfxulwlhv/ Wdvwhv/ Uhwxuqv/ dqg Lqirupdwlrq Dv|pphwulhv/� Krryhu Lqvwlwxwlrq/
plphr/ 4<<71

^::` Mxgg/ Nhqqhwk O1/ dqg V|0Plqj Jxx1 �Elixufdwlrq Dssur{lpdwlrq Phwkrgv Dssolhg
wr Dvvhw Pdunhw Htxloleulxp/� Krryhu Lqvwlwxwlrq/ plphr/ 4<<71

^:;` Mxgg/ Nhqqhwk O1/ dqg Dqguhz Vroqlfn1 �Qxphulfdo G|qdplf Surjudpplqj zlwk
Vkdsh0Suhvhuylqj Vsolqhv/� plphr/ 4<<71

^:<` Nhkrh/ Wlprwk|/ dqg Gdylg Ohylqh1 �Frpsdudwlyh Vwdwlfv dqg Shuihfw Iruhvljkw lq
Lq�qlwh Krul}rq Hfrqrplhv/� Hfrqrphwulfd 86 +4<;8,/ 766�78711

^;3` Nrwolnr�/ Odzuhqfh/ Mrkq Vkryhq/ dqg Dyl Vslydn1 �Wkh H�hfw ri Dqqxlw| Lqvxudqfh
rq Vdylqjv dqg Lqhtxdolw|/� Mrxuqdo ri Oderu Hfrqrplfv 7 +6/ sduw 5/ 4<;9,/ V4;6�
V53:1

^;4` Nudvqrvho*vnll/ P1 D1/ dqg S1 ]deuhlnr/ �Jhrphwulfdo Phwkrgv ri Qrqolqhdu Dqdo|0
vlv/� Vsulqjhu0Yhuodj/ 4<;7

^;5` N|godqg/ Ilqq1 �Htxloleulxp Vroxwlrqv lq G|qdplf Grplqdqw0Sod|hu Prghov/�
Mrxuqdo ri Hfrqrplf Wkhru| 48 +Qr1 5/ Dxjxvw 4<::,/ 63:0571

^;6` N|godqg/ Ilqq1 �Qrqfrrshudwlyh dqg Grplqdqw Sod|hu Vroxwlrqv lq Glvfuhwh G|0
qdplf Jdphv/� Lqwhuqdwlrqdo Hfrqrplf Uhylhz 49 +Qr1 5/ Mxqh/ 4<:8,/ 6540681

^;7` N|godqg/ Ilqq H1/ dqg Hgzdug F1 Suhvfrww1 �D frpshwlwlyh wkhru| ri  xfwxdwlrqv
dqg wkh ihdvlelolw| dqg ghvludelolw| ri vwdelol}dwlrq srolf|/� lq Udwlrqdo H{shfwdwlrqv

dqg Hfrqrplf Srolf|/ hg1 V1 Ilvfkhu/ Fklfdjr= Xqlyhuvlw| ri Fklfdjr Suhvv/ ss1
49<04<;1

^;8` N|godqg/ Ilqq H1/ dqg Hgzdug F1 Suhvfrww1 �Wlph wr Exlog dqg Djjuhjdwh Ioxfwx0
dwlrqv/� Hfrqrphwulfd 83 +4<;5,= 4678046:31

^;9` Odiudqfh/ Mh�uh| W1/ dqg O1 Gzd|qh Eduqh|/ �Wkh Hqyhorsh Wkhruhp lq G|qdplf
Rswlpl}dwlrq/� Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro 48 +Qr1 5/ Dsulo/ 4<<4,/
688�6;81
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^;:` Odlwqhu/ Mrkq1 �Wkh vwdelolw| ri vwhdg| vwdwhv lq shuihfw iruhvljkw prghov/� Hfrqr0

phwulfd 7< +4<;4,/ 64<06661

^;;` Odlwqhu/ Mrkq1 �Wudqvlwlrq wlph sdwkv iru ryhuodsslqj0jhqhudwlrqv prghov/� Mrxuqdo
ri Hfrqrplf G|qdplfv dqg Frqwuro : +4<;7,/ 444045<1

^;<` Odlwqhu/ Mrkq1 �Wkh G|qdplf Dqdo|vlv ri Frqwlqxrxv0Wlph Olih0F|foh Vdylqjv
Jurzwk Prghov/� Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro 44 +4<;:,/ 664068:1

^<3` Odlwqhu/ Mrkq1 �G|qdplf Ghwhuplqdf| dqg wkh H{lvwhqfh ri Vxqvsrw Htxloleuld/�
Mrxuqdo ri Hfrqrplf Wkhru| 7: +4/ Iheuxdu| 4<;<,/ 6<0831

^<4` Odlwqhu/ Mrkq1 �Wd{ Fkdqjhv dqg Skdvh Gldjudpv iru dq Ryhuodsslqj Jhqhudwlrqv
Prgho/� Mrxuqdo ri Srolwlfdo Hfrqrp| <9 +Qr1 4/ Iheuxdu| 4<<3,=4<6�5531

^<5` Oxfdv/ Urehuw H1 �Rswlpdo Lqyhvwphqw Srolf| dqg wkh Ioh{leoh Dffhohudwru/� Lqwhu0
qdwlrqdo Hfrqrplf Uhylhz/ ; +Iheuxdu|/ 4<9:,= :;0;81

^<6` Pdjloo/ M1 S1 Plfkdho1 �D Orfdo Dqdo|vlv ri Q0Vhfwru Fdslwdo Dffxpxodwlrq xqghu
Xqfhuwdlqw|/� Mrxuqdo ri Hfrqrplf Wkhru|/ 48 Qr1 4/ Mxqh +4<::,/ 544�54<1

^<7` Pdufhw/ Doehuw1 �Vlpxodwlrq Dqdo|vlv ri G|qdplf Vwrfkdvwlf Prghov= Dssolfdwlrqv
wr Wkhru| dqg Hvwlpdwlrq/� lq F1 Vlpv +hg1, Dgydqfhv lq Hfrqrphwulfv Vl{wk Zruog

Frqjuhvv/ Yro LL1/ <4�44;/ Fdpeulgjh Xqlyhuvlw| Suhvv1

^<8` PfJudwwdq/ Hoohq U1 �Vroylqj Wkh Vwrfkdvwlf Jurzwk Prgho e| Olqhdu0Txdgudwlf
Dssur{lpdwlrq1� Mrxuqdo ri Exvlqhvv dqg Hfrqrplf Vwdwlvwlfv ; +4/ Mdqxdu| 4<<3,=
74�761

^<9` Phuwrq/ Urehuw F1 �Rswlpdo Frqvxpswlrq dqg Sruwirolr Uxohv lq d Frqwlqxrxv0
Wlph Prgho/� Mrxuqdo ri Hfrqrplf Wkhru|/ 6 +Qr1 7/ Ghfhpehu/ 4<:4,/ 6:6�74611

^<:` Ploqru/ W1 Wrsrorj| iurp wkh Gl�huhqwldeoh Ylhzsrlqw1 Fkduorwwhvylooh= Xqlyhuvlw|
Suhvv ri Ylujlqld1 4<981

^<;` Pludqgd/ Pdulr M1/ dqg Shwhu J1 Khopehujhu1 �Wkh H�hfwv ri Frpprglw| Sulfh
Vwdeloll}dwlrq Surjudpv1� Dphulfdq Hfrqrplf Uhylhz :; +4<;;,/ 79�8;1

^<<` Pludqgd/ Pdulr/ dqg [lrqjzhq Uxl1 �Vroylqj G|qdplf Jdphv yld Sro|qrpldo Sur0
mhfwlrq Phwkrgv= Dq Dsssolfdwlrq wr Lqwhuqdwlrqdo Frpprglw| Pdunhwv/ Rklr Vwdwh
Xqlyhuvlw|/ plphr/ 4<<71

^433` Pruwhqvhq/ Gdoh W1 �Jhqhudol}hg Frvwv ri Dgmxvwphqw dqg G|qdplf Idfwru Ghpdqg
Wkhru|/� Hfrqrphwulfd 74 +Mxo|/ 4<:6,= 98:09981

^434` Rqlnl/ Kdmlph1 �Frpsdudwlyh G|qdplfv +Vhqvlwlylw| Dqdo|vlv, lq Rswlpdo Frqwuro
Wkhru|1� Mrxuqdo ri Hfrqrplf Wkhru| 9 +Mxqh 4<:6,= 598�5;61

^435` Rwdql/ Nl|rvkl1 �cH{solflw Irupxodh ri Frpsdudwlyh G|qdplfv1� Lqwhuqdwlrqdo Hfr0
qrplf Uhylhz 56 +Mxqh 4<;5,= 744�74<1

^436` Skloolsv/ Shwhu F1E1 �Ehvw Xqlirup dqg Prgl�hg Sdgì Dssur{lpdqwv wr Suredelolw|
Ghqvlwlhv lq Hfrqrphwulfv� lq Dgydqfhv lq Hfrqrphwulfv/ Zhuqhu Klogheudqg/ hg1/
Fdpeulgjh Xqlyhuvlw| Suhvv= Fdpeulgjh/ 4<;51
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^437` Skloolsv/ Shwhu F1 E1 �Pdujlqdo Ghqvlwlhv ri Lqvwuxphqw Yduldeoh Hvwlpdwruv lq wkh
Jhqhudo Vlqjoh Htxdwlrq Fdvh�/ Dgydqfhv lq Hfrqrphwulfv 5= 40571

^438` Skloolsv/ Shwhu F1 E1 �Wr Fulwlfl}h wkh Fulwlfv= Dq Remhfwlyh Ed|hvldq Dqdo|vlv ri
Vwrfkdvwlf Wuhqgv/� Mrxuqdo ri Dssolhg Hfrqrphwulfv 9 +4<<4,/ 666�6971

^439` Suhvfrww/ Hgzdug F1/ dqg U1 Phkud/ �Uhfxuvlyh frpshwlwlyh htxloleulxp= wkh fdvh
ri krprjhqhrxv djhqwv/� Hfrqrphwulfd 7; +4<;3,/ 4698�46:<1

^43:` Ulyolq/ W1M1 Dq Lqwurgxfwlrq wr wkh Dssur{lpdwlrq ri Ixqfwlrqv/ Zdowkdp/ Pdv0
vdfkxvhwwv= Eodlvghoo Sxeolvklqj/ 4<9<1

^43;` Ulfh/ Mrkq U1 Qxphulfdo Phwkrgv/ Vriwzduh/ dqg Dqdo|vlv/ Vhfrqg Hglwlrq/ Dfd0
ghplf Suhvv/ Lqf1 Ervwrq/4<<61

^43<` Ulyolq/ W1 M1 Fkhe|vkhy Sro|qrpldov= Iurp Dssur{lpdwlrq Wkhru| wr Dojheud dqg

Qxpehu Wkhru|/ Zloh|0Lqwhuvflhqfh/ Qhz \run/ 4<<31

^443` Uxvw/ Mrkq1 �Rswlpdo Uhsodfhphqw ri JPF Exv Hqjlqhv= Dq Hpslulfdo Prgho ri
Kdurog ]xufkhu/� Hfrqrphwulfd 88 +8/ 4<;:,/ <<<�43661

^444` Uxvw/ Mrkq1 �Pd{lpxp Olnholkrrg Hvwlpdwlrq ri Glvfuhwh Frqwuro Surfhvvhv/� VLDP
Mrxuqdo rq Frqwuro dqg Rswlpl}dwlrq 59 +4<;;,/ 4339043561

^445` Uxvw/ Mrkq1 �Qxphulfdo G|qdplf Surjudpplqj lq Hfrqrplfv/� wklv Kdqgerrn1

^446` Vddg/ \1/ dqg P1 K1 Vfkxo}1 �JPUHV= D Jhqhudol}hg Plqlpxp Uhvlgxdo Dojr0
ulwkp iru Vroylqj Qrqv|pphwulf Olqhdu V|vwhpv/� VLDP Mrxuqdo rq Vflhqwl�f dqg

Vwdwlvwlfdo Frpsxwlqj : +6/ 4<;9,/ ;89�;9<1

^447` Vdpxhovrq/ Sdxo D1 �Wkh Ixqgdphqwdo Dssur{lpdwlrq Wkhruhp ri Sruwirolr Dqdo|0
vlv lq Whupv ri Phdqv/ Yduldqfhv dqg Kljkhu Prphqwv/� Uhylhz ri Hfrqrplf Vwxglhv

6: +4<:3,/ 86:�8751

^448` Vdqwrv/ Pdqxdo V1/ dqg Mhdq0Oxf Ylod/ �Vprrwkqhvv ri wkh Srolf| Ixqfwlrq lq Frq0
wlqxrxv Wlph Hfrqrplf Prghov= Wkh Rqh0Glphqvlrqdo Fdvh/� plphr/ 4<;;1

^449` Vdujhqw/ Wkrpdv M1 �Hvwlpdwlrq ri G|qdplf Oderu Ghpdqg Vfkhgxohv Xqghu Ud0
wlrqdo H{shfwdwlrqv/� Mrxuqdo ri Srolwlfdo Hfrqrp| ;9 +4<:;,/ 433<043771

^44:` Vfkxpdnhu/ Oduu| O1 �Rq Vkdsh0Suhvhuylqj Txdgudwlf Vsolqh Lqwhusrodwlrq/� VLDP
Mrxuqdo ri Qxphulfdo Dqdo|vlv 53 +Qr1 7/ Dxjxvw 4<;6,= ;87�;971

^44;` Vulndqw/ U1/ dqg W1 Edvdu1 �Lwhudwlyh Frpsxwdwlrq ri Qrqfrrshudwlyh Htxloleuld lq
Qrq}hur0Vxp Gl�huhqwldo Jdphv zlwk Zhdno| Frxsohg Sod|huv/� Mrxuqdo ri Rswl0

pl}dwlrq Wkhru| dqg Dssolfdwlrqv/ :4 +Qr1 4/ Rfwrehu 4<<4,= 46:�49;1

^44<` Vwrnh|/ Qdqf| O1/ dqg Urehuw H1 Oxfdv/ Mu1 Uhfxuvlyh Phwkrgv lq Hfrqrplf G|0

qdplfv/ Kduydug Xqlyhuvlw| Suhvv= Fdpeulgjh1 4<;<1

^453` Wd|oru/ Mrkq E1/ dqg Kdudog Xkolj/ Vroylqj qrqolqhdu vwrfkdvwlf jurzwk prghov=
d frpsdulvrq ri dowhuqdwlyh vroxwlrq phwkrgv/ Mrxuqdo ri Exvlqhvv dqg Hfrqrplf

Vwdwlvwlfv/ ; +4<<3,/ 4�4;1
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^454` Wuhdgzd|/ D1 E1 �Dgmxvwphqw Frvwv dqg Yduldeoh Lqsxwv lq wkh Wkhru| ri wkh Frp0
shwlwlyh Ilup/� Mrxuqdo ri Hfrqrplf Wkhru| 5 +Ghfhpehu/ 4<:3,= 65<067:1

^455` Zklwh/ Kdoehuw1 Duwl�fldo Qhxudo Qhwzrunv/ Eodfnzhoo Sxeolvkhuv= Fdpeulgjh1 4<<51

^456` Zuljkw/ Euldq G1/ dqg Mh�uh| F1 Zlooldpv1 �Wkh Hfrqrplf Uroh ri Frpprglw|
Vwrudjh/� Hfrqrplf Mrxuqdo <5 +4<;5,/ 8<909471

^457` Zuljkw/ Euldq G1/ dqg Mh�uh| F1 Zlooldpv1 �Wkh Zhoiduh H�hfwv ri wkh Lqwurgxfwlrq
ri Vwrudjh/� Txduwhuo| Mrxuqdo ri Hfrqrplfv << +4<;7,/ 49<04;51

^458` M1 Zlooldpv/ dqg E1 Zuljkw/ Vwrudjh dqg Frpprglw| Pdunhwv/ Fdpeulgjh Xqlyhuvlw|
Suhvv/ Mdqxdu|/ 4<<41

^459` Zrqj/ U1 Dv|pswrwlf Dssur{lpdwlrq ri Lqwhjudov/ Dfdghplf Suhvv= Vdq Glhjr1 4<;<1

^45:` ]dgur}q|/ Shwhu1 �Dqdo|wlf Ghulydwlyhv iru Hvwlpdwlrq ri Gvlfuhwh0Wlph/ Olqhdu
Txdgudwlf/ G|qdplf / Rswlpl}dwlrq Prghov/� Hfrqrphwulfd 89 +4<;;,/ 79:�7:51

^45;` ]hlgohu/ H1 Qrqolqhdu Ixqfwlrqdo Dqdo|vlv dqg Lwv Dssolfdwlrqv= Yroxph L/ Vsulqjhu0
Yhuodj= Qhz \run/ 4<;91

^45<` ]hlgohu/ H1 �Qrqolqhdu Ixqfwlrqdo Dqdo|vlv= Yroxph LL/� Vsulqjhu0Yhuodj/ Qhz \run/
4<;<1

^463` ]hoghv/ Vwhskhq S1 �Rswlpdo Frqvxpswlrq zlwk Vwrfkdvwlf Lqfrph Ghyldwlrqv iurp
Fhuwdlqw| Htxlydohqfh/� Txduwhuo| Mrxuqdo ri Hfrqrplfv 437 +4<;<,/ 5:8�5<;1

^464` ]kdqj/ Zhl0Elq1 �Krsi Elixufdwlrqv lq Pxowlvhfwru Prghov ri Rswlpdo Hfrqrplf
Jurzwk/� Hfrqrplf Ohwwhuv 59 +7/ 4<;;,/ 65<06671


